L21: ANOVA tables in linear model

1. Two tables

(1)

Test on the usefulness of a linear model

The essence of linear model y = X3 + e, e ~ N(0, 021,,), is that E(y) € R(X).

If R(D) C R(X) C R™ with dimensions 79 < r < n, then there is space decomposition
R(I—-DDT)=R(I - XXT)OR(XXT — DDT)

with its implied ANOVA table

Source | SS DF MS F Pr>F

Model | SSM= [[(XXT — DD )y[® r—r¢ MSM MSM/MSE P(F(r—ro,n—7) > Fop)
Error | SSE= ||(I — XX )y|? n—r MSE

Total SSTO= ||(I — DDT)y|? n—ro

When Hj : the model is useless (E(y) € R(X)) is true, in the SS decomposition

|(T = DD*)y|l? = (1 — XX )yl + [(XX+ — DDy P,
(I — XX7T)||?, the variation in y unexplained by the model, is large. Consequently
[(XX* — DD%)y||?, the variation in y explained by the model is small. So we can
understand the LRT scheme

Hy: E(y) € R(X) versus H, : E(y) € R(X)
cqt . MSM

Test statistic: F'= 35

Reject Hy if F > Fy(r —ro, n—r)

p-value: P(F(r —rg,n—r)> Fy)

A test on a general Hy in linear model
Generally, suppose R(H) C R(X) C R™ with dimensions 7 < r < n. Then there is
space orthogonal decomposition
R(I-HH")=R(I - XX")OR(XXT -~ HH")
with its implied SS table

Source ‘ SS DF MS F Pr>F
Hypothesis | SSH= [[(XXT — HH )y|[® r—r1 MSH MSH/MSE P(F(r—r1,n—1) > Fop)
Error SSE= ||(I — XX ")y|? n—r MSE

Total SSE, = ||(I — HH)y||? n—r

When Hy : E(y) € R(H) is true, the difference between HH "y and X Xty will be
small. Thus in the SS decomposition

(T — HE )2 = (1 — XX )2+ (XX — HH )2
[(XX+ — HHT)y||? will be small. So we can understand the LRT scheme

Hy: E(y) € R(H) versus H, : E(y) € R(H)
‘i 0 MSH

Test statistic: F' = 455

Reject Hy if F > Fo(r—ry, n—r)

p-value: P(F(r—ri,n—r)> Fy)

Ex1: For linear model y = X3 +e, e ~ N(0, 0%1I,,)
Hy: LB=0 <= Hy: BeN(L)=R(I—-L"L)
— Hy: E(y)=XB¢e XR(I—LTL)=R[X(I - L*L)]
< Hp: E(y) € R(H) C R(X) where H = X(I — L"L).
The test can be carried out by creating SS table in (2).



2. Relations

(1) The only linkage of tables in (1) and (2)
is SSE = /(I — XX 1)y that appear in both tables.

(2) Tables (1) and (2) may be for different responses
For linear model E(y) € R(X) with table (1) in 1 for testing the usefulness of the
model, suppose there are R(H) C R(X) and non-random yg € R(X). So we have model
E(y —yo) € R(X). When testing Hy : E(y —yo) € R(H), based on

R —HH+) =R — XXT)GR(XXt — HHY)

we have SS table with respect to y — yo

Source ‘ SS DF MS F Pr>F
Hypothesis | SSH= [[(XXT — HH )(y —yo)|° r—r1 MSH MSH/MSE P(F(r—r1,n—1)> Fop)
Error SSE= ||(I — XX ) (y — yo)|I? n—r MSE

Total SSE, = (I — HH™)(y — vo)|I* n—ri

The test can then be carried out. While SSE = ||(I-XX")y||?> = |(I-XX ) (y—0)|1?
there is no equivalent table (1) with y — yo since DDy # DD (y — yo).
Ex2: For consistent Hy : L3 = b,
Ho: LB=b < Hy: BeLtb+RI—-LTL)
= Ho: E(y —vo) € R(H) C R(X)
where yo = XLTb € R(X) and H = X(I — L™ L). Thus test on Hy can be carried
out by following (2) of 2.

3. Case of R(D) C R(H) C R(X) C R"
(1) Space orthogonal decompositions
Besides R(I — DD') =R(I — HH")&R(HH™ — DD™"), we have
R(XXT —DD")=R(XXT —HH")&R(HH" — DD™).
Proof: Skipped.
(2) Decomposition of SSM

Source ‘ SS DF MS
Model | SSM=¢/(XX* —DD%)y r—ry MSM
Hypothesis | SSH=¢/ (XX - HH")y r—r  MSH
Complement | SSH* = o/ (HHT — DD )y 71—

(3) An extended ANOVA table

Source SS DF MS F

Model SSM= (XX — DD%)y|]? r—ro  MSM MSM/MSE
Hypothesis | SSH= ||(XX* — HH"*)y|? r—r MSH MSH/MSE
Complement | SSH* = |[(HH* — DD")y|? =70

Error SSE= ||(I — XX T)y|]? n—r MSE

Total SSTO= ||(I — DD")y|? n—ro

Ex3: For y = X + e, a regression with intercept, the first column of X is 1,, i.e.,
1, = Xe;. So R(1,) € R(X). Hyo: (0,L) =0 <= B € R[I - (0,L)(0,L)],
i.e., E(y) € R(H) where H = X[I — (0,L)*(0,L)]. Thus He; = Xe; = 1,. So
R(1,) C R(H) C R(X).



L22: SAS for ANOVA tables

1. Creating ANOVA table for regression

(1)

(2)

(3)

The ANOVA table for testing the usefulness of regression model
is one of default standard output of SAS

proc reg; proc reg;
del y=x1 x2 x3/noint; ’
nodel y=xl x2 x /moin model y=x1 x2 x3;
) run;

The SS table for Hy : L3 = b can be created by test statement in proc reg

proc reg;
model y=x1 x2 x3/noint;
test 2*xx1-x3=1;
run;

proc reg;
model y=x1 x2 x3;
test intercept-x1, x2-x3;
run;

For regression with intercept and Hp: (0,L)5 =0

Xep = 1, = R(1,) C R(X) and Hy : B € R[I — (0,L)"(0,L)] = E(y) € R(H)
where H = X[I — (0,L)"(0,L)] with He; = Xe; = 1,. So R(1,) C R(H) C R(X).
Thus there is an extended ANOVA table containing two SS decompositions for two tests.

2. ANOVA table for one-way ANOVA

(1)

Model
For one-way ANOVA y = Xpu+e, y € R" contains responses to p-levels of a factor, yu =
(g1, -, ptp)" € RP and the p columns of X € R™*P are values of p indicators. So X1, = 1,,.
Hence R(1,) C R(X). So there is an ANOVA table contains SSTO= | (I — 117)y||?,
SSE= ||(I — XX T)y||?|| and SSM= ||(X X — 11")y||? for testing the usefulness of the
model.

Basic statistics and ANOVA table
From p samples

Level 1 <o | level p
Samples Yy, J=1,..,m1 e ypg, J=1,00n
Statistics: | n1, g1, CSS1 =22, (yij —71)% | -+ | 7 Upr CSSp = 225 (s — 7)*

From the pooled sample

Pooled sample: ‘ Yij, t=1,...,p; 7 =1,..,n;
Statistics: ‘ n=mn1+- -+ np, Y, CSSpooted =D _; Zj (yij — 7)?
SSTO=y/'(I — 117)y = CSSpooted; SSE=y'(I — XX T)y = CSS1 + -+ - + CSS,.
So the ANOVA able can be completed with the basic statistics
SAS and ANOVA table
One can treating one-way ANOVA as a regression with indicators to create ANOVA

table. But with proc anova and proc glm ANOVA table is one of standard defaul
output.




data a; infile "D:\ex.txt"; input y level $ @G@;
if level="A" then do; x1=1; x2=0; x3=0; x4=0; x5=0; end;
if level="B" then do; x1=0; x2=1; x3=0; x4=0; x5=0; end;
if level="C" then do; x1=0; x2=0; x3=1; x4=0; x5=0; end;
if level="D" then do; x1=0; x2=0; x3=0; x4=1; x5=0; end;
if level="E" then do; x1=0; x2=0; x3=0; x4=0; xb=1; end;

(i) By proc reg

proc reg; model y=x1 x2 x3 x4 x5/noit noprint;
test x1-x2, x2-x3, x3-x4, x4-%5;
run;

(ii) by proc anova

’proc anova; class level model y=level; run; ‘

(iii) by proc glm

| proc glm; class level model y=level; run; ‘

3. Contrast test

(1)

Contrast test

After Hy : pu1 = -+ = ps is rejected, one may want to test the equivalent groups. For

example Hy : p1 = pus = ps and ps = g wheih can be written as Hy : Ly = 0 where
10 -1 0 O

L=10 0 1 0 —1]. Such a test is called a contrast test. A linear combinatin
01 0 -1 0

of p is a contrast if it coefficients summed to 0. Clearly here L1 = 0.

R(1,) CR(H) C R(X)

Hy: Lu=0<= pe R(I—-LTL) = E(y) € R(H) where H = X(I — L*L). But

H1,=X(I-L"'L)1, =X(1,—0) =1,. Hence R(1,) C R(H) C R(X). Hence there

is an extended ANOVA table for two tests.

SAS for contrast test

For Hy : pu1 = pus = ps and po = pg in (3) of 2

proc glm;
class level;
model y=level;
contrast "two groups" level 1 0 -1 0 O,
level 0 O 1 O -1,
level 01 0 -1 O;
run;




