L14: Fundamental equation for BLUE

1. LUE and LUP

(1) Setting

Forye R"and y. € R ’(y*> N<<X*>B,a (C” V))

where y ~ N(X 3, 02%) is a linear model with unknown parameters 8 € RP and o2 > 0.
Yy« ~ N(X,0, 02V> is unobserved random vector. We are interested in estimating X,
and predicting y..
(2) Linear unbiased estimator for X,
Ly is a linear unbiased estimator (LUE) for X,/ PN E(Ly—X.0)=0Vp
<— LXf=X.fforall <= LX = X,
So the collection of all LUEs for X,8is LUE(X.5)={Ly: LX = X.}.
(3) Linear unbiased predictor for y.
Ly is a linear unbiased predictor (LUP) for y. PN (Ly—y«)=0Vg
«— LXf=X,fforall <= LX = X,
So the collection of all LUPs for y, is  LUP(y.) = {Ly : LX = X.}.
Comment: LUP(y.) = LUE(E(y.)), i.e., LUP(y«) = LUE(X.(3).

2. BLUE

(1) Definition
By is a best linear unbiased estimator (BLUE) for X,
£, By e LUE(X,) and Cov(By) < Cov(Ly) for all Ly € LUE(X, ).
(2) A sufficient and necessary condition
By is a BLUE for X,
. [ BX=X.andwith M = BS(I - XX7)
MH + HM' + H'(I - XXT)X(I — XX1T)H' > 0 for all H € R"™*".

Proof LX =BX «— (L-B) X =0<=L-Be{H(I-XX"): Hec R™"}.
2 (L-B)X=0=L-B=(L-B(I—-XX")e{H(I-XX"): He R™*"}
E(L-B)X=H(I-XX"X=H0=0.

By is BLUE for X, <= { Cov(Ly) — Cov(By) > 0VLX = BX

LY —BSB' >0VY Le{B+H(I—-X*X): He R}
BX =X,
MH' + HM' + H'(I - XXH)S(I — XX+)H' >0 for all H € R™*",
(3) Fundamental equation for BLUE
By is a BLUE for X, <= B[X, (I — XX1)] = (X., 0)
Proof Let M = BS(I — XX).

< : By the equation, BX = X, and M = 0. So
MH +HM'+HI-XXNE(I-XXNH =H(I-XXNHX([I-XXNH >0
for all H € R™*™. Hence By is a BLUE for X,f.



< : By EVD ¥ = PAP. Let 0 < t < m Then t?% — 2t = PTP’
where I' = diag(t(tA1 — 2),...,t(tA, —2)) < 0. Now By is a BLUE for X,z.
Then BX = X, and MH' + HM' + H(I — XXT)S(I — XX T)H' > 0 for all
H € R™". Let H= —tM. Then 0 < M(t?% — 2t1)M’ = M PTP'M’ < 0 since
' < 0. So MPIP'M' = 0. Thus MP(—T)P'M’ = 0. Hence MP(—T)\/2 = 0.
Therefore M = 0. Consequently B[X, (I — XX1)] = (X, 0).

3. Two examples
(1) In linear model y = X3 +e, e ~ N(0, 0%I), X,f3 is estimable.
Show that X, X Ty is BLUE for X, /.

Proof X,[ is estimable «<— X, = LX for some L.
X, X"y = By where B= X, XT.
With ¥ = I, we show that B[X, (] — XX)]=B(X, I - XX*) = (X,, 0).

BX = X,X*X = LXX*X = LX = X..
B(I - XXt)= X, X+"(I - XX*) = X,(Xt - XT)=0.

So B(X, I — XX*)= (X, 0). Therefore By = X, Xy is BLUE for X,z.
(2) In linear model y = X3 + e, X € R™P has full column rank and e ~ N(0, 02%).
Show that for all X, € R™*P, X, (X'Y~'X)~1X'Y~1y is BLUE for X.z.
Proof X, (X'Y71X)"1X'Y~ly = By where B = X,(X'Y71X)"1x/®-L.
We show that the fundamental equation for By to be BLUE for X, holds, i.e.,
BIX, X(I - XX1)] = (X, 0).

By direct computation, BX = [X,(X'S71X)71X'Y1X = X,.

BY(I - XX1T) = [X (X271 X)7IX'S78(I - XXT)
= X.(X'2IX)7IX'(T - XX1) = X, (X271 X) " H(X' - X')
= 0.

So B[X, (I — XX )] = (X4, 0). Hence By is BLUE for X,z.



L15: Fundamental equation for BLUP

1. Predictors

(1) Predictors
Y« is an unknown random vector and + is an unknown parameter vector.
When « is estimated by statistic 7, 7 is called an estimator for ~.
When vy, is predicted by statistic ¥, ys is called a predictor for ..

(2) Linear predictors
L(y) = {Ly : L} is the collection of all linear functions of y € R", a random sample.
7 is a linear estimator for v if 7 is an estimator for v and 7 € L(y).
U« 1s a linear predictor for y, if g, is a predictor for y,. and y. € L(y).
(3) Unbiased predictors
7 is an unbiased estimator (UE) for v if E( —v) =0 <= E(¥) =17.
s is an unbiased predictor (UP) for y, if E(yx — ysx) =0 <= E(yx) = E(y.).
Let UE(7y) and UP(y.) be the collections of all UEs for v and all UPs for y,.
Then UP(y.) = UB(E(y.)).

(4) Linear unbiased predictors
7 is a linear UE (LUE) for v if ¥ € L(y) N UE(y) = {Ly : L[E(y)] =~}
Yx is a linear UP (LUP) for y. if y» € L(y) N UP(y«) = {Ly : LIE(y)] = E(y«)}.
Let LUE(y) and LUP(y,) be the collections of all LUEs of v and all LUPs of ysx.
Then LUP(y,) = LUE(E(y.)).

2. Best predictors

(1) Risks
The estimator 7 for 4 has matrix-valued risk E[(¥ —v)(7 — v)].
The predictor g, for y, has matrix-valued risk E[(Gx — ys«)(Tx — yx)']-
(2) Risks for UP
For 7, an UE for ~, the matrix-valued risk is Cov(7).
For g, an UP for y,, the matrix-valued risk is Cov(ys — y«).
(3) Best UP
7 is best UE for ~y if ¥ € UE(y) and Cov(3) < Cov(¥) V7 € UE(y).
U is best UP for y, if g, € UP(y«) and Cov(ysx — yx) < Cov(¥s — ), VUs € UP(ys).
(4) Best LUP (BLUP)
By is a BLUE for v if By € UE(y) and Cov(By) < Cov(Ly), V Ly € UE(%).
By is a BLUP for y, if By € UP(y.) and Cov(By — y«) < Cov(Ly — y«), ¥ Ly € UP(y.).

3. Fundamental equation for BLUP

(1) Setting

Y X (X C
() =~ ((x)7 e V)
y ~ N(XB, 0%%) is a linear model. y, ~ N(X,f3, 0?V) is a unobserved random vector.
For completeness we assume Cov(y, y) = C.
(2) Definition
def

By is BLUP for y. < { By € LUP(y.)

Cov(By — y«) < Cov(Ly — y«) ¥ Ly € LUP(y.).
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(3) A sufficient and necessary condition
Let M = BY(I — XX+) — C'(I — XX*). Then

, BX = X,
By is BLUP for y, <= { HM' + MH' + H(I -~ XX*)S(I — XX*)H' >0V H

Proof Note that in the definition in (2),
By € LUP(y,) <= E(By —ys) =0 <= BX — X, =0<+= BX = X..
Under the above condition,
LyeLUP(y.) <= (L-B) X =0<=L—-Be{H(I-XX"): H}.

Thus for all Ly € LUP(y,) <= L =B+ H(I — XX™) for all H.
Also Cov(Ly — ys) — Cov(By — ys«)
= [Cov(Ly) — Cov(Ly, y«) — Cov(ys, Ly) + Cov(ys)]
—[Cov(By) — Cov(By, y«) — Cov(ys, By) + Cov(y.)]
= [Cov(Ly) — Cov(By)] — Cov((L — B)y, y«) — Cov(ys, (L — B)y)
— BRI - XXY)H + H(I - XXT)EB' + H(I — XX — XXT)H']
“H(I - XXT)C - C'(I — XXT)H'
= MH +HM +H(I - XXH)S(I - XXH)H'.
Thus { By € LUP(yy)
Cov(By — yx) < Cov(Ly — y«)V Ly € LUP(y4)

.. [ BX=X
HM' +MH' + H(I - XX*)S(I - XXH)H > 0VH

(4) Fundamental equation for BLUP

By is BLUP for y, < B[X, X(I - XX )] = [X,, C'(I — XX )]

Proof <: B[X, X(I — XX1)] = [X,, C'(I — XX™T)] = 0 implies that BX = X, and
M=BX(I—-XX")—-C'(I-XX")=0. So for all H € R™*"
HM'+ MH +HI-XXNX(I-XXT)H = HI-XXNHS(I-XXT)H > 0.
Thus By the sufficient and necessary condition, By is BLUP for .

=: When By is BLUP for y,, by the sufficient and necessary conditions, BX = X,

and HM'+ MH' + H(I — XX1X(I — XXT)H' > 0 for all H.
Let H = —dM and by the EVD ¥ = PAP/,

HM' +MH' +H(I — XXT)S(I — XX T)H'
= M(d2% — 2dI)M' = MPT)P'M' > 0Vd

where I' = diag(d?\; — 2d, ..., d*\, — 2d). But with 0 < d <

2
max(Ai,.,An)’

<0 = MPI'P'M'<0= MPI'P'M' =0
— MP(-T)P'M'=0= MP(-I)"/?=0= M =0.

Thus B[X, S(I — XX )] = [X,, C'(I — XX1)].



