L13: Estimation when X does not have full column rank

L. 51;972E ~x*(n—r) and AX Ty ~ N(AB, 0> A(X'X)" A') are independent.

y=XB+e, e~ N(0,c%l,), X € R with rank(X) = r.

(1) 3% ~ 2 —7). ) )
/B is a LSE for 8 <= |ly — XB||> < |ly — X8| for all 8 < 8 € X Ty + N(X).
With 3, LSE of 8, SSE = |ly — XB||2 = ¢/(I — XX *)y. Then S5E ~ \2(n — ).
Proof SEE _ y’I*foXer. But 17§2X+ (O’QIn) If§2X+ I- §2X+7
(Xﬂ)’il_();x+ (XB) =0 and tr [7I_§2X+ (O‘ZIn):| =n— SSE
(2) 8 = Ap is estimable. R
Then the BLUE for AB, § = A[LSE(8)] = AXty ~ N (6, c?A(X'X)" 4).
Proof ApS is estimable<—= A = LX for some L.
A[LSE(B)] = AXTy+ LXN(X)=AXTy4+0=AX"y
~ N (AXTXB, 0?(AXT)(AXT)) = N(AB, s*A(X'X)T A4').
(3) SSE and Xy are independent
Proof (X*)(0%I,) (I - XX*)=0.

~x*(n—r).

Ex1: MSE = 22E i an UE for o2
2 2 2
2 (f%f) - (Sfff 2) = Bl =l 2 = (a 1) = o®

2. t-intervals

(1) With estimable 6 = ApB, let I'6 = I’ AS, 9 = I'AX*y and
spg = /MSE VA(X'X )T Al. Then Y=L8 ~ ¢(n — 7).
o

Proof I'6 ~ N(I'6, U 5) Where al 5= = o?l' A(X'X)* Al is estimated by
$25=MSE ! A(X’ )+A'z
r6—1'0

o

SSE X2(n _ 7“).

6

) RN ' T
\/cr%SSE/[(n oy~ o), te, SR ~tn =),
(2) t-interval for I'6 = I'Ap
From the random variable in (1) with ¢-distribution, it can be shown that
' +tao(n—7)s,3=1AB%1t,9(n—1)s,5isal—aCIforl'0=1"Ap.
Comments: Slzlg = MSE 'A(X'X )T Al
When p = r and A = I, the CI becomes
VX yttas(n—p)syx+yisal—a CIfor I'f where 512'X+y = MSE I'(X'X)~ .

(3) Bonferroni intervals
lgAXer:l:ta/(Qk) (n—=7)spax+y, © = 1,..., k, are k simultaneous CIs for [JAS3,i=1,..., k,
with overall confidence coefficient 1 — «.



3. Confidence region and Schefee’s intervals

(1)

With estimable 0 = A3 and 0§ = AX*+y, (a_e)l[A();ﬁ)stEA/rl@_e) ~ F(q, n— 7).

Proof 6 ~ N(6, c2A(X'X)TA’). So [0?A(X'X)TA|"/2(6 — ) ~ N(0, I,). Thus
(O—0)[AX'X)T A7 (0 —0)/0? ~ x*(q) and it is independent to Z3E ~ y2(n —7).

0-2
Y Iy \+ AN—-1(0_
OOV ACXP M O=0) |, (g, 1y — ),

Therefore . MS

1—a CR for 0 = ABS.

(0 - 0)[AX'X)* A (0 - 0)

q.
0cRT: MSE

< F,(qg,n— 7“)]

isal—a CRfor 8 = Ap € RY.

Proof Based on the distribution of the random variable in (1),

7y / n-1/g _
P<((9 9) [A(X(:]ﬁ)S;A] (6 6)§Fa(q,n—r)>:1—a.

Comment: The CR is an ellipsoid in R? with center = AX Ty.
When X has full column rank, » = p. With A =1, and § = X Ty, we obtain 1 — «
CR for § = 8 € RP

(XTy —B)(X'X)(X Ty —B)
p MSE

S Fa(p; n_p)

Schefee’s intervals

With estimable AS3, [UAX Ty++/qFa(q, n—1) Spax+y 1 =1,2,..., are simultaneous Cls
for IlAB, i =1, 2, ... with overall confidence coeflicient 1 — .

Here sj 41, = MSE [A(X'X)"A'l;

Proof Extended Cauchy-Schwartz inequatlity (v'v)? < (u/B~'u)(v'Bv) where B > 0
implies that «' B~ lu < ¢ = —/c(v/Bv) < u'v < \/c (v Bv).
Let u=AXTy — AB,v=1;, c=qF,(q,n—r) and B=MSE A(X'X)"A’. Then
Ey = [WBlu<d
= [(AX*y — ABY (MSE ACX'X)*4) ™ (AX*y = A8) < qFalg, n — 1)
C E;=[-¢ (VBv) <uv <./c (vVBv)]
= [[[AB € LAX Ty £ \/qFo(g, 1 —7) spax+y)-
Thus By CNE; — 1 —a = P(E()) < P(ﬂzEZ)



