L11: A biased estimator: Stein estimator

1. A biased estimator: Stein estimator

(1) Definition
For y = X3 +e, e ~ N(0, 01I,,), the BLUE for 3 is

B=(X'X)"'X'y ~ N(B, > (X'X) 7).
To reduce the variance-covariance matrix, with 0 < ¢ < 1 let
B(c) = cB ~ N(cB, Fo*(X'X) 7).

B (c) is called a Stein estimator for 3.
(2) Properties
B(c) is a linear, biased estimator for 5 with reduced norm and
variance-covariance matrix from that of the BLUE g for
Proof : Ble) = e(X'X)~ 'X'y is a linear function of y.
E(B(c)) =B # B. So ( ) is biased with |[E(8 ( ) — B2 = (c—
1Bl = lleBll = cllBll < 1Bl Cov(B(e) = *Cov(B) < Cov(B).
(3 MSEof fc) i
MSE(B(c)) = [|E(B(c) — B> + tr[Cov(B(c))] = (¢ — 1)?||B]I* + o’ tr[(X'X) 7]
(4) Conditions for MSE(B(c)) < MSE(J)
MSE[3(c)] < MSE(B) <= MSE[3(c)] — MSE(3) < 0
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The lower bound for ¢ depends on parameters 3 and 2.
2. Mixed estimator
(1) Two estimators
In model y = X3+ e, e ~ N(0, 021,,) the BLUE for j is

B=(X'X)"'X"y ~ N(B, s2(X'X)7}).



Model yo = X0 + eq, eg ~ N(0, ¥p) implies
S 0 = 552 X0B + By M 2en, £y %o ~ N(0, I). So the BLUE for 8 is

B = (X455 Xo) ' XS5 tyo ~ N (B, (X535 Xo) ™).
(2) Two risks R N _
MSEM(B) = Cov(B) = o*(X'X)~!,  MSEM(B) = Cov() = (X§%5" Xo) !

MSE(f) = tr[Cov(B)] = trfo (XX) 1
MSE(B) = tr[Cov(B)] = tr[(X(Sg " Xo) 7).
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Bm is called a mixed estimator for f.
3. initial analysis
(1) B and B
Let Wy = 0’2 and Wy = X% Xo.
Then BLUE 3 has MSEM(B) — Wy ! and MSE(3) = tr(W; ).
BLUE 8 has MSEM(3) = W, ' and MSE(B) = tr(W, ).

(2) Mixed estimator ﬁm
ém = (Wh + Wy)~ (Wlﬁ + WQB) is a weighted average of ﬂ and B
Bm is a BLUE for 5. Thus it is a linear unbiased estimator for 8 with
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L12: Unbiased mixed estimator and Bayesian estimator

1. Unbiased mixed estimator

(1)

Mixed estimator

Bis BLUE of S iny = X8 +e, e~ N(0, 0*1);
B is BLUE of /8 in yo = X0 + eo, eg ~ N(0, Xo);

. . > . . y) (X e ey | a’l 0
Mixed estimator 3,, is BLUE of § in <y0) = (Xo> B+ <€0>’ <60> N (0, < 0 Eo>>'

MSEM
Let Wy = X35 > 0 and Ws = X% X0 > 0.

Then MSEM(5) = W;'', MSEM(B) = Wy', B = (Wi + Wa) "' (Wi + Waf) and
MSEM(B,) = (Wi + W)~

A tool
(A+C'BC) ' = At~ A7\C' (B + CA~IC)) oA
Proof (A+ C'BCO)[A™! — AIC" (B +CAIC") ' CA = = L.

Comment: With A=A, B= K and C = I we have the tool used in the discussion on
Ridge estimator

A+K) P =A" - A YA 4 K TIAL
Better performance
By (3),
MSEM(B,,) = (Wi +Wa)™' = (Wi + X555 Xo)~?
Wt — WX (S0 + XoW T Xg) ™! XoWit < Wit = MSEM(B)

Because A < B = tr(4) < tr(B), R R
MSE(B,) = tx[MSEM(5,,)] < tr[MSEM(B)] = MSE().

2. Bayes estimator

(1)

Bayesian Statistics

In Bayesian statistics parameter 6 is treated as random and is given a prior distribution
with pdf fy(0) o< fo(0).

The distribution of data y with parameter 6 is treated as the conditional distribution of
y given 0 with pdf f,;¢(y). The likelihood function is this conditional pdf treated as a
function of 6. L(0) = fy9(y) o L1(0).

The conditional distribution of 6 given y is called the posterior distribution with pdf
f 0|y(0>

Bayes estimator

The mean of posterior distribution is a function of y. This mean is the Bayesian estimator
for 6.
Finding posterior pdf
0
fo(0) = S8 = LR o fo(0)L.1(6).

=% = hW
Often the posterior distribution of @ can be determined from foy,(0) o fo(6)L1(6).




3. Bayes estimator for [
(1) Prior distribution
ForBiny = X3+ e, e ~ N(0, 021,,) assign prior 8 ~ N (3o, ¥o) with
1 _ 1, _
F3(6) x exp | =58 = 0S5 (5 - )| x exw (~ 3875516+ 755 o ) = o).

(2) Likelihood function
The likelihood function
L(B) = fysly )0<eXP[ 3(y = XB) (0?L) " (y — XB)]
x exp(~3aXE5+ 5L xy)

(3) Posterior pdf
fﬁly(ﬂ) o fo(B)L1(B) = exp [—%5’ (Zal +

(4) Bayesian estimator for R
Let W, = 35b, Wy = XX 5 = (X'X)"'X'y (the BLUE for ) and

0-2’

BB = (W1 + Wo) Y (W1 B0 + ng), a weighted average of By and B Then

XE)B+8 (S5 00 + EHX'y)).

fa(B) o< exp _ — 1B/ (Wi + Wa)B + B/ (Wb + ng)}
= exp |—L/ (Wi + Wa)B + B/ (Wi + Wa)(Wi + Wa) ™ (Wi + WaP)
= exp| - — 3B/ (Wi + Wa)B+ B'(Wr + WQ)B\B}
o exp | —1(8 - Bp) (Wy + Wa)(B — BB)] -

Thus fly ~ N(Bp, (Wi +W2)~!) with E(8ly) = R
So Bayesian estimator for § is the weighted average of By and 8 with weights W1 = ¥
and W2 == X;QX




