L07: Models with normal distributions

1. Normal model

(1) Normal model and likelihood function
For y = X3 + e with e ~ N(0, 01I,,), the likelihood function

LB, 0%) = eymsary o0 [ 3y~ XB)(0*D) My — XB)]
= Gy &P (—gpzlly = XB)%).

(2) MLE of g and LSE of
For this particular L(3, o?),

L(B, 0%) < L(B, 2) for all B and 0% < |ly — X3 < |ly — X3]|? for all 4.

Thus f§ is MLE for 8 <= |ly — XB||> < |y — XB||? for all B <= f is LSE for §.
So MLE(B) =LSE(8) = Xty + N(X).

(3) MLE of o?
Hy XBHQ ||y y”2 ZZ 1( ) — SSE the Sum Of Squared EI‘I‘OI“S
L(B, 0% = 2m2>n/2 exp <S§f) L(B,0%)] = —2In(2m0?) — 5o
[lnL(ﬂ, o .=-%%+ 525415’ — _% (0% — SSTE)

By 1st derivative test L(ﬁ, %) is maximized at o2 = SSE . So MLE for o2 is SSTE
Recall: UE for 02 is |FracSSEn — rank(X) = MSE, the mean of SSE.
Comments: SSE=y/(I — XX )y has DF = rank(/ — XX ) = n — rank(X).

SSE __ SSE o
DF = p_rank(x) MSE, the mean of SSE.

MSE is UE for o2.

2. Distributions of B and SSE

(1) Distribution of B: B~ N(8, o2(X'X)™1)
B is estimable <= I, = LX for some L <= X has full column rank p
—> BLUE of 8is B = XTy.

B=X*ty=(X'X)"' X'y ~ (X'X)7IX' N(XB, 02I,) = N(B, 0*(X' X))

(2) Distribution of szE: SS—E ~x%(n —p)
Tool: Suppose x ~ N(,u, Y)and A’ = A. AYA = A= x'Ax ~ (/' Ap, tr(AY)).
Sf—zE =1 J—HQy Where H =1, — XX7 is symmetric and idempotent and
y~N(XB, o )
g(ﬂ[@% = 02, (Xﬂ) 5 (XpB) =0 and tr( 0%I,) =n—rank(X) =n —p.
So 25 ~ \2(n —p).
(3) Independence of B and SSE
Tool: Suppose x ~ (u, ¥) and B’ = B. Then AYB = 0 = Ax and x'Bx are independent

Wlthﬁ Xty and SSE =y'Hy and y ~ N(XS, 021,), X (c*I)(H) = 0.
So B and SSE are independent.



3. Confidence intervals

(1) A t-distribution: E;;ﬁi ~t(n—p)
B~ N(B, 02(X'X)") = B ~ N(8;, 0*[(X'X) i) where
var(;) = o?[(X'X)71];; is estimated by 5%_ = MSE|[(X'X)™Y;; and

s, is called the standard error for B;. So 6;;3’81 ~ N(0, 12).
SSE , \2(n — p) is independent to B;. Therefore — =5 ~ t(n — p).
25+ ~ X“(n — p) is independent to f; erefore . \/% (n—p)

With o3 /SSE /(n — p) = /o [(X'X) 155 /(n — p) = /MSE[(X'X)1]si = 55,

o2 o2

Bi — Bi

°B;

~t(n —p).

(2) Confidence interval for (;

BZ- T ty/2(n — p)sEZ_ is a 1 — « confidence interval for S;.

Proof 1 —a = P(—ty/2(n—p) <t(n—p) <ilyp(n—p))
= P (_ta/2(n _p) < % < ta/?(n _p>

(3

= P (Bl —tajp(n—p)sz < Bi < Bi + to/2(n *p)3§i> :

(3) Confidence interval for o2

3 SSE , =3 SSE is a 1 — « confidence interval for o2.
Xa/g(n_p) lea/g(n_p)

Proof 1—a = P} ,,(n—p) <x*(n—p) <XZu(n—p))
= P(xiapn—p) < 5F <20 -p))

— p(_85E <42« __SSE )
Xo2(n=p) = 7 = X_,/n(n—p)




LO08: Simultaneous ClIs

1. Confidence intervals for I’
When S is estimable, I’3 is estimable for all [ € RP. So we need to find CI for I'3.

(1) A variable with t-distribution
B~ N@B, *(X'X)™ ) =B~ N('B, o?I'(X' X)) = N(I'B, 0 '3 o)
o2 is estimated by SZA =MSE/(X'X)~ 'l and sy is called the standard error for I'3.

B
Since ZB 8 N(0, 12) is independent to SSE ~ x%(n—p), I/ES;EI/B ~ t(n—p).
VB g 7/(”*?)
Therefore l’ﬂ AB t(n —p).
VB

(2) t-interval for I3
Based on the variable with ¢-distribution in (1), one can derive 1 — o CT for I'f:
lﬁita/Q( )51/,3
(3) Bonferroni simultaneous Cls
l;ﬁj:ta/(%)(n—p)sl;g, i=1,..,k, is a set of k simultaneous CIs for I3, i = 1, ..., k, with
overall confidence coefficient 1 — a.

Proof Let I; = [l’ﬁ— ta/(gk)( n—p)s l’A < l/ﬂ < l;,/B\—i- ta/(zk)(n —p)slgg].
Then P(I;) > 1 — %. We show P(Il -+-N 1) >1— a. By De Morgan law
P(ILin---N1I) —-P((Lin---NIp))=1—-PI{U---UI)
= [P(I7) +--- + P(I})]
1=[(1=P(L))+ -+ (1 = P(Iy))]
= 1-k+PL)+ - +PI)>1-k+k(1-%)=1-a

vl

Comment: To construct k& simultaneous Cls with overall CC 1 — «, one can construct
them one by one, each has CC 1 — . This method is called Bonferroni method.

2. F-confidence region for 3

(1) A variable with F-distribution R
B N(B, X (X' X)) = y = (X' X)V2(B = B) ~ N (0, )
<E—6)’(X’X)<B—6)

So y'y = ~ X *(p)-
But as a functlon of B, SSE 2(n —p).
Hence (B=p )p()]\(/fg%(ﬂ B) ~ F(p,n—p) can be derived.

(2) F-confidence region for ~ -
I —a=P(F(p.n—p) < Falp.n —p) = P (CHE52 < Fap, n— ).

Thus the random set |8 € RP: £ _6) (X é%( B < Fo(p,n—p)| is a 1 — a confidence
region for S.

Comment: This CR is an ellipsoid in RP with center 5 .



3. Scheffe’s simultaneous Cls for I,

(1)

A lemma
x € RP and A € RP*P is a p.d matrix. With ¢ > 0

0<2'Az <c= —\/c(yAly) <2’y < \/c(yA~1ly) for all 0 # y € RP.

Proof: For z, y € RP, (2'y)? < (2'z)(y'y) is Cauchy-Schwartz inequality.
With A > 0 replace = by A='/2z and y by AY2y. We have (2'y)? < (2/Az)(y' A~ 'y)
called extended Cauchy—Schwartz inequality.
With 0 £y € RP, 0 < ( ) <x’Ax Soif 0 < 2'Ax < ¢, then 0 < (’A )1 <e.
Consequently —+/c ’A 1 < 'y < (yA~1ly). O
Scheffe’s simultaneous CIS
IS+ \/pFuo(p, n—Dp) SuB i =1, 2,-, are simultaneous CIs for I/, i = 1,2,..., with
overall CC 1 — a.
Proof: Let I; = [l;ﬁ— pFu(p,n—p) Syg < lp < l;g—i- pFo(p,n—p) Sl’ﬁ]
We need to show P(N;1;) > 1 —a.
In the lemma in (1) letx—ﬂ B, A—m and ¢ = Fy(p, n — p).
Then B = [0 < 2/Az < ¢] = [(575);1\)252(5 ) < F,(p, n —p)] is a random event
with P(B) =1 — a.

Let y = I;. Then c(y’ A~'y) = [p Fu(p, n — p)] Slz’ﬁ' So

[—Ve(ATly) <a'y < Je(yA~ly) |
= [=vPFalp; n=p)sy5 <1 (B—P) < vk (p, n — p)syﬁ]
l’ﬂ pFo(p,n — psl, <lﬁ<l5+\/pF DM sl,
=
SOBCIZZ>BC01L:>1—O[:P(B)SP(QZIZ) ]

Comments

The intervals in (2) are called Scheffe’s simultaneous Cls.

There is no limit on the number of intervals included. It could be countable many.

To get the overall confidence coefficient 1 — «, the widthes of the intervals are wider than
that of Bonferroni intervals.



