L06: Model y = X3+ e, e ~ (0, 02V) under Gf3 = 0.

1. Concepts

Consider Model y = X3+ e, e ~ (0, 02V) under GS = 0.

(1) GLSE

~

B is GLSE for 8 with respect to (-,-)p under GG =0
& GE=0and |ly— XB% < |ly — XB|2 for all B € N(G)
B e N(G) and
|DY/2y — DI2XB|2 < | D2y — DV2XB||? for all B € R(I — G*G)
B € N(G) and DY2X [ = 7 (DY%y | R(DY2X (I — G*G)))
BeN(G) and B € [DV2X (I — GtG)]TDV2y + N(X)
B e [DY2X(I — G+G)* DYy + N(X) NN (G)

!
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(2) LUE
Ly is a LUE for A3 under G =0 SN E(Ly) = AB for all 5 € N(G)
— LX(I-GTG)=A(I-G"Q)
(3) Estimable AS

Ap is estimable under G5 =0 <di;f>

Apf has a LUE under G5 =0
<~ A -G'G)=LX(I — GTQ) for some L
(4) BLUE
By is BLUE for AB under GB =0
def

<= By isa LUE for A under G = 0 and
Cov(By) < Cov(Ly) for all LUE Ly under GB =0
< BX(I-G'G)=A(I—-G"G) and LVL — BVB’ > 0 for all L satisfying
LX(I — GHG) = A(I - G*G).

2. Results
(1) LUE

If AB is estimable under G = 0, then { A[DY2X (I — G*G)|*DY/?y: D > 0} is a subset
of the collection of all LUE for AS under G = 0.

Proof AQ is estimable under GB =0. So A(I — GTG) = LX(I — G*G) for some L.
For A[D'Y2X (I — G*@)]* D'?y = By, we need to show that

BX(I-G*'G)=A(I - G*G).
Let H = DY2X(I — G*G). Then
BX(I -G*G) = [AHT*DY?|[X(I -G*G)| = AHtH

= AI-G*G)HTH=LX(I -G*G)HtH
LD Y?HH*H = LD"Y?H = LX(I — G*Q).



(2) BLUE
If AB is estimable under G = 0, then A[V~Y2X (I — G*G)]TV /2y is BLUE for A8
under G = 0.
Proof By (1) A[V~'2X(I — G*@)]*V~Y%y = By is a LUE for AB under G = 0.
Suppose Ly is also a LUE for A under G5 = 0. Then

LX(I -GTG)=A(I - GTG) = BX(I - GTG).

We show LVL' — BVB' >0 under GB=0. Let H =V~ Y2X(I — GtQ).
B = AH'V 2 =A(I-GtG)H V2 =LX(I-G*G)HV~1/?
= LVY2HHYV-12,
So BVB' = (LVY2YHH*(LV'/?Y.
Hence LVL' = BVB' = (LV'/?)(I — HH*)(LV'/?) > 0.
(3) UE for o2

_-1/2 e ly—XBII2,_, (VR U—HHEYY(V 12y
Let H = VZUEX(I = GTG). Then e i—ava)] —  n-rankx(—cray 5 20
UE for o2 under Gj3 = 0.

Proof Under GB =0, 8 = (I — GTG)y. With V-Y2y ~ N(H~,c%1I,),

BIV-20)(T — HESY(V-"2y)] = (HAY(I — HH*)(Hy) + ul(l — HH*)oL,]
= 0+ 0%{n —rank[X(I — G*G)]}.

—1/2,)/(1— + —1/2,\ .
So nfgz)u(li{[)[j(iffé(rg)} Y is an UE for o2 under Gp =0.

3. Special cases

(1) V=Tand G=0
Iny=XB+e, en~(0,0%I),
estimable A has BLUE AXty. 02 has UE Yy (I-XX1)y

n—rank(x) *
(2) V =1 with GB =0
Iny=XB+e, e~ (0,0%l,), under GB = 0,
estimable A3 has BLUE A[X (I — GTG)]"y under G = 0.
Let H= X(I — G*G). Then ¢? has UE YUHHTY __ ypder G = 0.

n—rank[X (I-G+@)]
B) V=Vand G=0
Iny=XB+e, e~ (0,0%V),
estimable A3 has BLUE A(V~1/2X)V~1/zy,

Let H = V_1/2X Then 0.2 haS UE (Vﬁl/gy)/(I—HHJr)(Vfl/Zy)
. n—rank(x) :




