L24 Two-way ANOVA without interactions

1. Two-way ANOVA without interactions using p

(1) Two-way ANOVA without interactions using p
y=pij+e1=1.,a;j=1,..,bis two-way ANOVA model. Under the restrictions

Miyji + Misjs = Miyjo T+ Minjy for all ¢ and j

it becomes a two-way ANOVA model without interactions. This model is reduced from
two-way ANOVA by the hypothesis Hy that specifies the restrictions.

quivalent forms of the restrictions
2) Equivalent f f th icti
() Wirjy + Higje = Hirjs + Higgy for all i, 4o, j1 and ja
(b) pi1 + pij = p1j + fil for all ¢ and all j
(¢) 11+ pij = paj + pin for all i # LT and j # 1
are equivalent.
Proof (a) = (b) = (c) are trivial.
(b)<=(c): If i = 1, then p1y + i = pa1 + pay and pj + pn = pyj + p11 are equal.
If j =1, then p11 + pij = pa1 + pi1 and g + pin = g1 + pi1 are equal.
Ifi#1and j # 1, by (c), g1 + pij = p1j + pat-
(a)«<(b): By (b)

Pivgy + Higjs = (g, + fig1 — p11) + (g, + fis1 — p11)
= fjy + Bijo + i1+ Bio1 — 20011
and f;j, + finj, = (M1j2 + i1 — pi1) + (M1j1 + g1 — pi1)

= g, F Pije + Hi1 F i1 — 2011
are equal.

(3) a+ b — 1 populations
In two-way ANOVA
4]
y = pijte=(ri,.,radM | | +e=[(c1,.., ) @ (11,..,7q)]vec(M) + €
Cp

= mu-+e

p = vec(M) has ab free components. The restriction (c) in (2) contains (a — 1)(b — 1)
equations that reduce the number of free components in u to ab—(a—1)(b—1) = a+b—1.
Thus two-way ANOVA without interactions represents a + b — 1 populations.

2. Two-way ANOVA without interactions using 6

(1) The no-interaction hypothesis
In two-way ANOVA

y=p. +ai+ P+ (af)y+eunder Y,0; =0, 3,85 =0,
> i(aB)i; =0 and Zj(ag)ij -0,

the no interaction hypothesis

Hy iy, + My = Miyjs + Minj, for all i1, ia, j1, jo
<= Hy: (af);j =0 for all 7 and all j



Proof «: If (af3);; = 0 for all ¢ and j, then
Miyjr + Hiijs = (:u.- + oy + 5j1) + (:u-- + oy + /sz)

and Miyjy + Migjy = (M.. + gy + Bj2) + (,U.. + iy + le)
are equal for all i1, 72, j1 and js.

=t If pi gy + fije = Hiyjo + Miojy Tor all iy, io, j1, jo, by pij = p.. + i + B + (aB)ij,

(p.. + oy + Bj, + (O‘B)hh) + (. + iy + B, + (O‘B)izjz)
= (p.. + aiyy + By, + (aB) +irj2) + (.. + aiy + By + (@B)igjy ),

Le., (aB)iyjy + (B)ingy = (B)irjs + (aB)ijy for all iy, iz, j1, jo.
By the summation of two sides over all i1 =1, ..., a,

0+ a(aﬁ)ml =0+ a(aﬁ)im for all io, 71, J2.

Thus (af3);; are equal on all rows over all j with a common value 0.

(2) Two-way ANOVA without interactions
Two-way ANOVA without interactions can be expressed as

y=p. +a;+ pj+e=mA.0, + e under G.0, =0
K- 0 1, 0
where O, = [ a |, A= (1, ® 1y, 1, ® I, [, ® 1,) and G, = o
3 0 0 1y
Proof Two-way ANOVA is

y=p.+o;+ b+ (af)ij +e€=mAI + e under GO =0

.. 0 1, 0 0
o 0o 0 1 0
where 6 = g | A= (1,R1,, 1p@1,, [RI,, [,®I,) and G = 0 0 Ob Lt
h 00 0 L,®l,
But under no-interaction Hy, A8 = A.0, and G0 = 0 <— G0, = 0 with
H. 01 0
0, = « ,A*:(lb@)la, 1, ® I, [b®1a) and G, = a ;-
3 0 0 1;

(3) a+ b— 1 populations
Iny = mA.0, +e¢, 0, has 1 +a+ b components. But with two restrictions ZZ «a; = 0 and
Zj Bj =0 in G0, = 0, the number of free components are (a+b+1) —2=a+b— 1.
Thus two-way ANOVA without interaction represents a + b — 1 populations.

3. Samples
b K.
With observed Y = | : | € R", 0, = | a | € R A*0, loads pu. + a; + B; to ab
Un B
my
cells. M = : € R"x(@b) where my, matches y; to its cell and M A,0, loads the right
mMn

W, + o + B to yp.
Y = MAO, +e¢€ E(c) =0¢€ R" under G.6, =0.



