L22 Linear model: Regression and one-way ANOVA

1. Linear model

(1) Linear function
y = f(x) is a linear function if f(au + Bv) = af(u) + Bf(v).
If y e R™ and x € R", then
y = f(x) is a linear function <= 3 A € R™*" such that y = f(z) = Ax.
Pf: <: f(au+ pv) = Alau + pv) = aAu + fAv = af(u) + Bf(v).
=: Let A; = f(e;) € R™ where e; € R" is the ith column of I,,, i =1,...,n.
Then f(z) = f(zier+--+xpen) =z1f(e1) + -+ xnflen)
= 111+ + 2, A, = Az '
(2) Linear model
If in a model for random variable y, FE(y) is a linear function of unknown parameter
vector § € RP, then this model is called a linear model. So a linear model for y with
parameter vector 5 € RP is

y = (m1,..,mp)B + € with E(e) = 0.

(3) Samples from a linear model
Suppose y1, ..., Yn is a random sample from the above linear model where y; is observed
Y1 mir - Mip
when (mq,...,mp) = (M1, ...,myp). Let Y = | ¢ |, M = : : |. Then
Yn mp1 -+ Mpp
Y = Mf + € with E(e¢) = 0 € R™ characterizes a linear model based on sample.

Comments: Statistical inference is based on sample Y = M + €.
E(Y)=Mp e L(M), a linear space in R".
Matrix M characterizes the model, i.e., different M gives different models.

2. Linear regression model is a linear model

(1) Regression model
Linear regression y = Sy + f1z1 + -+ + Bp—12p—1 + € with E(e) = 0 is a linear model
where
Bo

E(y) = ﬁo -+ 51561 + 4 ,Bp_1$p_1 = (1, T, ...a:p_l)/B with ﬁ = :
I8p71
is called the regression function.
Comments: Regression model represents infinite number of populations,
Caustion: E(y) is a function of (1, x1,...,z,) and is also a function of § € RP.

(2) Samples from a regression model
Suppose y; is observed when (1, z1,...,zp—1) is (1, Zi1, ..., Tip—1), t = 1,..., n.
Y1 1z - w1p €1
Let Y = | : | e R", X = |: = ., : € RVP and ¢ = | ¢ | with
Yn L R I 2 | €n
E(e) =0,. Then Y = X +e€. So E(Y) = X[ lines in R(X), a linear space in R".



3. One-way ANOVA is a linear model
(1) One-way ANOVA model

In an experiment response y is affected by p levels of a single factor.
Suppose under the ith level, called the ith treatment, F(y) = ;.
Let d; be the indicator for the ith treatment, i.e., d; = { L ith tref%tment is applied
0 otherwise

1
and p= | : |. The one-way ANOVA below is a linear model.

Hp

y=dip+ - +dppp +e€=(dy,...,dp)pt + € with E(e) = 0.
Comments: This model represents p populations since (di, .., dp,) with one d; = 1 and
rest d; = 0 has p different values and (dy, ..., dp)p has p values: pi1, ..., itp.

(2) Samples from one-way ANOVA
Suppose y; is observed on an experiment unit when (dy, ..,d,) = (di1, ..., dip), 1 =1, ...,

Y1 dip -+ dyp €1
LetY=|:]leR"D=]: .. | eR"ande= | : | with E(e) = 0.

Yn dp1 - dnp €n
Then Y = Du+e. So E(Y)=Du € L(D)=RP

Comment: Matrix D specifies how many and which experiment units are subject to
which treatment. Hence it is called the design matrix.

ln, -+ 0
Ex1: D=1 : .. . | is often denoted by J.
0 - 1y
(3) Reparameterization
a1
Let p. = w = %u =1 p, 05 =p; —piand o= | | = (I, — 1,1 ). Then
ap

(R Iy _ - +1 _
0 = <a> = (Ip_lip1;r>,u— (1p, Iy = 1p1) € RPT and p = (1, I,)0 € RP.

Here ay, ..., o are called the factor effects. Clearly u; = pj <= a; = «;.
When using 6 there is a restriction ay + -+ +a, = 0 <= (0, 1;,)0 = 0.

(4) A model with restriction
By the reparameterization in (3), for data vector YV

Y=Ju+ewith E(e) =0 <= Y =J(1,,1,)0 + € with E(e) =0
under the restriction (0, 1;,)0 = 0.

Ex2: (0, 1,)0 =0 <= 6 € N((0, 1})). So
EY)=J1p, I,)0 € J(1,, I,) N((0, 1;)) =J(1,, I,) <<O 1p1;_>>

- J(1p,1p)7z<<(1) 1_11+>> TR ((1p, I = 1,1))
= JR(,) = R().



