
L16: Conditional distributions

1. Operators E(·) and Cov(·, ·)

(1) Definitions

For random matrix Z = (Zst)m×n define expectation matrix E(Z)
def
== (E(Zst))m×n.

For random vectors X = (X1, .., Xm)T ∈ Rm and Y = (Y1, ..., Yn)
T ∈ Rn define the co-

variance matrix of X and Y Cov(X, Y )
def
== (cov(Xs, Yt))m×n. The variance-covariance

matrix of X, Cov(X, X), often has simplified notation Cov(X) ∈ Rp×p.

(2) Properties for E(·)
(i) E(αX + βY ) = αE(X) + βE(Y )

(ii) For non-random D, E(D) = D

(iii) E(AXB) = AE(X)B

Proof: For (iii), we show [E(AXB)]st = [AE(X)B]st.

[E(AXB)]st = E(AXB)st = E

(as1, .., asp)X
b1t

...
bqt




= = E[
∑p

i=1

∑q
j=1Xijasibjt] =

∑p
i=1

∑q
j=1E(Xij)asibjt

= (as1, .., asp)E(X)

b1t
...
bqt

 = [AE(X)B]st

(3) Properties for Cov(·, ·)
(i) Cov(X, Y ) = E{[X − E(X)][Y − E(Y )]T }
(ii) Cov(X, Y ) = E(XY T )− E(X)E(Y T )

(iii) Cov(AX + b, BY + d) = ACov(X, Y )BT

Proof With X ∈ Rm and Y ∈ Rn, Cov(X, Y ) and E[X − E(X)][Y − E(Y )]T are in
Rm×n. For (i) we show [Cov(X, Y )]st = {E[X − E(X)][Y − E(Y )]T }st.
[Cov(X, Y )]st = cov(Xs, Yt) = E[Xs − E(Xs)][Yt − E(Yt)]

= E{[X − E(X)][Y − E(Y )]T }st = {E[X − E(X)][Y − E(Y )]T }st.
Ex1: E(AXB + CY D +H) = AE(X)B + CE(Y )D +H

Cov(A1X +B1Y + C1, A2U +B2V + C2)
= A1Cov(X, U)AT

2 +A1Cov(X, V )BT
2 +B1Cov(Y, U)AT

2 +B1Cov(Y, V )BT
2 .

Ex2: For X ∈ Rn×n, tr[E(X)] = E[tr(X)]. But |E(X)| ̸= E(|X|).

2. Marginal distribution of normal vectors

(1) A 1-1 transformation

y = h(x) ∈ Rp ⇐⇒ x = h−1(y) ∈ Rp is a 1-1 mapping with
∂ y1,..,yp
∂ x1,..,xp

∈ Rp×p.

If X ∈ Rp has pdf f(x), then Y = h(X) has pdf fY (y) =

∣∣∣∣∣ f(x)

abs
∣∣∣ ∂y1,..,yp
∂ x1,..,xp

∣∣∣
∣∣∣∣∣
x=h−1(y)

.

Proof: P (Y ∈ D) ======= P (h(X) ∈ D) = P (X ∈ h−1(D))
=======

∫∫
h−1(D) f(x)dx1, ..., dxp

x=h−1(y)
=======

∫∫
D f(x)|x=h−1(y) abs

∣∣∣∂ x1,..,xp

∂ y1,..,yp

∣∣∣ dy1, .., dyp
=======

∫∫
D

f(x)

abs
∣∣∣ ∂ y1,..,yp
∂ x1,..,xp

∣∣∣
∣∣∣∣∣
x=h−1(y)

dy1, .., dyp.
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So fY (y) =

∣∣∣∣∣ f(x)

abs
∣∣∣ ∂y1,..,yp
∂ x1,..,xp

∣∣∣
∣∣∣∣∣
x=h−1(y)

is the pdf for Y .

(2) X ∈ N(µ, Σ). With non-singular A ∈ Rp×p, Y = AX + b ∼ N(Aµ+ b, AΣAT ).

Proof y = Ax+ b ⇐⇒ x = A−1(y − b) with
∂ y1,..,yp
∂ x1,..,xp

= A.

x ∼ N(µ, Σ) ⇐⇒ f(x) = 1
(2π)p/2|Σ|1/2 exp[−1

2(x− µ)TΣ−1(x− µ)].

So fY (y) = f(x)
|A|

∣∣∣
x=A−1(y−b)

= 1
(2π)p/2|AΣAT |1/2 exp

[
−1

2(y −Aµ− b)T (AΣAT )−1(y −Aµ− b)
]
.

Thus Y ∼ N(Aµ+ b, AΣAT ).

(3) X ∼ N(µ, Σ). With full row rank A, Y = AX + b ∼ N(Aµ+ b, AΣAT ).

Pf: Expand A to non-singular

(
A
B

)
. Then(

Y
Z

)
=

(
A
B

)
X +

(
b
0

)
∼ N

((
A
B

)
µ+

(
b
0

)
,

(
A
B

)
Σ(AT , BT )

)
. So

fY (y) =
∫∫

z fY,Z(y, z) dz1, ..., dzp−q

= · · · = 1
(2π)p/2|AΣAT |1/2 exp

[
−1

2(y −Aµ− b)T (AΣAT )−1(y −Aµ− b)
]
.

Thus Y ∼ N(Aµ+ b, AΣAT ).

Ex3: Marginal distribution of normal X is normal. For example

With X =

X1

X2

X3

 ∼ N

µ1

µ2

µ3

 ,

 σ2
1 σ12 σ13

σ21 σ2
2 σ23

σ31 σ32 σ2
3

,

(
X1

X3

)
∼ N

((
µ1

µ3

)
,

(
σ2
1 σ13

σ31 σ2
3

))

since

(
X1

X3

)
=

(
1 0 0
0 0 1

)
X.

Ex4: X ∼ (µ, Σ) =⇒ E(XTAX) = µTAµ+ tr(AΣ).
E(XTAX) = E[tr(XTAX)] = E[tr(AXXT )] = tr[E(AXXT )] = tr[AE(XXT )]

= tr[A(µµT +Σ)] = tr(AµµT ) + tr(AΣ) = µTAµ+ tr(AΣ).

3. Conditional distributions

Let fX(x), fY (y) and f(x, y) be pdfs for X ∈ Rp, Y ∈ Rq and

(
X
Y

)
∈ Rp+q.

(1) Conditional pdf fY |x(y)

fY |x(y) =
f(x, y)
fX(x) ≥ 0 and

∫∫
Rq fY |x(y)dy1, ..dyq = fX(x)

fX(x) = 1. So fY |x(y) gives a class of
pdfs for Y indexed by x, the conditional pdfs of Y given X = x.

(2) Conditional pdf fX|y(x)

Similarly, fX|y(x) =
f(x, y)
fY (y) gives a class of pdfs of X indexed by y, the conditional pdfs

of X given Y = y.

Ex4:

(
X
Y

)
has pdf f(x, y) = 2 on 0 < x < 1 and 0 < y < 1 − x. Find the conditional

pdf for X given Y = y.

(i) fY (y) =
∫∞
−∞ f(x, y) dx =

∫ 1−y
0 2 dx = 2(1− y) on 0 < y < 1

(ii) fX|Y=y(x) =
f(x,y)
fY (y) = 1

1−y on domain 0 < x < 1− y where 0 < y < 1.

So X|y has uniform distribution over the interval (0, 1− y).
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L17 Parameters of conditional distributions and independence

1. Parameters of conditional distributions

(1) E(Y |x) and Cov(Y, Y |x)
At X = x ∈ Rp for Y ∈ Rq, fY |x(y) =

f(x, y)
fX(x) . Then

E(Y |x) = (E(Yj |x))q×1 =

(∫∫
Rq

yjfY |x(y)dy1, ..., dyq

)
q×1

is a vector-valued function of x. The variance-covariance matrix

Cov(Y, Y |x) = (cov(Yi, Yj |x))q×q = E(Y Y T |x)− E(Y |x)E(Y T |x)

is a matrix-valued function of x.

(2) The mean of E(Y |X) and the mean of Cov(Y, Y |X)
E(Y |X) and Cov(Y, Y |X) are vector-valued and matrix-valued functions of X ∈ Rp.

(i) E[E(Y |X)] = E(Y )
For E[E(Y |X)] ∈ Rq and E(Y ) ∈ Rq we show {E[E(Y |X)]}j = [E(Y )]j .

{E[E(Y |X)]}j = E[E(Yj |X)] =
∫∫

Rp E(Yj |x)fX(x)dx1, ..., dxp
=

∫∫
Rp

[∫∫
Rq yjfY |x(y)dy1, ..., dyq

]
fX(x)dx1, ..., dxp

=
∫∫

Rp+q yjf(x, y)dx1, ..., dyq = E(Yj) = [E(Y )]j .

(ii) E[Cov(Y, Y |X)] = E(Y Y T )− E[E(Y |X)E(Y T |X)]
By (1) and (i) of (2),

E[Cov(Y, Y |X)] = E[E(Y Y T |X)− E(Y |X)E(Y T |X)]
= E[E(Y Y T |X)]− E[E(Y |X)E(Y T |X)]
= E(Y Y T )− E[E(Y |X)E(Y T |X)].

(3) Variance-covariance matrices for E(Y |X) and Y

(i) Cov(E(Y |X), E(Y |X)) = E[E(Y |X)E(Y T |X)]− E(Y )E(Y T )

Cov(E(Y |X), E(Y |X)) = E[E(Y |X)E(Y T |X)]− E[E(Y |X)]E[E(Y T |X)]
= E[E(Y |X)E(Y T |X)]− E(Y )E(Y T ).

.

(ii) Cov(Y, Y ) = E[Cov(Y, Y |X)] + Cov(E(Y |X), E(Y |X)).

E[Cov(Y, Y |X)] + Cov(E(Y |X), E(Y |X))
= E(Y Y T )− E[E(Y |X)E(Y T |X)] + E[E(Y |X)E(Y T |X)− E(Y )E(Y T )
= E(Y Y T )− E(Y )E(Y T ) = Cov(Y, Y ).

Comments: E(Y |X) is a function of X; It has the mean E(Y ). Its variance-covariance
matrix Cov(E(Y |X), E(Y |X)) = Cov(Y, Y )− E[Cov(Y, Y |X)] ≤ Cov(Y, Y ).
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2. Independence

(1) Independence

Let fX(x), fY (y) and f(x, y) be pdfs of X ∈ Rp, Y ∈ Rq and

(
X
Y

)
∈ Rp+q

X and Y are independent
def⇐⇒ f(x, y) = fX(x) fY (y).

(2) Property I
If X and Y are independent, then fY |x(y) = fY (y) and fX|y(x) = fX(x).
Hence P (Y ∈ A|X = x) = P (Y ∈ A) and P (X ∈ B|Y = y) = P (X ∈ B)

Proof: f(x, y) = fx(x) fY (y) =⇒ fY |x(y) =
f(x, y)
fX(x) = fY (y). So

P (Y ∈ A|X = x) =
∫∫

A fY |x(y)dy1, ..., dyq =
∫∫

A fY (y)dy1, .., dyq = P (Y ∈ A).

Comment: Knowing or not knowing X does not affect the pdf and probability for Y .

(3) Property II
If X and Y are independent, then E(XY T ) = E(X)E(Y T ) and hence Cov(X, Y ) = 0.
In such a case it is said that X and Y are uncorrelated.

Proof: For E(XY T ) and [E(X)E(Y T )] in Rp×q show [E(XY T )]ij = [E(X)E(Y T )]ij .

[E(XY T )]ij = E(XiYj) =
∫∫

Rp+q xiyjf(x, y)dx1, ..., dyq
=

∫∫
Rp+q xiyjfX(x)fY (y)dx1, ..., dyq

=
∫∫

Rp xifX(x)dx1, .., dxp
∫∫

Rq yjfY (y)dy1, ..., dyq
= E(Xi)E(Yj) = [E(X)E(Y T )]ij .

Comment: E(XY T ) = E(X)E(Y T ) ⇐⇒ Cov(X, Y ) = 0.
So if X and Y are independent, then X and Y are uncorrelated.

(4) Suppose

(
X
Y

)
∼ N

((
µ1

µ2

)
,

(
Σ11 Σ12

Σ21 Σ22

))
. Then

X and Y are independent ⇐⇒ X and Y are uncorrelated.

Proof: If X and Y are uncorrelated, then Σ12 = Cov(X, Y ) = 0 and Σ21 = ΣT
12 = 0.

So f(x, y) = fX(x) fY (y). Hence X and Y are independent.

Ex: If

(
X
Y

)
∼ N

((
µ1

µ2

)
,

(
Σ11 Σ12

Σ21 Σ22

))
, then Y |(X = x) ∼ N(µy−Σ21Σ

−1
11 (x−µ1), Σ22.1)

and X|(Y = y) ∼ N(µ1 − Σ12Σ
−1
22 (y − µ1), Σ11.2) where Σ22.1 = Σ22 − Σ21Σ

−1
11 Σ12

and Σ11.2 = Σ11 − Σ12Σ
−1
22 Σ21.

Proof Let A =

(
I 0

−Σ21Σ
−1
11 I

)
. Then A

(
X
Y

)
∼ N

((
µ1

µ2 − Σ21Σ
−1
11 µ1

)
,

(
Σ11 0
0 Σ22.1

))
.

So
(
Y − Σ21Σ

−1
11 X

)
|(X = x) ∼ Y − Σ21Σ

−1
11 x ∼ N(µ2 − Σ21Σ

−1
11 µ1, Σ22.1).

Consequently Y |(X = x) ∼ N(µ2 +Σ21Σ
−1
11 (x− µ1), Σ22.1).

Comment: E(Y |X) = µ2 +Σ21Σ
−1
11 (X − µ1) ∼ N(µ2, Σ21Σ

−1
11 Σ12).

So E[E(Y |X)] = µ2 = E(Y ) and
Cov(E(Y |X), E(Y |X)) = Σ22 − Σ22.1 ≤ Σ22 = Cov(Y, Y ).

4


