L16: Conditional distributions
1. Operators E(-) and Cov(-,-)

(1) Definitions
For random matrix Z = (Zst)mxn define expectation matrix E(Z) (E(Zst))mxn-
For random vectors X = (X1,.., X,;,)T € Rm and Y = (Y7, ...,Y,)T € R™ define the co-

variance matrix of X and Y Cov(X, Y) (COV(X s> Y2))mxn- The variance-covariance

matrix of X, Cov(X, X), often has simplified notation Cov(X) € RP*P.
(2) Properties for E(-)
(i) E(aX +BY) = aE(X)+ BE(Y)
(ii) For non-random D, E(D) = D
(ii) E(AXB)=AE(X)B
Proof: For (iii), we show [E(AXB)|s = [AE(X)DB]s.

def
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(3) Properties for Cov(-,-)

(i) Cov(X,Y) = E{[X — E(X)][Y — E(Y)} }
(ii) Cov(X,Y) = E(XYT) - BE(X)E(YT)
(iii) Cov(AX + b, BY +d) = ACov(X, Y)BT
Proof With X € R™ and Y € R", Cov(X,Y) and E[X — E(X)][Y — E(Y)]T are in

R™ ", For (i) we show [Cov(X, V)]s = {E[X — E(X)][Y — E(Y)] }s.
[Cov(X, V)]s = cov(Xs, Vi) = E[Xs — E(X,)][Y; — E(Y})]
= E{X -EX)Y —EW)|"}a = {E[X = E(X)|[Y = E(Y)]" }s.
Exl: E(AXB+CYD+ H)=AE(X)B+CE(Y)D+ H
COV(AlX + B1Y + C1, AU + BV + CQ)
= A1Cov(X, U)AY + A1Cov(X, V)BT + B,Cov(Y, U)AY + B, Cov(Y, V)BI.
Ex2: For X € R, tr[B(X)] = E[tr(X)]. But |E(X)| # E(|X]).

2. Marginal distribution of normal vectors

(1) A 1-1 transformation
y=h(r) € RP <=z =h"Y(y) € RP 1sa11mapp1ngw1thagi’7’gf’€Rpo

If X € R? has pdf f(x), then Y = h(X) has pdf fy (y) = | - {;Eji)
oL la=h1(y)
Proof: P(Y € D) ——— P(h(X)e D)=P(X € h"}(D ))
ffh D) f dxl,...,dwp
dx1,..,x
ffD (z) x:h—l(y) abs ayi“,y;’ dyi, .., dyp
— Iy # dyt, .., dyp.
7oL a=h~1(y)



f(z)
oy1,-
dxy,.

So fy(y) = is the pdf for Y.
z=h"1(y)

(2) X € N(u, ¥). With non-singular A € RP*P| Y = AX + b~ N(Au+ b, ALAT).
Proof y = Az +b <= o = A"l (y — b) with 3?;177»?;1;:14

7~ N, 8) = (@) = grsrbrsrrs espl- b — w)7S @ — ).

_ f@
So fy(y) = TAT = a-1(y—b)

B W exp [—3(y — Ap— b)T(ASAT) "1y — Ap —b)] .
Thus Y ~ N(Ap + b, AXAT).
(3) X ~ N(u, ¥). With full row rank A4, Y = AX + b~ N(Au+ b, ALAT).

abs

Pf: Expand A to non-singular <A> Then

B
-5+ 0) - (90 ()
fr(y ff Iyviz(y, 2)dz1, ..., dzp—q

= = m exp [_%(y Ap — b) (AEAT)il(y —Ap — b)] .
Thus Y ~ N(Ap + b, ALAT).
Ex3: Marginal distribution of normal X is normal. For example
X1 I o} o012 o3 D¢ 2 o
Wlth X = X2 ~ N 125) s 0921 0'% 0923 s <X1> ~ N ((l“) 5 ( 1 123)>
X3 0-?2) 3 M3 031 03

u3 031 032

. X1\ (100
since <X3> = (0 0 1) X.
Ex4: X ~ (u, ¥) = E(XTAX) = pl Ap + tr(AY).

E(XTAX) = Etr(XTAX)] = Ejtr(AXXT)] = trf[E(AXXT)] = tr|AE(X XT)]
= tr[A(pu” + X)) = tr(App?) +tr(AY) = pT Ap + tr(AY).

3. Conditional distributions
Let fx(z), fy(y) and f(x, y) be pdfs for X € RP, Y € R? and (é) € RPTY.

(1) Conditional pdf fy|,(y)

fyi(y) = J}( (x)) >0and [[p, fyz(v)dyr,..dy, = ;;Ei) = 1. So fy|s(y) gives a class of
pdfs for Y indexed by z, the conditional pdfs of Y given X = x.

(2) Conditional pdf fx/,(x)

Similarly, fx,(z) = f( (y)) gives a class of pdfs of X indexed by y, the conditional pdfs

of X given Y = y.

Ex4: <X> has pdf f(z,y) =2on 0 <z <1land 0 <y < 1—2z. Find the conditional

Y
pdf fongivenY—y
() frly) = [ flay)de= [} 2dr=2(1-y)on0<y<1
(ii) fX|y:y() J}g(g))*L0ndoma1n0<:1:<1—ywhere0<y<1

So X |y has uniform distribution over the interval (0, 1 —y).



L17 Parameters of conditional distributions and independence

1. Parameters of conditional distributions
(1) E(Y|z) and Cov(Y, Y|z)

At X =z € RPfor Y € RY, fy,(y) = J}Sgif)) Then

E(Y|z) = (E(Yj|2)) x1 = (//Rq Yifyie(y)dyr, ...,dyq>le

is a vector-valued function of z. The variance-covariance matrix

Cov(Y, Yl|z) = (cov(Y;, Yi|z)), .. = BE(YYT|z) = E(Y|2)E(YT|z)

axq

is a matrix-valued function of z.

(2) The mean of E(Y|X) and the mean of Cov(Y, Y|X)
E(Y|X) and Cov(Y, Y|X) are vector-valued and matrix-valued functions of X € RP.
(i) E[E(Y|X)] = E(Y)
For E[E(Y|X)] € R? and E(Y') € R? we show {E[E(Y|X)]}; = [E(Y)];.

{(E[EY|X)}; = EEYX)] = [[m E(Yjl2)fx(2)dzy, ..., dz,
= fpr [fqu yij\m )dyi, ... dyq] fx(z)dz, oy dxy,
= [frora Ui (@, y)day, ... dy, = E(Y;) = [E(Y)];.

(ii) E[Cov(Y, Y|X)]=E(YYT) - E[E(Y|X)E(YT|X)]
By (1) and (i) of (2),

E[Cov(Y, Y|X)] = E[EYYT|X)-E(Y|X)E(YT|X)
= E[E(YYT|X)] - E[E(Y|X)E(YT|X)]
= EYY") - E[EY|X)EYT|IX).

(3) Variance-covariance matrices for E(Y|X) and Y
(i) Cov(E(Y|X), E(Y|X)) = E[E(Y|X)EYT|X)] - EV)E(YT)

Cov(E(Y|X), E(Y|X)) = E[E(Y|X)E(YT|X)] - E[E(Y|X)|E[E(YT]X)]
= EEYIX)EYTIX)-EY)EYT). '
(ii) Cov(Y,Y) = E[Cov(Y, Y|X)] + Cov(E(Y|X), E(Y|X)).

E[Cov(Y, Y|X)] + Cov(E(Y|X), E(Y|X))
=EYYT) - E[E (Y]X)E YTIX)] + E[EY|X)EYT|X) - E(Y)E(YT)
=EYYT) - E(Y)E(YT) = Cov(Y, Y).

Comments: E(Y|X) is a function of X; It has the mean E(Y). Its variance-covariance
matrix Cov(E(Y|X), E(Y|X)) = Cov(Y, Y) — E[Cov(Y, Y|X)] < Cov(Y, Y).



2. Independence

(1)

(2)

Independence

Let fx(z), fy(y) and f(x,y) be pdfs of X € RP, Y € R? and (‘;() € RPHa

X and Y are independent BN flx,y) = fx(x) fy(y).

Property 1
If X and Y are independent, then fy|,(y) = fy(y) and fx,(2) = fx(z).
Hence P(Y € A|X =z)=P(Y € A) and P(X € B\Y =y)=P(X € B)
Proof: f(ﬂf,y) = fx( )fY( ) = fY|z( ) fX(I fY( ) So
P(Y € AIX =) = [f; ya(0)dys, sy = [f4 Fr(5)dyr, - dyy = P(Y € A).
Comment: Knowing or not knowing X does not affect the pdf and probability for Y.
Property 11
If X and Y are independent, then E(XY7T) = E(X)E(Y") and hence Cov(X, Y) = 0.

In such a case it is said that X and Y are uncorrelated.

Proof: For E(XY7T) and [E(X)E(YT)] in RP*? show [E(XYT));; = [E(X)E(YT)];;.

[E(XYT)]ZJ = E(XiY}):fpr+q xiyjf(x,y)darl,...,dyq
= fpr+q xzyij( )fY( )dl'ly-- dyq

= fpr wzfX )dx, .. ,dxy, fqu yij )dyla-u,dyq
B(X:)E(Y;) = [E(X)E(YT));.

Comment: E(XYT) = E(X)E(YT) <= Cov(X,Y) =0.
So if X and Y are independent, then X and Y are uncorrelated.

X 1 X1 212) )
S ose ~ N , . Then
PP (Y> ( <M2> <E21 Y92
X and Y are independent <= X and Y are uncorrelated.

Proof: If X and Y are uncorrelated, then Y12 = Cov(X, Y) = 0 and %91 = X%, = 0.
So f(z, y) = fx(z) fy(y). Hence X and Y are independent.
X b)) b)) _
Bxe 1 () ~ v ((4) (32 52)) s then YI(X = ) ~ Nty =S5 (a 1), Sam)
and X|(Y = y) ~ N(u1 — Z12%55 (v — p11), S11.2) where Yog1 = Jog — B9 211 D19
and 211'2 = 211 — 21222_21221.

B I 0 X 11 Yu 0
Proof Let 4 = <—221E111 I>' Then 4 <Y> ~ N ((Mz - E212111/‘1> ’ ( 0 2a2a))

So (Y = Su 81 X) (X =2) ~ Y — Sy 501w ~ N(u2 — S 277 i1, To2.1).
Consequently Y|(X = x) ~ N(uz + 2212;11 (x —p1), X22.1).
Comment: E(Y|X) = pg + S X HX — 1) ~ N(pa, 2127 212).
So E[E(Y|X)] = pu2 = E(Y) and
COV(E(Y‘X), E(Y|X)) = 222 - 222.1 S 222 = COV(K Y)



