L14: Chain rules

1. Chain rules

(1) Chain rules

Forz=f(y) € R,y=g(zr) e R"and x € R, 22 =3} 159;]9 Ci;’g* gives a chain rule.

(1) Three vectors
21(y) yi(z) 1
For z(y) = : € R, ylx) = : € R" and z = : € RP,
Zm(y) Yn () Tp
0z __ [ Oz 0
oxT — <8yT> <#)
Pf: Recall: AB = (aij)mxn (b’J>n><p (Zk 1alkbk])
Now g = (), = (Zhaal=i <yk>xj)mxp = (), (),

- () ()
oyT oxT )
Ex1: Inz = f(z) = ||[b— Az||?, b € R", A € R"*? and z € RP. Find the gradient vector
Vix)= %Ef) and the equation equivalent to V f(x) = 0.
Write z =yTy € R, y =b— Az € R® and = € R". By chain rule
dz 0z 0y

a2~ 9yT 9aT (2y")(—4) = —2(b - Az)" A.

So Vf(z) = 92 = (25)" = 24T (b — Az) = 24T Az — 247,

Clearly, Vf(z) = 0 <= AT Az = ATb.

(2) Two matrices
For 2(Y) € R, Y(X) = (Yst(X)) e, a0d X = (i), s

S o (5= (55), (5%)

s=1t=1

o
PR 0% = (z;”)pxq:(z:;tz;;lz;sxyst);ij)pxq:zz";lz;;lz;“ (o)t

pXxq

) dys = g o
= ZT:I Z?:l Byit (Bl{Xt)qu o Es:l E?:l (ﬁ)St (al{Xt>p><q.

Ex2: With X € RP*? and AXB € R™" find %'
z=|Y|€R, Y =AXB € R and X € RP*.

P = TS () (%) = Do T (), (255)
= Y X YY), AT [Baxn(s, )] BT

= |[Y|AT(Y )BT = |AXB|[B(AXB)tA]T.

Comment:

dIn|AXB| _ dIn|AXB| (9|AXB]
9X  — dJAXB] ox )



2. Maximization and minimization

(1)

Taylor expansion

For y = f(z) € R where © € RP, Vf(z) = 8(];(;:) € RP is the gradient vector and

Hypy = ang?) € RP*P is the Hessian matrix. By Taylor expansion of f(z) at xg

f(@) = f(zo) + (& — x0)" V f (o) + %(33 — x0)" Hey(w — o)

where £ = ax + (1 — a)xo with some a € [0, 1].

Ex3: When p = 1, the Taylor expansion is

£(2) = f(zo) + (2 — z0) ' (m0) + o ( — w0)* 1" (6).

A sufficient condition for minimization
If Hy(,y > 0 for all z, then f(z) is minimized at xg where g is a solution to V f(x) = 0
called the stationary points for f(x).

Pf: For z in the domain of f(-), by Taylor expansion of f(z) at zo,

f@) = f@o)+ (x — 20)Vf(20) + 95(x — x0) " Hye) (x — x0)
= flzo) + g51(x — o) T Hy ey (@ — z0) > f(0)-

A sufficient condition for maximization
If Hy(,y <0 for all z, then f(x) is maximized at zo where z¢ is a solution to V f(x) = 0
called the stationary points for f(x).

Pf: For z in the domain of f(-), by Taylor expansion of f(z) at xy,

f@) = f(@o)+ (x —x0)Vf(w0) + 5 (x — x0) T Hye)(x — a0)
= flzo) + 51(z — o) Hy(ey(w — z0) < f(z0).

3. An example: Minimization of f(x) = ||b — Az||? in ExI.

(1)

(2)

(3)

Calculus approach
From Ex1, Vf(z) = 2AT Az — 24Tb. So

_OVf(z) 0 (2AT Az —2ATD)

T
Hya) = =57 = o =24TA>0.

Also by Ex1 V(@) =0 AT Az = ATh.
Hence ||b — Az||? is minimized at Z where AT A7 = ATb.

Linear algebra approach

|6 — AZ||?> < ||b — Az|)? for all z <= AZ = 7(b|R(A)) = AATD.

Equivalence: AT A7 = ATh = Az = AATD.

i ATAF = ATh —s (ANTATAF = (AT AT — (AAD)T AT = (AAT)TD.
So AT = AA™D.

i AT = AATh — ATAZ = ATAATD = AT(AAT)Tb = (AATA)Th = ATh,



