L12 Commutation matrices

1. Comments on vec(AX B) = (B’ ® A) vec(X)

(1) Isomorphic spaces
As spaces with inner products, R"™*™ and R™" are isomorphic since vec(-) is a 1-1
mapping from R™*" to R™" that preserves the inner products. This mapping is called
an isomorphism. As vectors in a linear space with inner products we can treat A € R™*™
and vec(A) € R™ “the same thing”.

(2) A linear transformation from RP*? to R™*"
Y = f(X) = AXB is a linear transformation from X € RP*? to Y € R™*™ since
flaXy + BX3) = af (X1) + Bf(X2).

(3) A linear transformation from RP? to R™"
Thus vec(Y) = vec(AXB) must be a linear transformation from vec(X) € RP! to

vec(Y) € R™". But for column vector linear transformation, it has general form u = Awv.
So vec(Y) = vec(AX B) = Mvec(X). This M is M = B’ ® A.

2. Commutation matrices

(1) Relations
In exploring the relations of A ® B and B ® A; and vec(A) and vec(A’) for A € R™*"
and B € RP*4 it will be shown that It will be shown that

vec(A4') = Kpnvec(A) and Ky, (A® B) Kpg = B® A.

Here K,,, is called a commutation matrix.

(2) Definition of commutation matrix K,
With I, = (e1m, -+, €mm) and I, = (€1n, ..., €ny) define

m n
Ko = Z Z eim @ e;-n R el ® ejn € R
i=1 j=1
Then Kmn = Z’zrr;l Z?:l(eimegn) ® (eime;'n)/'

Ex1: For column vectors z and y, v ® x = z ® ¥ = zy’ and vec(zy') =y ® x.
Thus K, , takes on many forms.
Km,n = Z;il Z;’L:I €im ® e;'n ® €§m & ejn = Z;n;l Z;’l:l(eime;'n) ® (eime,in)/
Kin = 2502001 (€im @ ejn) @ (ejn ® eim)' = 32001 D201 (€im @ ejn)(€jn @ €im)’
= TS veeeguely,)[vec(eine), )
One can stick to one form.
(3) Property I
Transpose of a commutation matrix is a commutation matrix K/ = K.

/
/ o m n . ! / .
Proof Kmn = [Ei:l Zj:l €im & €in @ €5, @ e]n]
. m n ’ ) ) A n m . / / .
= D1 i € @ e ® eim @ €l =301 DL ejn ® €5, @ €y @ i
= Knm

Ex2: Kpn =Y " eim®@1 ®é,, @1 =" eme:, = In.
Kin =K\ =1I =1,



(4) Property II
Commutation matrix is an orthogonal matrix K.} = K/ .

Proof KopnKom
= |22 (eim ® e, ®e, ® ejn)} [Zz > (epn ® €gp ® €, @ eqm)}
= 2025 2p 2ag (€im @ €, ® €y, ® €jn) (€gm © Epn @ €qm @ €)
= >0 Z? ZZ Z;n(eimeizm) ® (e;nepn) ® (€fmeqm) ® (€jn€pn)
= 0" 2 (eimely,) ® (ejnely,) = 320" (€imesy,) © D27 (ejnel,)

- Im & In - Imn
So K.} = Ky = K! ... Ky, is orthogonal.

3. Application of commutation matrices

(1) For A € R™*" K, vec(A) = vec(A').
Pf: For A = (aij)mxn,

vee(A') = vee [Ty Sy (€l Aein) (€inh,)|
= vee | S 7 (€l Alesneh)]
= Z?;l Z?:l vec [(e]ne;m)A(e]ne;m)]
= TP Y (€gneh) @ (ejuchy)] vee(A)
= (ZP i em @, @ e @ ey, ) veo(A)

— <Z;11 dj=1€im ® €, ® el ® ejn> vec(A) = Ky vec(A).

(2) For A€ R™" and B € RP*9, Kpp, (A® B) Kng = B® A.
Pf: With A € R™*"™ and B €P*9, for all X € R7*",
Kpm(A® B)vec(X) = Kpmvec(BXA") =vec(AX'B’)
= (B®A)vec(X') = (B® A) Ky,vee(X).
So Kpm(A® B) = (B® A) K¢y. Thus Kpp(A® B)Kpq = B® A.

Ex3: With Ae R™" and y € RP, Kpp,(A® y)Kp1 =y ® A, ie.,



L13 Matrices that store all derivatives

1. One function

(1) Definition

For one function, argument can be allowed to be a matrix: y = f(X) where X =

0
Define 5% = <y;ij)pxq.
(2) Formula I: amaTAx = (AT 4+ A)x and ‘%TAQ’ =zT(AT + A).
With symmetric A, ‘9’3 Ax = 2Az and ‘99” Az — T94.

.Z’
Ex1: y = f(z) =27 <_21 _41) x =22} — 2z120 + 423

/
o0y (Yo ) 4z — 2x9
By definition: Z¥ <y;2> <—2x1 482y
2 =1\ [z dr) — 229
By formula: —g =2 <_1 4 ) (ac2> = (_le n 8x2>

(3) Formula II: 8%)‘?’8 =apT € rPxa.

b1

Tl Tie
Ex2: y = (a1, a2) <$; x;z x;i) by
b3

x11a1b1 + x1201b2 + 2130103 + 210201 + T2202b2 + T2302b3.

0y _ (Y1 Yrs Yirs _<a161 a1by a1bs)
/ / - N

By definition: 5% =
y 8X yﬂﬁQl y$22 y{L’23 a’2b1 a2b2 a’2b3

7y _ (™ _ (aibi aiby aib3
By formula: 7% = <a2> (b1, ba, b3) = <a2b1 by b

atr(x)

(4) Formula ITT: With X = (2),,,., “5= = Ip-
Proof: agr)(( ) = 81?11;}('“% = 1p.

(5) Formula IV: 91X — | x|(x7)~1
Proof: Let C’ = (Cij)x,, Pe the cofactor matrix for X = (zi;),,,,-
0|X
From ‘X| = Tj1Ci1 + * - + TipCip, % = (|X ;;ij>p><p = (Cij)po =C.
But XC' = |X|[, = C' = |X|X ' = C = |X|(X")!
Hence 251 = | x|(x7)~!

2. A vector of functions

(1) Definition

For a vector of m functions, the argument could be a vector of n components.

W)z, - (), W)ey - (Um)y
Define 8y = : : and 9L : ‘ :

/ ‘ /
Jdy T
oxT -

Al )b, - (gl
(2) Formula V: §

= A and 2U2° _ 4T,

(xij)pxq‘



ail - Qi1p T a1x1 + -+ apTy

Proof: y = Ax = =
Am1 - OGmp Tp Am1T1 + -+ AmpTp
a1l a1p
- |-
a/ml ... amp
3. A matrix of functions
(1) Definition
. . . dys
For a matrix of functions with one argument, Y = (ys(2)),,,«,, define % = (%)mxn
Ex3: For Y = (22 —42?), 42X = (2, —8x).
(2) For a matrix of functions with a matrix of arguments
avec(y) d a[vec(yY)]T " ¢ tial derivati
Fvec(x)T A0 Jor “pvec(x)~ store of partial derivatives.
. _ ovec(AXB) _ o(BTeA)vec(X) _ pT
Ex4: For Y = AXB, aNecT = — a[Wec(X)T =B' ® A.

For Y € R™*™ and X € RP*Y,
mn matrices % € RP*1 s=1,...,m;t =1, ...,n store all partial derivatives

Ex5: For Y = AXB, % = ATE,xn(5,t)BT where Exn(s,t) € R™" with

elements at (s,%) is 1 and 0 elsewhere.

J(AXB)st _ 9el  AXBewn, _ 4T T RT _ AT T
= 5% = At esme, B = A" Epyxn(s,t)B".

For Y € R™*™ and X € RP*Y,
pq matrices 687}; € R™*" i=1,..,p; j =1,...,q store all partial derivatives
Ex6: 228 — AE, .(i,5)B.

g

T
B

A= (Al, ...,Ap), A; = Aeip; B = B(j; = e;quB
BT
(9)

Oy, xi; A BT
9AXB _ Y24 TiifiBG) 4 T a4, T -
Gor = 7o = A,B(j) = Aeypej B = AEpyq(i,5)B.

Summary of formulas

T T
deliz _ (AT 4 A)z; 04z _ 4, 0aiXb — T
atr(x a|X XX~

8r()( ) =1 a| X‘ = | |( /) !

d[vec(AXB . 9(AXB)et _ ) B .
et =BT @A, 2G5 — ATE, (s, 1)BT; %58 = AB,.(i,j)B

Ex7: z, § € RP. Find 8;26.
9278 _ (98Te\T _ (T _
50 = (55) = (D) =5

9zT 2T
b = S =P1=F




