LO07 Vector projections

1. Projections

(1) Minimum-distance projection
S is a subspace of V. For y € V there exists a unique y € S such that

ly — 7l* < ||y — 2||? for all z € S.

This 7 is called the minimum-distance projection of y onto S.
(2) Orthogonal projection
S is a subspace of V. For y € V there exists a unique y € S such that
(y—7vy) LS, ie,(y—y,2z)=0forall zeS.

This ¥ is called the orthogonal projection of y onto S.

(3) Projection of y onto S
Minimum-distance projection and orthogonal projection of y onto S are equal, and is
called the projection of y onto S denoted as 7(y|.5).

Proof If i is an orthogonal projection onto S, then y € S and (y—y) L S. So for z € S,
(y—y) L (y — z). Thus by Pythagorean theorem

ly =2l =lly =g +5— 2l = ly = 71> + 17— 21* = lly — 3l>
Thus ¥ is the minimum-distance projection of y onto S.
2. Projections onto R(A) and R+ (A)
(1) 7y | R(A)) = AA*y
Proof With A € R™*" R(A) C R™. For y € R™, let y = AA"y. Then
y=AATy+ (1= AA )y =G+ (y— )
where g = AATy € R(AAT) = R(A) and

y—7 = (I—AAN)y e R(I — AAY) = NL(I — AAY) = [N(I — AAD)*
[RAAD)]" = [R(A)" = RH(A).
Thus (y —y) L R(A). Hence y = 7(y | R(A)).
Comment: AAT is called the projection matrix onto R(A).
(2) m(y | RH(A)) = (I - AA*)y
Proof With A € R™*" R+(A) c R™. Fory € R™, let y = (I — AA")y. Then

y=AATy+ (I -AA )y =(y—-9+7

where J = (I — AAT)y € RY(A) and y—5 = AAYy € R(A). Thus (y—7) L R+ (A).
Hence § = 7(y | R+(A)).

Comment: [ — AA" is the projection matrix onto R(I — AAT) = R+(A).
y=m(y|R(A)) +7(y | RH(A))



3. Projections onto N'(A4) and N(A)

(1)

Ex:

m(z|N(A)) = (I — AT A)z

Proof With A € R™* "™ N'(A) € R". For x € R" let T = (I — AT A)xz. Then
r=(I-ATA)z+ATAx =7 + (v — 7)
where T € R(I — ATA) = N(ATA) = N(A) and
r—T=AAz e R(ATA) = [N(ATA)]" = W(A)E = NH(A).

So (x —Z) L N(A). Hence = = m(x | N(A)).
Comment: [ — A" A is the projection matrix onto N'(A) = R(I — AT A).
m(x | NL(A)) = At Ax.
Proof With A € R™*" N=+(A) C R". For x € R" let # = A* Az. Then

r=(ATAz)+ (I - ATA)z =2+ (z — 2)

where 7 = At Axr € N+(A) and z — 7 € N(A). So (z —2) L N1 (A).
Hence 7 = m(z | N1 (A)).

Comment: At A is the projection matrix onto N (A) = R(A').
z=7(z | N(A) +n(z | NE(A)).

One estimate the solution of Ax = 0 by xg. Then the error can be measured by
min {|zo — z||? : Az = 0}. Let Zo = (2o | N'(A)). This error is

lzo — Zo)||* = llzo — m(zo | N (A))I* = |7 (20 | N (A)||* = | AT Ao||* = a{ AT Axo.

With given A and g, the problem becomes that of computing for A™.

If A has full column rank, then A has a left-inverse and AT is one of its left-inverse. So
AYA =T and z,A" Azg = z{wo = ||z0]|?>. Note that under this assumption N'(A) = {0}
since dim[N'(A)] = n —rank(4) =n —n = 0.

If A has full row rank, then AT = A’/(AA")~! and ATA = A/(AA")"1A.

If A has orthonormal rows, then AT = A’



