
Stat 872 Exam 2 Oct. 09, 2025

Name:

1. (A1, A2, A3) ∈ R3×3 is an orthogonal matrix.

(1) Find tr[(AT
1 ⊗A2)(A1 ⊗AT

2 )]. (15 points)

Method I: tr[(AT
1 ⊗A2)(A1 ⊗AT

2 )] = tr[(AT
1 A1)⊗ (A2A

T
2 )]

= tr(A2A
T
2 ) = tr(AT

2 A2) = tr(1) = 1.

Method II: tr[(AT
1 ⊗A2)(A1 ⊗AT

2 )] = tr[(A2 ⊗AT
1 )(A1 ⊗AT

2 )]

= tr(A2A
T
1 A1A

T
2 ) = tr(A2A

T
2 )

= tr(AT
2 A2) = tr(1) = 1.

(2) Find tr[(AT
1 ⊗A2)(A1 ⊗AT

3 )]. (15 points)

Method I: tr[(AT
1 ⊗A2)(A1 ⊗AT

3 )] = tr[(AT
1 A1)⊗ (A2A

T
3 )]

= tr(A2A
T
3 ) = tr(AT

3 A2) = tr(0) = 0.

Method II: tr[(AT
1 ⊗A2)(A1 ⊗AT

3 )] = tr[(A2 ⊗AT
1 )(A1 ⊗AT

3 )]

= tr(A2A
T
1 A1A

T
3 ) = tr(A2A

T
3 )

= tr(AT
3 A2) = tr(0) = 0.

(3) Find tr[(AT
1 ⊗AT

3 ⊗A2)(A1 ⊗AT
2 ⊗A3)]. (20 points)

tr[(AT
1 ⊗AT

3 ⊗A2)(A1 ⊗AT
2 ⊗A3)] = tr[(AT

1 ⊗A2 ⊗AT
3 )(A1 ⊗AT

2 ⊗A3)]

= tr[(AT
1 A1)⊗ (A2A

T
2 )⊗ (AT

3 ⊗A3)]

= tr[1⊗ (A2A
T
2 )⊗ 1] = tr(A2A

T
2 )

= tr(AT
2 A2) = tr(1) = 1.
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2. For A ∈ Rm×m, B ∈ Rn×n and X ∈ Rm×n, let Y = AX +XB. Find ∂vec(Y )
∂ [vec(X)]T

. (25 points)

vec(Y ) = vec(AX +XB) = vec(AXIn) + vec(ImXB)

= (In ⊗A) vec(X) + (BT ⊗ Im) vec(X)

= [(In ⊗A) + (BT ⊗ Im)] vec(X).

So, ∂ vec(Y )
∂ [vec(X)]T

= (In ⊗A) + (BT ⊗ Im).

3. For A ∈ Rn×p and B ∈ Rq×n find ∂ [tr(AXB)]2

∂ X . (25 points)

∂ [tr(AXB)]2

∂ X = d [tr(AXB)]2

d tr(AXB)

∂ tr(AXB)
∂ X

= 2 tr(AXB)
∑n

s=1

∑n
t=1

(
∂ tr(AXB)
∂ AXB

)
st

(
∂ (AXB)st

∂ X

)
= 2 tr(AXB)

∑n
s=1

∑n
t=1 (In)stA

TEn×n(s, t)B
T

= 2tr(AXB)ATBT .
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