
Stat871 Exam 1 Feb. 17, 2025

Name:

1. X ∼ Bernoulli(p).

(1) Find Fisher information I(p) from the distribution of X. (10 points)

f(x; p) = px(1− p)1−x, x = 0, 1. ln f(x; p) = x ln p+ (1− x) ln(1− p)

d
d p ln f(X; p) = X

p − 1−X
1−p = X−p

p(1−p) =
X

p(1−p) −
1

1−p ∼
(
0, 1

p(1−p)

)
.

Thus I(p) = 1
p(1−p) .

(2) Let X1, ..., Xn be a random sample from X. By CLT find a statistic with asymptotically
normal distribution. (5 points)

By CLT, Xn = X1+···+Xn
n ∼ AN

(
p, p(1−p)

n

)
.

(3) Based on the result in (2) find an asymptotically normal estimator for θ = var(X).
(20 points)

θ = var(X) = p(1− p) = θ(p) is a function of p. d θ
d p = 1− 2p

With Xn ∼ AN
(
p, p(1−p)

n

)
and g(x) = x(1− x), by Delta method

Xn

(
1−Xn

)
∼ AN

(
p(1− p), (1− 2p)2

p(1− p)

n

)
, i.e.,

Xn − X
2
n ∼ AN

(
θ, (1−2p)2p(1−p)

n

)
is an asymptotically normal estimator for

θ = var(X) = p(1− p).

(4) Show that the estimator in (3) for θ is best asymptotically normal estimator.(15 points)

CRLB(θ) = CRLB(p(1− p)) =
[

d
d pp(1− p)

]2
[nI(p)]−1 = (1− 2p)2 p(1−p)

n . So

Xn(1−Xn) ∼ AN(θ, CRLB(θ)).

Hence Xn(1−Xn) is a best asymptotically normal estimator for θ.
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2. X1, ..., Xn is a random sample from X ∼ U(0, θ). Find asymptotically normal distribution
for 2Xn. (10 points)

X ∼ U(0, θ) =⇒ X ∼
(
θ
2 ,

θ2

12

)
.

By CLT, Xn ∼ AN
(
θ
2 ,

θ2

12n

)
.

So, 2Xn ∼ AN
(
2 θ
2 ,

22θ2

12n

)
= AN

(
θ, θ2

3n

)
.

3. Let A1: E(θ̂n) = θ A2: Cov(θ̂n) = CRLB(θ).

B1: θ̂n
p−→ θ B2: cov[

√
nθ̂n] −→ I−1(θ).

Check TRUE or FALSE for the following statements.

(1) A1+A2=⇒ θ̂n is asymptotically efficient estimator for θ. (10 points)

TRUE✓ FALSE

(2) B1+B2=⇒ θ̂n is asymptotically efficient estimator for θ. (10 points)

TRUE✓ FALSE

(3) A1+B2=⇒ θ̂n is asymptotically efficient estimator for θ. (10 points)

TRUE✓ FALSE

(4) B1+A2=⇒ θ̂n is asymptotically efficient estimator for θ. (10 points)

TRUE✓ FALSE
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