L21: Central limit theorem and best asymptotically normal estimator

1. Best asymptotically normal estimator

(1) Best normal estimator

B, is a best normal estimator for 6 £, O, ~ N(6, CRLB(0))
0y, is normally distributed; E(6,,) = 6; and Cov(#) = CRLB(0)
0,, is a normal unbiased estimator for 6 and it is an efficient statistic

0,, is a normal and efficient estimator for 6

0,, is MVUE for 0.

(2) Best asymptotically normal estimator
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B, is a best asymptotically normal estimator for 6 SN O, ~ AN (8, CRLB(6)).
(3) Properties

If 6, is a best asymptotically normal estimator for #, then

(i) 6, is asymptotically normal,

(ii) 6, is a consistent estimator for 6,

(iii) [Cov( n) — CRLB(6)] — 0.

Proof: (ii) 8, ~ AN(6, CRLB( ) = (9, @) — V16, — ) ~ AN(0, I7(6))

:*'f(ﬁ —6’) J\[<0 =10 )):>ﬁ(5n—0)20p(1L
So 6, — 6 = T V0 — 0) = 0p(1)Op(1) = 0p(1). Thus by, 25 0.

(iii) V(B — 0) = N(0, I71(8)) = Cov (V(B — 0) — I7(0)
— nCov(#,) — I"1(#) — 0 = n - [Cov(6,,) — CRLB(6)] — 0.
Comment: Best asymptotically normal estimator for 6 is an asymptotically normal
and asymptotically efficient estimator for 6.

2. Central limit theorem

(1) Central Limit Theorem
Suppose X1, ..., X, are iid with X ~ (6, 3). Then % ~ AN (9, %Z)

Write % as X,. Then CLT says X, ~ AN (0, %E), ie.,

X — 0~ AN(0, %2) s (X — ) ~ AN(0, B) = /(X — 0) —5 N(0, 3)).

(2) A lemma
If X1, ..., X,, are iid with X ~ (0, ¥) where ¥ = I1(f), then X, is a best asymptotically
normal estimator for 6.
Proof: By CLT, X, ~ AN (0, 1) = AN (6, 1171(9)) = AN(¢, CRLB(9)).
Thus X, is the best asymptotically normal estimator for 6. [J
Ex1: For X ~ Pisson(\) ~ (), A). Tt can be shown that I(\) = + = [var(X)]~".

by
Thus the sample mean is a best asymptotically normal estimator for .



3. Some transformations
(1) X, ~ AN(pin, a2%) and 7> — 1, then X;, ~ AN (pn, biY).
Proof: X, ~ AN (i, a2%) = Xo—tn « AN(0, B) = Yo-in %, X N(0, 3).

Xn*/ln
With‘;z—ﬂ,Yn:( an )%(f):y
b

So Xnzin an — gy y 4y vy = X 1= X ~ N(0, D).

an bn,

Thus X5-t2 ~ AN(0, 2). Hence X, ~ AN (i, b23).
(2) Xn ~ AN(pin, a;%) and 222 —; 0, then X, ~ AN (vy, a;%).

Proof: X, ~ AN (i, a2%) = Xo—tn  AN(0, B) = Yo %, X o N(0, 3).
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So Xaztn 4 tn=vn — g(y,) L5 g(Y) = X +0=X ~ N(0, ).

Thus X’;i;”" ~ AN(0, ¥). Hence X,, ~ AN (v, a2X).
(3) Transformation A, X, + £, with random A,, and 3,
X, ~ AN(u, 2), A, Ly A and B, 2 B where 4 and 8 are non-random. Then
Ap Xy + Bn ~ AN(Ap + 3, AXA).

Pf: X, ~ AN(p, £) = X, -5 X ~ N(u, ).
X, X
Bn B
Bn B
S0 An Xy + B = g(Yn) — g(Y) = AX + B ~ N(Ap+ 3, ANA)).
Thus A, X, + Bn ~ AN(Ap + 3, ALA").



