L19: Slutsky’s theorem

1. Slutsky’s Theorem

(1) Slutsky’s Theorem
Suppose X, 4y X € Rand Y, 4, ¢'€ R. Then X, +Y, i>X—i—c.

Proof: With continuity point ¢ for Fxy.(-), We show that Fx, 1y, (t) — Fx4c(t).
Fx, v, (t) = P(X,+Y,<t)
P(Xp + Y <1, ¢ — Y| < 1)+ P(Xp + Yo <1, [c— Yo| > e1)
P(X, <t—c+e)+P(lc—Y,| > e)
Fx,(t—c+e)+ P(lc =Yy > €)
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FXn(t—C—EQ) P(ant—c—fg)
P(X,<t—c—eg, |Yn—c| <e)+ P(|Y, —c| > €)
P(X,+Y, <t)+ P(|Y,, —c| > e)

FXtv, (1) + P(|[Yn — ¢ 2 €2).
So FXn<t—C—€2)—P(‘Yn—C‘ > 62) < FX,L-i-Yn(t) < FXn(t—C—I—Gl)—i-P(‘C—Yn’ > 61).

Y, -5 e =Y, 2 c. So P(lc—Y,| > e1) — 0 and P(|c — Yp| > e2) — 0.
t is continuity point for Fixi.(-) = ¢ — ¢ is a continuity point for Fx(-). Keep
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t —c—ez and t — ¢ + €1 as continuity points of Fx(-). By X, SN X,
Fx, (t—c+e)— Fx(t—c+e€)and Fy,(t —c—€) — Fx(t —c—€2). So

Fx(t— Cc — 62) < limFXn+yn(t) < Fx(t— C+61).
n

Let e, — 0 and ea — 0. Because Fx(-) is continuous at ¢t — ¢, it follows that
FXptv,(t) — Fx(t — ¢) = Fxq(t). O
(2) A corollary

Xni>XeRPandYn1>CeRq<:><§”>i><)c,(>.

/
Proof: <« is trivial. Only show =-. For all <g) € R4, <g> <§n> =dX,+p30C.
n

But X, -5 X — o’X,, -5 o/X and ¥, -5 ¢ — BY,, -% g'C.

/
By Slutsky’s theorem, o/ X,, + 8'Y, L o' X +B'C = <g> (g)

So (g) <;§:) -, <g> <)C(> By Cramer-Wold device <);,:) a4, (g) O

Comment: Further g ((‘;(/")) <, g <()C()> for continuous g(+).

Ex1: X, -5 X € R¥ and Y,, -5 C € R*. Show that X, +Y, - X + C.
d X

Proof: X, 4, X € R and Yn - C e R*, By the Corollary <§(/n> — (C

With continuous g <<y>) =xz+yeR g ((Yn>> —q <<C>>’ ie.,

X, +Y, S x+c.



2. Convergence in distribution and boundedness in probability

1) X, -5 X € R= X,, = 0,(1).

Proof: Let F,,(-) and F(-) be the cdfs of X,, and X respectively. Ve > 0,
F(—00) = 0 = 3 continuity point — M; < 0 for F(-) such that F(-M;) < §.
F(00) = 1 = 3 continuity point My > 0 for F'(-) such that F((Mz) >1— §.
X, -5 X = Fy(—=My) — F(=M,) < &, and F,,(My) — F(My) > 1 — .
ANy >0,Vn > Ny, Fn(—Ml) < %; d Ny >0,Vn > No, Fn(MQ) >1-— %
Let M = max(M;, M3) and N = max(Ny, N2). Vn > N,

P(|1X,| < M) P(—M < X, < M)
P(=M; < X, < M) = Fy(My) — F(—Mj)

l—S—ct=1-¢
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Thus X, = O,(1)

2) X, -5 X € R* = X,, = 0,(1).
Proof: X, -5 X € RF = (X,);i -5 X;foralli=1,..k

(X)) = 0p(1) for all i = 1, ... k <= X, = Oy(L).

Ex2: A chain: X, %5 X = X, 25 X = X,, -5 X = X,, = O,(1).
Ex3: Suppose Y, 250€ R and %—:0 4y 7 ¢ R*.
Show that 0,, is a consistent estimator for 6.
Pf: Y, 0 R— Y, =o,(1); & 4 7R — Bt _0,1)
Thus O, — 0 = Y, 522 = 0,(1) Op(1) = 0,(1).

So §n L4 6. Hence gn is a consistent estimator for 6.

0,—0
Comment: ( Yn ) $ <Z>
Y, 0




L20 Asymptotic Normality

1. Normal distributions

(1) Traditional definition

X~ N D)

<:>Xhas pdf f(z) = Wexp[ %(az—,u)/E_l(w—,u)]
— E(X) =p and Cov(X) =% > 0.

X € N(p, ¥)
<= BX +b~ N(Bp+b, BEB') for all full row-rank B and all b
—> dimention of BX + b is less than or equal to that of X.

(2) Generalized normal distribution

X ~N(p, %)

Ll <= 3 Z € N(0, I, r)suchthatXéAZ—l—,uandAA’zzz()
— P(XeD)=P(Zec{z: Az+pe D})

X € N(u, ¥) with g € RP and ¥ > 0
<= BX +b~ N(Bu+b, BEB’) for all B and all b
== X € u+ L(X) where L(X) = {Su: u € RP}.
Proof: X =u+ Az e p+ L(A) =pu+ L(AA) = u+ L(D).

1 2 4

(1) e 2 (6 3)=0) o (G) =10) + (e very

With X = (Z + 1) its support is clearly given by { 1) + (1> t:te R}

Ex1: Z ~ N(0, 12>=>X£<§>Z+<1>NN<< <1 2>>

2Z +1 2

—

2. Asymptotic normality
(1) Definitions
Xp ~ AN(pn, Bn) &L 32, -4 Z ~ N(0, I,) such that X, == B, Z, + pin
and B, B, = X%,.
(2) A special case: p, = p and 3, =3
(i) X~ N 2) = X, -5 Ny, 2).
(i) Xp -5 N(i, 0), £ >0 = X, ~ AN (11, ©) = X,, -5 N(u, ¥).

Proof: (i) For X, ~ N(u, ), let X == X,.
Then P(X, € A) = P(X € A) — P(X € A).
Thus X, —= X ~ N(u, ).



(i) First =: From X, -5 X ~ N(u, £) with £ > 0,
Zy =S VX, —p) -5 Z = S7V2(X — p) ~ N(0, I).
But X,, = ¥Y/2Z, 4+ p and £V/2(21/2) = %, So X,, ~ AN(p, ).
Second =-: From X,, ~ AN(u, ),
37, -% Z ~ N(0, I) such that X,, = BZ, + p and BB’ = .
So Xy = BZp+p = g(Zn) -5 g(Z) = BZ + i~ N(p, 2).

3. Transformation and applications

(1)

Transformation
X ~ AN (pn, ) <= Ap Xy + B ~ AN (Anun + B, AnEnA;l) for all A, and S,

Proof: <: Take A,, = I and 3, = 0.
=: From X,, ~ AN (up, 3,),
3 Z, -% Z ~ N(0, I) such that X, = BpZn + i and BpB!, = .
Let Y,, = AX,, + 8,. We show that Y,, ~ AN (A, pn + Bn, AnXnAL).
With Z, % Z ~ N(0, I),
Y, = AX,, + Bn = AnBnZy + Appin + Bn and (A, By)(AnB,) = ApX,AL.
By definition, Y, ~ AN(Anpn + Bn, AnXnAL).
Ex2: X, ~ AN(p, a2%) = %24 © AN(0, £) = X2 4, X ~ N(0, )
_ d
g (Xn M) 4 g(X).

Qn
Approximation

If X, A x , then the distribution of X,, with large n can be approximated by that of
X. Hence P(X, € A) =~ P(X € A), E(X,) = E(X), and Cov(X,) =~ Cov(X).

If Z, N , then the distribution Z,, is approximated by that of Z, and further the
distribution of X,, = B, Z, + p, is approximated by that of X(n) = B,Z + pu,. Hence
P(X, € A)~ P(X(n) € A), E(X,) ~ E(X(n)) and Cov(X,,) ~ Cov(X(n)).
Application of AN (un, %)
If X, ~ AN (pp, Xp), then

37, -4 Z ~ N(0, ) such that X, == B, Z, + i and B, B.5,.
So the distribution of Z,, is approximated by that of Z € N(0, I);
The distribution of X,, = B,Z, + iy, is approximated by that of B,Z + p,.
But B, Z + ppn ~ N(pin, Xn). Thus
P(X, € A) = P(N(un, ) € A), E(X,) = u, and Cov(X,) ~ 3,.



