L17 The consistency of MLE

1. Identifiable distributions

(1) Definition
pdf/pmf family f(x; 0) is identifiable SN “flz; 0) = f(x; B) <=6 =p"
— “f(z;0)=f(z; 8)=0=p"
Ex1: Distribution family N ~ N(u, 12) is identifiable.
Proof: X ~ N(u, 1) has pdf f(z; pu) = rexp [—3(z — p)?].
flasp) = flain) = eexp[—3(@—w?] = Z=exp [~5(z —n)?]
= (@-p’=(c-n’=
== Taking = = 0, then taking = = 1 lead to p
Ex2: Distribution family N (0, o) with pdf f(z; o) = Torsz OXP
able since f(z, 0) = f(x, v) &= 0% = v? = 0 = +wv.

(—%) is not identifi-

(2) A property
X has identifiable pdf/pmf f(z; 6) such that In f(X; ) is a family of random variables
indexed by 8 with

saison= { EE N 2 aom

Then ¢(5]0) < g(0|0) for 5 # 0.
Proof: Consider continuous X only.

9(B0) — g(016) = Eg[In f(X; B)] — Eg[ln f(X; 0)] = Eg [m J;g@gﬂ,

But In(z) is a strictly concave function since (Inz)’ = 1 is decreasing on (0, co).
By Jensen’s inequality In[FE(X)] > E[ln(X)]. So

o0 = 5[] <u[BREH)

= lnffo f(:L" 0)dx =1n [, f(z; B)dz =1In1=0.

Therefore g(8|0) < ¢g(0]0). O

2. Log-likelihood function

(1) 11’1 L(ﬁ|X1,...,Xn)

Let Xy,...., X, is be a random sample from X with identifiable pdf/pmf f(z; 6) and
In L(0| X1, ..., X;,) be the log-likelihood function. When g # 6, by SLLN and (2) in 1,

s 1+i2f(xn) . al_:”(g ) s )
&5 I f(Xa;0) 441 f(Xn;0) _ In L0 X1, X
< 9(9|9) - n - nl ’

Ex3: For € > 0, let B, be a ball with center # and radius e, i.e.,
B.={B € R¥: || —0| <e¢}. Then outside the ball 3 € BC — B # 0 and hence

In L(B|X1,..,Xn) _ In f(X1;8)++In f(Xn; 8) (/8‘9)

n
< g(0]0) &= "o £ (x4 )+n+lnf(Xn, 9) _ 1nL(0|X;11,...,Xn).
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(2) In(B| X1, ..., X»)
Suppose for € > 0, w 2% g(B]0) is uniform with respect to 8 € BS. Then

there exists N. > 0, Vn > N, and all § € BS In L(5| X1, ..., Xpn) < InL(0| X1, ..., Xp).

Proof: For € > 0, under the given conditions
1HL(5|)217--7XTL) a5y g(me) < 9(5\9)'2‘1‘9(9|9)

= AN > 0,Vn > N; 2LOXLXn) 9GO FoCl6)

In L(0]|X4,..,.Xn) a.s, B160)+g(0|6
L1 Xn) 25 000]0) > %

n

Thus with N, = max[Nye, Na] > 0 when n > N, for all § € B¢
In L(B|X1, ..., Xp) < InL(0] X1, .., Xp). O

3. Consistency of MLE

(1) MLE
By is MLE for 6 if In L(B,|X1, ..., Xn) > In L(B| X1, ..., X,,) for all B € RE.
(2) Consistency of MLE
By (2) in 2, L(B|X1, .., Xpn) < L(0| X1, .., Xp) for all B € B¢ for large n.
Thus with these n, the MLE 3,, ¢ BE. So for e >0, 3N, >0Vn > N, ||8, — 0] <e.
Hence for € > 0 and n > N, > 0, P(HBn —0]| <€) = 1. Therefore Bn 25 6.
Thus the MLE for 6, 6,,, is a consistent estimator for 6.

Ex4: X1,..., X, is a random sample from X ~ N(u, 02) with parameter § = (O/:LQ

n

. X
It is well-known that the MLE for 0 is 6,, = <Z-( XiT_ZX)2> where

X2 X
XX [zixg_%(zixﬂ =1y X2 - (Xa)"

1
n
By SLLN, X, % 1 and T X7 2% B(X?).

n

YTL as 1% . Yn as
So :'l=1 X7,2 B Y?L — E(XQ) o ,u2 , Le., E?:l(Xi—Yn)z — 0.

n n
Hence the MLE of 0 is a consistent estimator for 6.



L18: Convergence in distributions

1. Convergence in distributions
(1) The concept
The convergence in distribution also called the convergence in law of
X,, to X € RF denoted as Xni>XERk’ oani>X

P(X, € A) — P(X € A) for all A with P(X € [the boundary of A]) =0
<= F,(x) — F(z) for all continuity points x of F(z).

F,(z) and F(x) are cdfs for X, and X. F(z) = P(X1 < 21, ..., X < ).
(2) Properties

de
£,

(i) Xn 4 X € RF 9(Xn) LN g(X) € RY for all continuous g(+).
(il) X, BN GUEIN Xn, 4y X for all subsequence X, .
(iif) X, 5 X <= o’X,, -5 o/ X for all a € RF.
Comment: (iii) is called the Cramer-Wold device.
By (iil) X, & X = X, % X; forall i = 1, ., k.
But going back needs the convergence in all directions in R”.

2. Convergence of random variables in distributions

(1) CDF F(x) =P(X <z) for X € R
(i) F(x) is a non-decreasing function with lim, ,_ F'(z) = F(—o0) =0 and

lim, o0 F(x) = F(00) = 1.

(ii) F(x)isaright-continuous, i.e., limgsz 2 x, F'(z) = F(xo+) = F(zo) forallzg € R.

(iii) For o € R, liMy<ypy, z—ao F(x) = F(x9—) exist. P(X = xg) = F(x0) — F(zo—).
Thus F(x) is continuous at xg <= P(X = xg) = 0.

(iv) Let D be the collection of all discontinuity points for F'(-). Then D contains at most
countable points. Consequently the continuous points for F'(+) is almost everywhere.

2 X, HXeR—=X,-L%XeR
Proof: With continuity point = for F(x), we show F,(z) — F(z).

Flx—e) = PX<z—¢ |X),—X|<e)+PX<z—¢€ |X,—X|>¢
< Fo(z)+ P(|X,— X|>e).
F,(z) = PX,<z | X-X,|<e)+ P(Xp, <z, | X —X,| >e€)

< F(z+e)+ P(|X — X, >e).
So F(x —e)— P(| Xy, — X| >€) < Fu(x) < F(x+¢)+ P(| X, — X| > ¢).
Let n — o0, ¢ — 0. Then F,(z) — F(x). O

3) X, s ce Re= X, S ceR.

Proof: = is by (2). Now only consider <. For ¢ > 0,
P(|X,—c|>¢ = PX,<c—¢)+P(X,>c+e
< Fuc—e+PXp>c+§)=Fuc—e)+1—-Fy(c+5)
— Flc—€¢)+1-F(c+§)=0+1-1=0.

So X, s e— X, X O



Exl: X, 5 X € R — X, -4 X € Rk

Proof: X,, = X = o/X,, = &’ X for all « € RF = o/ X, 4y /X for all a € RF.
Thus X, % X.

Ex2: X, 25 C e RF «— X, - C € R
Proof: = is by Ex1. Only consider <.

X, 50— X, L Ciforalli=1,. .k — Xin 2sc;c Rforalli=1,.... k.
Thus X,, — C.

3. Review asymptotically efficient estimators

(1) Efficient estimator
8, is an efficient estimator for <= (i) E(6,) = 6; (ii) Cov(8,) = CRLB(A)
= 0, is MVUE for .
When the observations in sample are iid, CRLB(6) = [nI(6)]!.

M is an efficient estimator for n(0) <= (i) E(n,) = n(6); (ii) Cov(n, = CRLB(n(0))
= 7 is MVUE for n(0).
T
S e . . 0 — 0
With iid observations in sample, CRLB(7(6)) = [#} [nI(6)]~* [#}
(2) Asymptotically efficient estimator
M is an asymptotically efficient estimator for n(6)

< (1) B == 1(0), (ii) n[Cov(7,) — CRLB(n(6))] — 0.

(3) Asymptotically efficient estimator may not be an efficient estimator.

Efficient estimator may not be an asymptotically efficient estimator. For example Hodges
estimator is efficient but not asymptotically efficient.

e Le Cam, L. M. (1953). On Some Asymptotic Properties of Maximum Likelihood
Estimates and Related Bayes’ Estimates. University of California Publications in
Statistics, 1(11), 277-329.



