L15 Likelihood equation and maximum likelihood estimator (MLE)

1. Likelihood equation
X1, ..., X, is a random sample from X with pdf or pmf fx(z; §) where § € Q C RF.

(1) Likelihood function
The joint pdf or pmf for X1, ..., X, treated as a function 6 is the likelihood function.

L1 X1, .., Xn) = f(X1, 0, X3 0) = fx (X135 0) - fx(Xns 0)

0 is the maximum likelihood estimator (MLE) for ¢

R CELLOIX, o X)) < LOIX, o, X,) VO € Q
0 is also denoted as 6,, to indicate the sample size n.

(2) Log-likelihood function
InL0|X1,...Xp) =In f(X1,.... Xpn; 0) =In fx(X1;0) + -+ In fx(X,; 0)
is the log-likelihood function.

~ ~

0y, is the MLE for 0 <= In f(X1,.., X;;; 0) <1In f(X1,.., Xp; 0) VO € Q.

(3) Likelihood equation
251 (X1, .., Xn; 0) = 0 is the likelihood equation.
If § is the MLE for 0, then 9 is a solution to the likelihood equation.
If MLE exists and the solution of the likelihood equation is unique, then

0 is the MLE of § <= 0 is the solution to the likelihood equation

The likelihood equation can be written as

0 0
1 X R | X, 0) =
89an( 1; 0) + +89an( n; 0) =0
Comment: fx(Xi; 0),...,fx(X,; 6) are iid with a common distribution, the distribution of
fx (X5 0);
In fx(X1; 0),....In fx(X,,; 0) are iid with a common distribution, the distribution of
In fx (X; 0);

% In fx(Xy; 0),...,% In fx(X,; 0) are iid with a common distribution, the distribution
of % 1n fx(X; 0) ~ (0, I()).
2. Solving likelihood equation when 6 € R

(1) Newton-Raphson method for solving f(z) =0
o

Tp41 = Tk — ]‘cf/(('?;))

xq is the first conjectured solution.
Let xj, be the kth suggested solution. Approximate f(z) in a neighborhood of xj, by the
local linear approximation f(z) ~ f(zx) + (z — xx) f'(x)) and solve the equation to get

f(zk)

the (k + 1)th suggested solution zx11 = xf — TUEE




(2) Solving the likelihood equation

to
9(0k)

Let g(#) = 0 be the likelihood equation. Then | ~ ~
9k+1 =0 — m

(3) Modifications
In the likelihood equation g(#) = 0, g(0) = % In f(X1,..., Xn; 0).
So E[g(0)] = E [ai; In (X1, ey Xn; 9)] — —nl(6).
to

i _ 7 9(0k)
Ory1 = Ok + nI(6s)

Replace ¢(;) by its mean —nl(f;). We have

3. Convex functions and concave functions

(1) Convex combination
For z and y in a LS, with A € [0, 1], Az + (1 — \)y is a convex combination of z and y.

A set is a convex set if it is closed under convex combinations.

(2) Convex functions
f(-) is a convex function & fOzx+ (1 =Ny <Af(x)+(1-=XN)f(y) VAelo,1].
f(+) is a strictly convex function Ll fOzx4+(1=XNy) <Af(x)+ 1 =N f(y)
Vo #yand A€ (0,1).
f is a strictly convex function—> f is a convex function

(3) Concave functions
f(+) is a concave function & FQz+ (1 -=XNy) > Af(x)+ (1 —=X)f(y) VAelo,1].

f(+) is a strictly concave function Ll fOz+(1=XNy) > Af(x)+ 1 =N f(y)
Va#yand X e (0, 1).
f is a strictly concave function=- f is a concave function.

(4) f is a convex function<= —f is a concave function;
f is a strictly convex function<=- —f is a strictly concave function.

Ex1: f(z) =Inz, z > 0 is a strictly concave function
Forx >0,y >0and 0 < A <1, Az + (1 — \)y is a weighted arithmetic mean of x and
y; 22y’ is a geometric mean of x and y. It is well known that Az + (1 — \)y > 2*y' =
when =z # y. Thus In[Axz 4+ (1 — N)y] > Alnz + (1 — A\)Iny. So f(z) = Inz is a strictly

concave function.



L16: Jensen’s inequality

1. Iff conditions for convex/concave functions

(1) Using argument average and function average
With Zle Ai = 1 where \; € (0, 1), ap = Zle Aix; 18 an average of 11 < -+- < xp and

by = Zle Aif(z;) is the corresponding average of f(x;), i =1,
(i)  f(z) is convex < forall k >2, f(ag) < b
(ii)  f(=z) is strictly convex <= for all k > 2, f(ar) < by
(iii)  f(x) is concave < forall k > 2, f(ar) > by
(iv)  f(x) is strictly concave <= for all k > 2, f(ax) > by

Pf: We show (i) only.

<: With k = 2, by the definition, f(z) is a convex function.

=: By the definition of convexity of f(x), f(a2) < by. Assume f(a;) < b. We show

flatt1) < beya.
Flagy = FOCE Aiwa) = F((L = A1) ey 123 % + A1)
(1= X)) fF(i, 1_5\71“%‘) + A1 f(2e41)
(1= Aes1) oy 1oy (@) + Aesi f (2er1)
= YA (i) = by

By induction f(ay) < by for all k > 2. O

(2) Using the monotonicity of the slops of secant lines

<
<

Secant line passing (x;, f(x;)) and (z;, f(z;)) has slope k;; = fe)—rlw;)

T, —T;

With 21 < @9 < 3 there are three k;;, i < j: k12, k13, ko3. ’
(i) f(.f) is convex < ko < kiz <= k1o < kog <= k13 < kos
(ii) f(:C) is strictly convex < k1o < ki3 <= k1o < kog < k13 < kog
(iii) f(x) is concave < kio > ki3 < k1o > kog <= k13 > ko3
(iv) f(x) is strictly concave <= kjo > k13 <= ki2 > ko3 <= ki3 > ko3

Pf: Show the first <= in (ii). With 21 < 22 < z3,
o = T2y 4 T220 g = Agy + (1 — A)xg where A = 8222 ¢ (0, —, 1).

r3—T1 r3—T1 r3—T1

=: By the convexity of f(z), f(z2) < Af(xz1) + (1 —X)f(z3). So
flw2) = fz1) < (1= N[f(23) — f(21)] = ZZ=0HS (w3) — flaa)]-
Thus {®2)=f(z1) < f(zs)—f(z1) e, k12 < Kis.

To—1T1 r3—T1

=: ]{312 < le — J(@2)—f(z1) < f(IS) f(z1)

To—T1 r3—T1

So f(we) < =02 f (1) + 2= fas) = Af (1) + (1 = A) f(w3).
Thus f(x) is convex. [J

2. Iff-conditions for f to be convex/concave when f is differentiable

(1) f'(x) exists
(i)  f(z) is convex = f
(ii) f(x) is strictly convex <= f/(
iii) f(x) is convave — f
) f(z) is strictly concave <= f'(

Pf: Show the first <



=: We show that x1 < 29 = f'(x1) < f/(x2). Let 21 < 21+ h1 < 23 < x2 + ho.
By (i) of (2) in 1,
1 < T+ hy < T = f(931+hﬁ)—f($1) < flaa)=fl@1) (1) < flx2)=f(z1)

1 T2—T1 T2—T1
21 < Ty < o+ hy —> f(sziiizl) < f(x2+h§37f(m) — f(xIQQ):ifExl) < f'(z2).

Thus f'(x1) < f'(22).
«<: With 21 < o < x3, we show that ko < kog.
kg = LE21@) — pr(6)) where €) € (21, 22)

To—x1
and ko3 = % = f'(&2) where & € (2, x3).

With non-decreasing f'(z), k12 = f'(&1) < f/(&2) = kos. Thus f(z) is convex. [
(2) f" exists.

(i)  f(z) is convex — f"(x)>0
(ii)  f(x) is strictly convex <= f"(z) >0
(i) f(x) is convave — f"(x)<0
(iv)  f(x) is strictly concave <= f"(z) < 0.

Pf: Trivial.
3. Jensen’s inequality

(1) Theorem
X is a non-degenerated random variable, i.e., X is not a non-random constant. Then

() f(z) is convex — J(B(X)) < BIf(X)]
(ii)  f(z) is strictly convex = f(E(X)) < E[f(X)]
(iii) f(z) is concave = f(E(X)) > E[f(X)]
(iv) f(z) is strictly concave = f(E(X)) > E[f(X)].

Pf: Prove (i) in two cases
(a) Case I: X has discrete distribution with P(X = ;) =p;, i =1, ..., k.
JE) = F(CE pirs) < Sty pif () = E[f(X)).
(b) Case II: Convex function f(x) has second order derivative.
By Taylor expansion,

f(X) = [(B(X)) + [X = E(X)|f(B(X)) + %[X — EX)Pf"(9).

ELF(X)] = F(BCO) +0- F(BIX) + B { 3ELX ~ BXOPS©)} = A(B(X)). O

(2) Examples

Ex1: f(z) =Inz on z > 0 has f(z) = 2 which is a decreasing function on z > 0.
Thus f(z) = Inz is a strictly concave function on x > 0.

Ex2: f(r) =Inz on x > 0 has f"(z) = =} < 0.

x2
Thus f(z) = Inz is a strictly concave function on x > 0.

Ex3: For non-degenerated X, In E(X) > E (In X).



