L13 Operations with o,(1) and O,(1)

1. Recall

(1) Properties of sequence bounded in probability
X, is bounded in probability <= ¢(X,,) is bounded in probability for all continuous g(-).
X, is bounded in probability <= X, is bounded in probaability for all X, .
Xin Xi
X, = : is bounded in probability <= In : , Xin is bounded in probability
an an
foralli=1,... k.

(2) Notations

Xn =0,(1) <= X, is bounded in probability

<= Ve>0,3M, and N, Vn > N, P(|| Xp|| < M) > 1 —e.
Xn=0p(Yn) <= 0#Y, € Rand 5= = Oy(1).
X,=o0p(1) = X, 50 1lim, P(| X, <6)=1,¥6>0

<= Ve>0,Y0>0,3INs>0,Vn> Ng, P(| Xn|| <0) >1—¢
Xy, =o0p(yn) <= 0#Y, € Rand )}S—: = op(1).

2. Operations on 0,(1) and O,(1)

(1) On Op(1): Op(1) + Op(1) = Op(1), Op(1)0p(1) = Op(1), AOK(1) = Op(1).
Proof. Suppose X;,, = O,(1) and Y,, = Op(1). We show X,,+Y,, = Op(1), X,,Y;, = O,(1)
and AX,, = Op(1) assuming that the dimension requirements are met.

X, and Y,, are bounded in probability. so that (X ) is bounded in probability.

Y,
. . x Xn) ) . . s
With continuous f <<y>> =x+4y, Xp+Y, = f ((Y )) is bounded in probability,

ie., X, +Y, = 0y(1);

With continuous g <<§>> =uxy, XnYn =g ((‘;(/n)> is bounded in probability,
ie., X,Y, = Op(1);
With continuous h(X) = AX, AX,, = h(X,,) is bounded in probability. [J

(2) Omn 0y(1): 0p(1) + 0p(1) = 0p(1), 0p(L)0p(1) = 0p(1), Aop(1) = 0p(1).

Sketch of Proof. Suppose X,, = 0,(1) and Y;, = 0,(1), i.e., X, =+ 0 and ¥;, - 0.
We can show that X, + Y, LN 0, X,Y, L5 0 and AX, L0 assuming that
the dimension requirements are met. Thus X, + Y, = 0,(1), X,,Y;, = 0,(1) and
AX, = o0p(1).

(3) On both Op(1) and o0,(1): Op(1) + 0p(1) = Op(1) and Op(1) - 0,(1) = 0p(1).

Proof: Treat 0,(1) as Op(1). Then O,(1) + 0p(1) = Op(1) + Op(1) = Op(1).

For Op(1) - 0,(1) = 0,(1) assume X, € R and Y;, € R* so that || X,,Y,| = | X, - |Yal]-
In two cases (i) X, = Op(1) and Y;, = 0,(1). (ii) X, = 0p(1) and Y, = Op(1), we
show XY, = op(1).
(i) X, € R, X;, = 0p(1) and Y;, = 0,(1):

X, = Op(1): ¥e>03M,>0and N, >0, ¥n> N, P(|X,| < M) >1—%.



Yo =0p(1) =V0>03N51>0Vn> Ny P(||Yol <6/M) >1—€/2.
Let N s = max[N,, Nes1]. For all n > N 5,
With A = [|X,,| < M and B = [||Y,]| < /M|, AN B C [|| X,,Y,| < 4d]. So
P(| XY +n| <¢6) > P(AnB)=P(A)+ P(B)—P(AUB)
> l—e+[1-P(AUB)|>1—c¢.
Hence XY, = 0p(1).
(ii) Xp € R, X =0p(1) and Y = O,(1)
Skipped.
Ex1: X 25 X and Y, 2 Y. Show that aX,, + bY, 4+ ¢ == aX +bY +c.
(X, +0Y, +¢)— (aX +bY +¢) = a(X,—X)+bY,—-Y)
= 0(1)op(1) + O(1)op(1) = 0p(1).
So aXn+an+cL>aX+bY+c.
Ex2: If 5n -0=0, (ﬁ), show that @L is a consistent estimator for 6.

h—0=0, (ﬁ) implies /n(6 — ) = O,(1). So
h= 0= [V 0 = 0)] = 0(1) - 0,(1) = 0,(1).

Thus §n 4 0. Hence §n is a consistent estimator for 6.

y

>

3. Consistent estimators for lower/Upper limits of support

(1) Xi,..., Xy is a random sample from X with support (a, 0).
Let 0, = X () = max(X1, ..., X,,). Then 6, is a consistent estimator for 6.

Pf: Ve > 0,

P, —0 <€) = PO—€<b,<0+¢)=Pb,>0—¢)
1-Pl,<0—-¢)=1—-P(X1<0—¢,---X,, <0 —¢)
= 1-[P(X <6—e)]"

Here 0 < P(X <6 —¢) < 1. Thus lim, P(|6, — 0] <€) =1 for all e.
Therefore 0,, is a consistent estimator for 6. I

(2) X1,...,X; is a random sample from X with support (6, b).
Let 0, = X(,) = min(X1, ..., Xp,). Then 6, is a consistent estimator for 6.

Proof. Skipped.



L14 Consistent estimator for population median

1. Population median and sample median

(1) Population median
Suppose X is a continuous random variable.

0 is the median for X <=L P(X <) = P(X > 0)
<— P(X<0)=05<=P(X>60)=05

(2) Sample median
Let X4,..., X, be a random sample from X.
Rearrange the sample to X(;) < --- < X(;,). Then the sample median is

A{W

n is even
X( nil) n is odd
2

n —

Ex1: With X(;) < X () < X(3), X() is the sample median.
With X (1) < X9y < X(3) < X(g), m is the sample median.

2. Analysis on how to prove the consistency

(1) Sufficient condition I
B, is consistent estimator for § <= /n(f, — 6) = Op(1) by Ex2 in L13

e Ve>0,IM.>0and N, >0,Vn> N, P(|\/n(l, —0) <M)>1—e¢
= V¥e>0, IM,>0and N, >0,Vn > N, P (- <9, §0+f>>1—e
= V¥e>0, IM, >0and N, >0,Vn > N, P (0, <02 uf, > 9+%)§e.
(2) Sufficient condition II
Ve>0,3My,>0and N, >0, Vn> Ny, P (6, <0—%)gg
IMzc > 0 and Noc > 0, ¥ = No P (0 > 0+ 22 ) < 5
— Ve>0, 3M, = max[Mi, Ms] > 0 and N, = max[Ni., No| >0, Vn > N,

P(B,<0- M) <sand P (B, >0+%) <5
— Ve>0, 3M€>OandNE>0,Vn2NE,P(Hnge—Mf u5n20+Mf)<e.

S

S

— §n is consistent estimator for 6
(3) What we show

In the two statements in sufficient condition IT we only show one:

Ve>0, IM. >0 and N, > 0, vnzNe,P(énzeJr%)g;

3. Proof

(1) Further analysis

Let B be the number of Xq, ..., X,, that fall in [0 + J\\//%, oo).
Then B ~ B(n, p) ~ (np, np(1 — p)) where p = P (X >0+

Afi) . Note that



~ M I X(ngl) n 18 Odd M
[ane—kf} - I X(%)—'—ZX(TLH) n 1s even Za—i_\/ﬁ
X n+1y nis odd
(*3=) M,
C 2 > <
{ X(%H) n is even t
i n+1
- BZ{” . +1 nlsodd}:[BZT21
| n—g n is even
= [B—np>%—np]
By Chebyshev’s inequality and p(1 — p) < %,
Me _ n _ np(1—p) 1
P(020+ %) <P(B-np>j—np) < BH < L
where L — p = P(X > 0) — (X>9+%)_P(9<X<e+ﬁ

show that Ve > 0, 3M, > 0 and N, >0, Vn > N, IZ (S CAS YN <s3.

Proof

For all € > 0,

suppose [0 — d, 6 + d] is in the support of X and contains all X7, ..., X,,.
fm =min[f(z): 0 —d < x <60+ d] where f(x) is the pdf of X,

With
_ 1
let M, = Fvort
Then [P<9§X<9
1
Thus InPO<X<0T MV = Tl
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). Thus it suffices to
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