L11 Sequence bounded in probability

1. Relations of strong convergence and weak convergence

(1) Recall
Let Dy (€) = [|| X, — X|| > €]. Then
limy oo P (U xDp(e)) =0Ve>0 <= X, *5 X
limy, 00 P (Dp(€)) =0 Ve >0 — X,-5X.
Then X,, =5 X — X, L4 X since
X, 25 X = limy oo P (U yDy(e) =0 = limy_y00 P (Dn(€)) =0
— X, X.
Borel-Cantelli lemma: Y70 P(Dy(€)) < 0o = X,, —> X since
>one1 P(Dn(e)) <00 = limno0 2202y P(Da(e)) =0
= limy_ e P(UX Ny Dyle)) =0 <= X, =5 X.
(2) X, 5 X = X,,, =5 X for some X, .
Proof: Note that
X, L= P(Dyle)) — 0Ve <= P (D, (%)) —0Vk
= dny such that P(
But there exists K such that [1( < €. Thus D,( ((%)
S P(Du @) < TS P(Du(0) + Zk KP( )
< Yhtt P(Dny(€) + X3k g < 00
By Borel-Cantelli lemma, X, 2% X. 0
(3) X, = X <= VYny, Ing, such that Xy, =2 X.
Proof. =: X, 2 X — Vg, Xn, Lo X — Xnki 2% X for some Xnki'

p as
«: We show that if X, /= X, then Ing, Vny,, Xnkz_ +— X.
From X,, %+ X <= P(D,(e)) — 0 Ve > 0,

Xn 7& X <= 3 ¢ > 0 such that P(D,(ey)) /=0
But P(D,(¢)) — 0<=VYd >0, IN >0, Vn> N, P(D,(¢)) <. Hence
P(Dy(ep)) /= 0<= 349 >0, VN >0, Iny > N such thatP(D,, (e)) > do
With P(Dy, (€0)) > do for all ny, forall ny, P(Dy, (€)) > do.

p a,s
Hence For all ng,, X,, #— X. Consequently X,,, /= X. O
2. Random X bounded in probability

(1) Definitions
def

Random X is bounded in probability <—= Ve >0 dM, >0
such that P (|| X|| < M) >1—e.

(2) Sufficient condition I
If E(]|X||?) exists, then X is bounded in probability.
Proof. For € > 0 let M, > 4/ w By Chebyshev inequality;,
2
So P (|| X|| < M¢) > 1—¢€. Hence X is bounded in probability. O




(2) Sufficient condition II
If X ~ (u, X), then X is bounded in probability
Proof. E(|X|) = B(X'X) = iy B(XP) = 3301 (uf +07) = '+ r(%).
By (1), X is bounded in probability. [J
Comment: E(X'AX) = pu/Au+ tr(AX) (Stat 776).

3. Random sequence bounded in probability

(1) Definition
Random sequence X, is bounded in probability

<L e 0 3IM,>0and N > 0,Yn > Ne, P(|Xo]| < M) >1—e

Random X bounded in probability can be treated as a random sequence X, = X
bounded in probability.

(2) Property I
If X,, = X, then X,, — X is bounded in probability.

Proof. X,, -+ X. So for M > 0, lim,, P (|| X,, — X|| < M) =1.
Thus Ve >0 3N >0 Vn> N P (|| X, — X||< M) >1—e.
Hence X,, — X is bounded in probability. [J

(3) Property 11
Ifin Z, = X,, + Y, both X,, and Y,, are bounded in probability, so is Z,.
Proof: Ve >0, I M, > 0 and Ny > 0,Vn > Ny, P(|| Xn| < Mye) > 1—¢€/2.
dMye > 0 and Nye > 0,V n > Ny, P(|Yo|| < Mye) > 1 —¢€/2.
Let M = My + My and N = max|[Nye, Nye.
With A = [||X,|| < My and B = [||Y,] < My, by the triangular inequality
1Zn|l < [[Xnll + [Yall, AN B C [[|[ Zn]| < M.

When n > N,
P(|Z,)| < M.) > P(ANB)=P(A)+ P(B)— P(AUB)
> (1-5)+(1-5)—-PAUB)=1—-¢+[1-P(AUB)]
> 1—e

Hence Z,, is bounded in probability. .
Ex: X, =+ X where X ~ (u, X). Then X, is bounded in probability.
By (2) in 3, X,, — X is bounded in probability.
By (3) in 2, X is bounded in probability.
By (3) in 3, X,, is bounded in probability.



L12 Properties of sequence bounded in probability

1. Three iff properties for boundedness in probability

(1) X, is bounded in probability <= g(X,,) is bounded in probabiity V continuous g(-).
Proof. <: With continuous g(X) = X, ¢g(X,,) = X,, is bounded in probability.
=: X, is bounded in probability. So
Ve >03M,>0and Ne >0, Vn > N, P(||Xp]| < M) >1—e
By the continuity of Y = g(X), Mge = max{||Y] : || X| < M.} exists.
So [| Xy| £ Me = g(X,,) < Mge. When n > N,
P(llg(Xn)ll < Mye) = P([| X0 < Mc) > 1 €.
Hence g(X,,) is bounded in probability. [J

(2) X, is bounded in probability <= X, is bounded in probability V n.

Proof. «<: X, as its subsequence is bounded in probability.
=: X, is bounded in probability. So
Ve >03dM, >0and Ne >0, Vn> N, P(|| X,]| < M) >1—e.
Thus Vng > Ne, P(|| X, || < Me) > 1 —€..
Hence X,,, is bounded in probability. [
Xln Xln
(3) X, = : is bounded in probability <= in : X, is bounded
an an
in probability for all : =1, ..., k
Proof. =: With continuous g¢;(X) = €, X, X;;, = gi(Xy,) is bounded in probability for
alli=1,.., k.
<: We show < by induction on k.
When k =1, X,, = X1, is bounded in probability. So < holds for k = 1.
Assume that < is true for £ = t. Consider the case of k =t + 1.

Xln
. : X . o . .
Write X,, = : = ( D In > By given condition and induction assump-
Xin t=1,n
Xt+1,n

tion both Xy, and X1, are bounded in probability. So
Ve>0, AMi. >0 and Ny >0, Vn > Ny P(”XInH < Mle) >1— 6/2.
dMs. > 0 and Ny > 0, Vn > No. P(HXH-LHH < MQG) >1- 6/2.

Let M, = \/M12e + Mi and Ne = max{ Ny, Nac}.

With A = [[| X || < Mi] and B = [[| Xiq10[| < Ma],

by [ Xal = | X112 + [Xes 1.0l AN B C (| X]l < M. When n > N,,

P(|Xn|| <M, > P(AnB)=P(A)+ P(B)— P(AUB)

> (1-€¢/2)+(1—¢/2)—P(AUB)=1—€e+[1 - P(AUB)]
> 1—e.

So < holds for k =t + 1. < is established. I

Ex1: When X,, =5 X ~ (u, £), by (2) of 2 in L11, X is bounded in probability. By

Ex in L11, X, is bounded in probability. By (3), <)§;> is bounded in probability.



2. Big O notation

(1) Op(1)
X, = 0p(1) FEN X, € R* is bounded in probability.
(2) Op(Yn)

Xy = O0p(Yn) <= Xn € R*, 0£Y, € Rand §2 = Oy(1).

(3) 01)
an, = 0(1) £ Non-random an € R¥ is bounded
<= I M > 0 such that Vn >0 [ja,|| < M
= a, = 0y(1).
Ex2: X, = 0,(1) <= g(X,,) = Op(1) for all continuous g(-).
X, = 0p(1) <= X,,, = Op(1) for all subsequence X, .
Xln
For X,, = .
Xkn
X = 0p(1) <= Xip = Op(1) for all i = 1, ..., k.
Ex3: X, — Y, = Op(a,) = 2=t = O,(1).

3. Little o notation
(1) op(1)
Xn =o0,(1) &L X, € R¥ and X,, 2 0.
(2) op(Yn)

X, = 0p(Yn) &5 X, € R}, 04 Y, € Rand 32 = 0,(1) <= X2 — 0

(3) o(1) )
an = o(1) £, Non-random an € R¥ and a,, — 0 = a,, = o,(1).
Ex4: X, 2> X € R<= X, — X = 0,(1)
X, 2 X € R* <= ||X,, — X|| = 0,(1)
Xn =0p(1) = X;, = Op(1).



