
L11 Sequence bounded in probability

1. Relations of strong convergence and weak convergence

(1) Recall
Let Dn(ϵ) = [∥Xn −X∥ > ϵ]. Then

limN→∞ P (∪∞
n=NDn(ϵ)) = 0 ∀ ϵ > 0 ⇐⇒ Xn

a.s.−→ X

limn→∞ P (Dn(ϵ)) = 0 ∀ ϵ > 0 ⇐⇒ Xn
p−→ X.

Then Xn
a.s−→ X =⇒ Xn

p−→ X since
Xn

a.s−→ X ⇐⇒ limN→∞ P (∪∞
n=NDn(ϵ)) = 0 =⇒ limN→∞ P (DN (ϵ)) = 0

⇐⇒ Xn
p−→ X.

Borel-Cantelli lemma:
∑∞

n=1 P (Dn(ϵ)) < ∞ =⇒ Xn
a.s−→ X since∑∞

n=1 P (Dn(ϵ)) < ∞ ⇐⇒ limN→∞
∑∞

n=N P (Dn(ϵ)) = 0

=⇒ limN→∞ P (∪∞
n=NDn(ϵ)) = 0 ⇐⇒ Xn

a.s−→ X.

(2) Xn
p−→ X =⇒ Xnk

a.s.−→ X for some Xnk
.

Proof: Note that
Xn

p−→⇐⇒ P (Dn(ϵ)) −→ 0 ∀ ϵ ⇐⇒ P
(
Dn

(
1
k

))
−→ 0 ∀ k > 0

=⇒ ∃nk such that P
(
Dn

(
1
k

))
< 1

k2
.

But there exists K such that 1
K < ϵ. Thus Dn(ϵ) ⊂ Dn

((
1
k

))
for k ≥ K.∑∞

k=1 P (Dnk
(ϵ)) ≤

∑K−1
k=1 P (Dnk

(ϵ)) +
∑∞

k=K P
(
Dnk

(
1
k

))
≤

∑K−1
k=1 P (Dnk

(ϵ)) +
∑∞

k=K
1
k2

< ∞.

By Borel-Cantelli lemma, Xnk

a.s.−→ X. □
(3) Xn

p−→ X ⇐⇒ ∀nk, ∃nki such that Xnki

as−→ X.

Proof. ⇒: Xn
p−→ X =⇒ ∀nk, Xnk

p−→ X =⇒ Xnki

as−→ X for some Xnki
.

⇐: We show that if Xn

p

̸−→ X, then ∃nk, ∀nki , Xnki

as
̸−→ X.

From Xn
p−→ X ⇐⇒ P (Dn(ϵ)) −→ 0 ∀ ϵ > 0,

Xn

p

̸−→ X ⇐⇒ ∃ ϵ0 > 0 such that P (Dn(ϵ0)) ̸−→ 0
But P (Dn(ϵ)) −→ 0 ⇐⇒ ∀ δ > 0, ∃N > 0, ∀n > N, P (Dn(ϵ)) ≤ δ. Hence
P (Dn(ϵ0)) ̸−→ 0 ⇐⇒ ∃ δ0 > 0, ∀N > 0, ∃nN > N such thatP (DnN (ϵ0)) > δ0
With P (Dnk

(ϵ0)) > δ0 for all nk, forall nki P (Dnki
(ϵ0)) > δ0.

Hence For all nki , Xnki

p

̸−→ X. Consequently Xnki

a,s

̸−→ X. □

2. Random X bounded in probability

(1) Definitions

Random X is bounded in probability
def⇐=⇒ ∀ϵ > 0 ∃Mϵ > 0

such that P (∥X∥ ≤ Mϵ) > 1− ϵ.

(2) Sufficient condition I
If E(∥X∥2) exists, then X is bounded in probability.

Proof. For ϵ > 0 let Mϵ >

√
E(∥X∥2)

ϵ . By Chebyshev inequality,

P (∥X∥ > Mϵ) ≤ E(∥X∥2)
M2

ϵ
< E(∥X∥2

E(∥X∥2)/ϵ = ϵ.

So P (∥X∥ ≤ Mϵ) > 1− ϵ. Hence X is bounded in probability. □
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(2) Sufficient condition II
If X ∼ (µ, Σ), then X is bounded in probability

Proof. E(∥X∥2) = E(X ′X) =
∑k

i=1E(X2
i ) =

∑k
i=1(µ

2
i + σ2

i ) = µ′µ+ tr(Σ).
By (1), X is bounded in probability. □

Comment: E(X ′AX) = µ′Aµ+ tr(AΣ) (Stat 776).

3. Random sequence bounded in probability

(1) Definition
Random sequence Xn is bounded in probability

def⇐=⇒ ∀ϵ > 0 ∃Mϵ > 0 and Nϵ > 0, ∀n > Nϵ, P (∥Xn∥ ≤ Mϵ) > 1− ϵ.
Random X bounded in probability can be treated as a random sequence Xn ≡ X
bounded in probability.

(2) Property I

If Xn
p−→ X, then Xn −X is bounded in probability.

Proof. Xn
p−→ X. So for M > 0, limn P (∥Xn −X∥ < M) = 1.

Thus ∀ϵ > 0 ∃N > 0 ∀n > N P (∥Xn −X∥ < M) > 1− ϵ.
Hence Xn −X is bounded in probability. □

(3) Property II
If in Zn = Xn + Yn both Xn and Yn are bounded in probability, so is Zn.

Proof: ∀ ϵ > 0, ∃Mxϵ > 0 and Nxϵ > 0, ∀n > Nxϵ, P (∥Xn∥ ≤ Mxϵ) > 1− ϵ/2.
∃Myϵ > 0 and Nyϵ > 0, ∀n > Nyϵ, P (∥Yn∥ ≤ Myϵ) > 1− ϵ/2.

Let Mϵ = Mxϵ +Myϵ and N = max[Nxϵ, Nyϵ].
With A = [∥Xn∥ ≤ Mxϵ] and B = [∥Yn∥ ≤ Myϵ], by the triangular inequality
∥Zn∥ ≤ ∥Xn∥+ ∥Yn∥, A ∩B ⊂ [∥Zn∥ ≤ Mϵ].
When n > Nϵ,

P (∥Zn∥ ≤ Mϵ) ≥ P (A ∩B) = P (A) + P (B)− P (A ∪B)
≥ (1− ϵ

2) + (1− ϵ
2)− P (A ∪B) = 1− ϵ+ [1− P (A ∪B)]

≥ 1− ϵ.

Hence Zn is bounded in probability. □.

Ex: Xn
p−→ X where X ∼ (µ, Σ). Then Xn is bounded in probability.

By (2) in 3, Xn −X is bounded in probability.
By (3) in 2, X is bounded in probability.
By (3) in 3, Xn is bounded in probability.
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L12 Properties of sequence bounded in probability

1. Three iff properties for boundedness in probability

(1) Xn is bounded in probability ⇐⇒ g(Xn) is bounded in probabiity ∀ continuous g(·).
Proof. ⇐: With continuous g(X) = X, g(Xn) = Xn is bounded in probability.

⇒: Xn is bounded in probability. So
∀ϵ > 0 ∃Mϵ > 0 and Nϵ > 0, ∀n > Nϵ P (∥Xn∥ ≤ Mϵ) > 1− ϵ.
By the continuity of Y = g(X), Mgϵ = max{∥Y ∥ : ∥X∥ ≤ Mϵ} exists.

So ∥Xn∥ ≤ Mϵ =⇒ g(Xn) ≤ Mgϵ. When n > Nϵ,
P (∥g(Xn)∥ ≤ Mgϵ) ≥ P (∥Xn∥ ≤ Mϵ) > 1− ϵ.

Hence g(Xn) is bounded in probability. □
(2) Xn is bounded in probability ⇐⇒ Xnk

is bounded in probability ∀nk.

Proof. ⇐: Xn as its subsequence is bounded in probability.

⇒: Xn is bounded in probability. So
∀ϵ > 0 ∃Mϵ > 0 and Nϵ > 0, ∀n > Nϵ P (∥Xn∥ ≤ Mϵ) > 1− ϵ.
Thus ∀nk ≥ Nϵ, P (∥Xnk

∥ ≤ Mϵ) > 1− ϵ..
Hence Xnk

is bounded in probability. □

(3) Xn =

X1n
...

Xkn

 is bounded in probability ⇐⇒ in

X1n
...

Xkn

 Xin is bounded

in probability for all i = 1, ..., k

Proof. ⇒: With continuous gi(X) = e′iX, Xin = gi(Xn) is bounded in probability for
all i = 1, ..., k.

⇐: We show ⇐ by induction on k.
When k = 1, Xn = X1n is bounded in probability. So ⇐ holds for k = 1.
Assume that ⇐ is true for k = t. Consider the case of k = t+ 1.

Write Xn =


X1n
...

Xtn

Xt+1,n

 =

(
XIn

Xt=1,n

)
. By given condition and induction assump-

tion both XIn and Xt+1,n are bounded in probability. So
∀ ϵ > 0, ∃M1ϵ > 0 and N1ϵ > 0, ∀n > N1ϵ P (∥XIn∥ ≤ M1ϵ) > 1− ϵ/2.

∃M2ϵ > 0 and N2ϵ > 0, ∀n > N2ϵ P (∥Xt+1,n∥ ≤ M2ϵ) > 1− ϵ/2.
Let Mϵ =

√
M2

1ϵ +M2
2ϵ and Nϵ = max{N1ϵ, N2ϵ}.

With A = [∥XIn∥ ≤ M1ϵ] and B = [∥Xt+1,n∥ ≤ M2ϵ],
by ∥Xn∥2 = ∥XIn∥2 + ∥Xt+1,n∥2, A ∩B ⊂ [∥Xn∥ ≤ Mϵ]. When n > Nϵ,

P (∥Xn∥ ≤ Mϵ) ≥ P (A ∩B) = P (A) + P (B)− P (A ∪B)
≥ (1− ϵ/2) + (1− ϵ/2)− P (A ∪B) = 1− ϵ+ [1− P (A ∪B)]
≥ 1− ϵ.

So ⇐ holds for k = t+ 1. ⇐ is established. □
Ex1: When Xn

p−→ X ∼ (µ, Σ), by (2) of 2 in L11, X is bounded in probability. By

Ex in L11, Xn is bounded in probability. By (3),

(
Xn

X

)
is bounded in probability.
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2. Big O notation

(1) Op(1)

Xn = Op(1)
def⇐⇒ Xn ∈ Rk is bounded in probability.

(2) Op(Yn)
Xn = Op(Yn) ⇐⇒ Xn ∈ Rk, 0 ̸= Yn ∈ R and Xn

Yn
= Op(1).

(3) O(1)

an = O(1)
def⇐⇒ Non-random an ∈ Rk is bounded
⇐⇒ ∃M > 0 such that ∀n > 0 ∥an∥ < M
=⇒ an = Op(1).

Ex2: Xn = Op(1) ⇐⇒ g(Xn) = Op(1) for all continuous g(·).
Xn = Op(1) ⇐⇒ Xnk

= Op(1) for all subsequence Xnk
.

For Xn =

X1n
...

Xkn

,

Xn = Op(1) ⇐⇒ Xin = Op(1) for all i = 1, ..., k.

Ex3: Xn − Yn = Op(an) =⇒ Xn−Yn
an

= Op(1).

3. Little o notation

(1) op(1)

Xn = op(1)
def⇐⇒ Xn ∈ Rk and Xn

p−→ 0.

(2) op(Yn)

Xn = op(Yn)
def⇐⇒ Xn ∈ Rk, 0 ̸= Yn ∈ R and Xn

Yn
= op(1) ⇐⇒ Xn

Yn
−→ 0

(3) o(1)

an = o(1)
def⇐⇒ Non-random an ∈ Rk and an −→ 0 =⇒ an = op(1).

Ex4: Xn
p−→ X ∈ R ⇐⇒ Xn −X = op(1)

Xn
p−→ X ∈ Rk ⇐⇒ ∥Xn −X∥ = op(1)

Xn = op(1) =⇒ Xn = Op(1).
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