L09 Strong consistent estimator and SLLIN

1. Properties of almost sure convergence

In math X,, - X <= ¢(X,) — ¢g(X)V continuous ¢(-), X, - X <= X,,, = XV X,,,; and
X, > X € RP <= (X)) — XV k =1,..,p. Similar results hold for the convergence with
probability 1.

(1) X, L X e 9(Xn) v g(X) for all continuous g(-).

(2) X, P X e Xn, YPL X for all subsequence X, .

(3) X “ X € RP = (X)) 22 X, for all k = 1, .., p and (Xp)p, k = 1, .., p, are defined
in the same probability space.

Proof: =: There exists A C Q with P(4) =1. On A X,, — X. Hence on A
(1) 9(Xn) — 9(X); (2) X, — X and (3) (Xn)k —> Xi.
<: (1) Take continuous g(z) = z. (2) Take X, = X,.
(3) There are A; C Q; with P(4;) =1. On 4; (X,,); — Xi.
But Q) =---=Q,=Q. So A=nNA; C Q with P(4) =1. On A4, X,, — X.
Comment: On A C (, the convergence X, (w) — X (w) is in the ordinary mathemat-

ical sense by € — IV language. Whether or not this convergence is wpl depends on
if P(A) = 1.

2. Strong consistent estimator

(1) Definition
Estimator 7, from a sample of size n for parameter n is a strong consistent estimator if
Tn =25 1.

(2) Comment
In X,, =% X, generally X is random. But in 7, =3 7, 1 is non-random and unknown.

3. Strong law of large numbers (SLLN)

(1) Lemma 1
Let X,, be the mean of a sample of size n from X ~ (u, 02). Then X2 wey I
Proof: Consider continuous X with pdf f(x) be the pdf of X.
P(IX|>¢) = P(X2>e) = [, 51 f(a)dz < [a 2% f(z)de
< fog ) de =250
P(|X|>¢) < %)2(2) is the Chebyshev’s inequality. by Chebyshev’s inequality
P —pl > ) < E(Xé—w _ Var(fnz) ey
So Y P (| X2 —pl>e) < ‘6’—; S0 < oo
By Borel-Cantelli lemma, X2 wrl w. O

(2) Lemma 2
Let X,, be the mean of a sample of size n from X ~ (u, 02) with X > 0. Then X, wrl 78




Proof. For n there exists m such that
m2<n<(m+1? = X1+ +X 2<X1+---+X, < Xi+ o4 Xng)?
XitetXoo o Xgbod Xy o X1E X g)2

- (m+1)2 = n = mQ2
— 2 — — 1
= Xp2 (mT—l)Q < Xn < )((m—i-l)2 (m;LrQ) .

By (1) X,z % 4. So 3A € Q with P(A) =1 on A,

Xm2 —)H :YMQ% —>/L
By (1) X a1y 5 p. So 3B C Q with P(B) = 1 on B,

R J— m 2
X(mt12 — b= X(m+1)2( o=

m2

— .
Thus on AN B with P(ANB) =1,

e 2

Xpr s < Xy < Xy B = X, —

m? (m+1) m?2

So X, L% p. O
(3) Lemma 3

Let X, be the mean of a sample of size n from X ~ (i, 02) with X < 0. Then X, v L.

Proof. X ~ (1, 02) = —X ~ (—p1, 0%) 2% —X, % —p = X, =5 p. O

(4) Theorem
Strong law of large numbers (SLLN), Univariate version

Let X,, be the mean of a sample of size n from X ~ (u, 02). Then X, wry L.
Proof. Let (X,); = max[0, X,], (X,,)- = min[0, X,], Xy = max[0, X] and

X_ = min[0, X]. Then (X,)+ is the mean of a random sample of size n from
Xy ~ (py, 0%) where py = [;% 2 f(x)dz, and (X,,)_ is the mean of a random sam-

ple of size n from X_ ~ (u_, 02) where p_ = fi)oo xf(z)dz.
By (2) (Xn)+ =% py,ie, 3AC Q with P(A) =1on A (X,)s — pit.

By (3) (Xn)- %5 pu_,ie., 3B C Qwith P(B)=1o0on B (X,)_ — p_.
Thus on AN B with P(ANB) =1,

Xo=Xn)s + X))o — py +p- = [Paf(x)de+ [0 xf(z)de
S f(x)de = p.

Thus X,, =% p. O
(5) Theorem SLLN: Multivariate version
Let X, € RP be the mean of a sample of size n from X ~ (u, 3). Then X, i u € RP.

(Yn)l
Proof. X, = : is the mean of a random sample of size n from
X3 m\ ot o
X = ~Y 3
Xp Hp Opl - 0127

So (X,); is the mean of a random sample of size n from X; ~ (u;, 07), i = 1,...,p.

By (4), (Xn)i 225 p; for all i = 1,...,p. By (3) in 1, X,, “% pu. O



L10 Convergence in probabilities

1. Convergence in probabilities

(1) Definition
Let A(e, n) ={w € Q: || Xp(w) — X(w)|| > €} C Q. We say that X,, converges to X in
probability if lim,, P(A(e, n)) = 0 for all € > 0.
This convergence is denoted by “X,, — X in probability”, X, 25 X or plim, X,, = X.
Clearly
X, 5 X <« lim, P(| X, — X|| >€) =0 Ve
— lim, P(|| X, — X[ <e)=1Ve>0
— lim, P (|| X, — X[ > %) =0Vk>0
<« lim, P (| X, — X|| <) =1Vk>0.
In the above expressions “>” in > € and > % can be replaced by “>”.
“<” in < e and < % can be replaced by “<”.
(2) Other expressions
X, B X=X,-XLo=|X,-X| 0.
Proof: In P (||X,, — X[ > €) =0, [|[Xn — X]| = [|(X — X) = 0] = [ X, = X[ —0].
So X, S X=X, - X L 0= ||X,- X|| 0.

2. Three iff properties

(1) X, 2 X — 9(Xy) LN g(X) for all continuous g(+).
Proof. <: With continuous g(z) = (z), g(X,) = g(X) = X, = X.
=: By the definition of the continuity of g(-),
Ve > 0, 30 > 0, such that || X, — X|| <d = ||g(X,) — 9(X)| < e.
So [0 € Q5 [ Xa(w) — X(w)] < 6] C [we 2 [lg(Xn(w)) — g(X(w))]| < .
Thus P (|| X, — X|| <6) < P ([lg(Xn) — g(X)[| <e).
But P (|| X, — X| < 8) — 1 as n —» oo since X,, — X.
So P (|lg(Xn) — g(X)|| < €) — 1 as n —» oo. Hence g(X,) == g(X). O
(2) X, L X — Xn, L5 X for all subsequence X, .
Proof. «<: Take X, as its own subsequence. Then X, RIS
=: For ¢ > 0, pp = P (|| Xn — X|| <€) — 1 since X,, 2= X.
But p, — 1 = p,, — 1,1e., P(||Xn, — X|| <€) — 1.
Therefore X, LyX. 0O
Xin X1 Xin
B Xn=| : | B |=X=hXx,=| : | Xipn L Xiforalli=1,.. k.
Xkn Xk Xkn
Proof. =: With continuous g;(X) = ;X = X;, by (1)
Xin = gz(Xn) i) gl(X) = Xz for all : = 1, ceey k.
«<: If k =1, then < holds. By induction on k, assume when k = t < is true. With

Xin X1
k=t+1, write X, = : :<XI" ).andX: : :<XI>‘
th Xt—‘,—l,n Xt Xt-l-l
Xt-‘rl,n Xt+1
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Let A1 = (HXIn — X[||2 < %), A2 = (|Xt+1,n — Xt+1|2 < 7) and
A= (|| X, — X||* < €?). Then A; N Ay C A. So P(A; N Ay) < P(A). Thus
P(A1) + P(Ay) — P(A1 U Ag) < P(A). Let n — co. Then

lim, P(A) > 1+1—1lim, P(A; UA2) > 1. So P(|| X, — X|* <¢) — 1.
Therefore X, Lox. O

3. Consistent estimators, asymptotically UE estimators and asymptotically efficient estimators

(1) A relation: X,, 25 X = X,, 25 X

Proof. Recall that
X, 25 X EL P UL iy [1Xn - X < 3]) =
= P (52 NFo Uiy 1% — X[ > £])
= Vk>0, P (R, Uy [1X, - X|
= Vk>0, P(limyoe Uy [[| Xn — X|
= Vk>0, imy_o P (U y [[| X0 — X
Note that for all k > 0, [| Xy — X|| > £] c Uy [[|Xn — X[ > 1]
So P (|| Xy — X[ > 1) < P (022 [| %, — X[ > 1]).
Thus Imy e P (| Xn — X|| > 1) < Imyoeo P (U [1Xn — X > £]) = 0.
Hence limy_oo P (HXN - X|| > %) = 0. Therefore X,, — X. [J
(2) Weak law of large numbers (WLLN)
Let X,, be the mean of a sample of size n from X ~ N(u, ¥). Then X,, — 4.

v

(3) Definitions of consistent estimator and etc
Suppose 7, is an estimator for 77 based on a random sample of size n.

(i) Consistent estimator

~ . . . def ~
T 18 a consistent est1mator<:f> N LN n.

(ii) Asymptotically unbiased estimator

~ . . . . d ~

7 is an asymptotically unbiased estlrnautoﬂéc)> E(p) — 1.
(iii) Asymptotically efficient estimator

M is an asymptotically efficient estimator £ fn 2 n and
n [Cov(n,) — CRLB(n)] — 0.

Ex: Let i, = -5 X, be an estimator for p in X ~ N(u, ?).
(i) By SLLN, X,, *% 4. Thus 34 € Q with P(A) =1on A X,, — p = i, — fi.

SO fin =% 1 = fip — p. Thus i, is a consistent estimator for .
(i) fn ~ (%u, (n_%)ﬂﬁ). Here E(pi,) # p, but E(fi,) — p. So [, is a biased

estimator, but asymptotically unbiased estimator for u.
1

e -2 0 o n n
(111) g = (o/'g>’ 1(9) = (‘62 214), CRLB(,U,) = ?2 and CRLB (mﬂ) = 4(n71)20-2'

(iv) With n fixed, var(i,) = CRLB (%,u) So 11y, is an efficient statistic, a MVUE
for %5 p, but not for .
n [var(i,) — CRL(p)] = ﬁaQ — 02 — 0 along with fi,, == p, i, is an asymp-
totically efficient estimator for .



