
L08 Convergence with probability 1

1. Preliminaries

(1) In mathematics
as n −→∞, Xn −→ X ⇐⇒ Xn −X −→ 0⇐⇒ ∥Xn −X∥ −→ 0

⇐⇒ ∀ ϵ > 0 ∃N > 0 ∀n > N ∥Xn −X∥ < ϵ
⇐⇒ ∀ k ≥ 1 ∃N ≥ 1 ∀n ≥ N ∥Xn −X∥ < 1

k .

In above expressions < ϵ and < 1
k can be replaced by ≤ ϵ and ≤ 1

k .
Xn −→ X ⇐⇒ (Xn) −→ g(X) for all continuous g(·).

(2) In basic probability theory

P (∩tAt) = 1⇐⇒ P (At) = 1 ∀ t
P (∪tAt) = 0⇐⇒ P (At) = 0 ∀t
A1 ⊂ A2 ⊂ · · · =⇒ ∪tAt

def
== limAt =⇒ P (limAt) = limP (At)

A1 ⊃ A2 ⊃ · · · =⇒ ∩tAt
def
== limAt =⇒ P (limAt) = limP (At)

(3) Random variables and vectors
Random X is a mapping from Ω to R or Rk.
For B ⊂ R or Rk, let D = {w ∈ Ω : X(w) ∈ B} ⊂ Ω. Then P (X ∈ B) = P (D).

2. Convergence with probability 1

(1) A set in Ω on which Xn −→ X
w ∈ ∩∞k=1 ∪∞N=1 ∩∞n=N [w ∈ Ω : ∥Xn(w)−X(w)∥ < 1

k ]

⇐⇒ ∀k ≥ 1 w ∈ ∪∞N=1 ∩∞n=N [w ∈ Ω : ∥Xn(w)−X(w)∥ < 1
k ]

⇐⇒ ∀k ≥ 1 ∃N ≥ 1 w ∈ ∩∞n=N [w ∈ Ω : ∥Xn(w)−X(w)∥ < 1
k ]

⇐⇒ ∀k ≥ 1 ∃N ≥ 1 ∀n ≥ N ∥Xn(w)−X(w)∥ < 1
k

⇐⇒ Xn(w) −→ X(w).

Thus ∩∞k=1 ∪∞N=1 ∩∞n=N [w ∈ Ω : ∥Xn(w)−X(w)∥ < 1
k ] = [w ∈ Ω : Xn(w) −→ X(w)].

In above expressions “< 1
k” can be replaced by “≤ 1

k”.

(2) Definition

Xn
wp1−→ X

def⇐⇒ Xn
a.s.−→ X

def⇐⇒ P (Xn −→ X) = 1
⇐⇒ P

[
∩∞k=1 ∪∞N=1 ∩∞n=N

(
w ∈ Ω : ∥Xn(w)−X(w)∥ < 1

k

)]
= 1

⇐⇒ P
[
∪∞N=1 ∩∞n=N

(
w ∈ Ω : ∥Xn(w)−X(w)∥ < 1

k

)]
= 1 ∀ k ≥ 1.

In above expressions “< 1
k” can be replaced by “≤ 1

k”.

(3) A sufficient and necessary condition

Xn
wp1−→ X ⇐⇒ lim

N→∞
P

[
∩∞n=N

(
w ∈ Ω : ∥Xn(w)−X(w)∥ < 1

k

)]
= 1 ∀ k ≥ 1.
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Proof: Let TN = ∩∞n=N [w ∈ Ω : ∥Xn(w)−X(w)∥ < 1
k ].

By (2) Xn
wp1−→ X ⇐⇒ P (∪∞N=1TN ) = 1 ∀k.

But T1 ⊂ T2 ⊂ · · · . Thus P (∪∞N=1TN ) = P (limN TN ) = limN P (TN ). Therefore

Xn
wp1−→ X ⇐⇒ P (U∞

N=1TN ) = 1 ∀k ≥ 1⇐⇒ limN P (TN ) = 1 ∀ k ≥ 1
⇐⇒ limN→∞ P

[
∩∞n=N

(
w ∈ Ω : ∥Xn(w)−X(w)∥ < 1

k

)]
= 1 ∀ k.

Ex1: Note that P (A) = 1⇐⇒ P (Ac) = 0. Thus

Xn
wp1−→ X ⇐⇒ Xn

a.s.−→ X ⇐⇒ P (A) = 1⇐⇒ P (Ac) = 0
⇐⇒ P

[
∪∞k=1 ∩∞N=1 ∪∞n=N

(
w ∈ Ω : ∥Xn(w)−X(w)∥ ≥ 1

k

)]
= 0

⇐⇒ P
[
∩∞N=1 ∪∞n=N

(
w ∈ Ω : ∥Xn(w)−X(w)∥ ≥ 1

k

)]
= 0 ∀ k ≥ 1

⇐⇒ limN→∞ P
[
∪∞n=N

(
w ∈ Ω : ∥Xn(w)−X(w)∥ ≥ 1

k

)]
= 0 ∀ k ≥ 1.

In above expressions “≥ 1
k” can be replaced by “> 1

k”.

Ex2: Xn
wp1−→ X ⇐⇒ Xn −X

wp1−→ 0⇐⇒ ∥Xn −X∥ wp1−→ 0.

3. Sufficient condition and properties

(1) Borel-Cantelli Lemma

If for all ϵ > 0
∑∞

n=1 P (∥Xn −X∥ > ϵ) <∞, then Xn
wp1−→ X.

Proof:
∑∞

n=1 P (∥Xn −X∥ > ϵ) <∞ ∀ϵ > 0

⇐⇒
∑∞

n=1 P
(
∥Xn −X∥ ≥ 1

k

)
<∞ ∀k ≥ 1

⇐⇒ limN→∞
∑∞

n=N P
(
∥Xn −X∥ ≥ 1

k

)
= 0 ∀k ≥ 1

=⇒ limN→∞ P
(
∪∞n=N∥Xn −X∥ ≥ 1

k

)
= 0 ∀k ≥ 1

⇐⇒ limN→∞ P
(
∩∞n=N∥Xn −X∥ < 1

k

)
= 1 ∀k ≥ 1⇐⇒ Xn

wp1←→ X.

Ex3: If Xn has a subsequence Xnk
such that P

(
∥Xnk

−X∥ > 1
k

)
≤ 1

2k
, then∑∞

k=1 P
(
∥Xnk

−X∥ > 1
k

)
≤

∑∞
k=1

1
2k

<∞. So Xnk

as−→ X as k →∞
(2) A property

Xn
a.s−→ X ⇐⇒ g(Xn)

a.s.−→ g(X) for all continuous g(·).
Ex4: Xn

as−→ X implies AXn + b
as−→ AX + b.

Ex5: Xn =

X1n
...

Xpn

 as−→ X =

X1
...
Xp

. Then Xin
as−→ Xi as n→∞.
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