L08 Convergence with probability 1

1. Preliminaries

(1) In mathematics
asn—oo, Xp—X —= X,—-X —>0=|X,—-X|| —0
< Ve>03IN>0Vn>N || X, - X[ <e
<~ Vk>13IN>1Vn>N |X,-X| <+
In above expressions < € and < % can be replaced by < e and < %
X, — X <= (X,,) — g(X) for all continuous g(-).

(2) In basic probability theory
Ay C Ay o= UpAy 2L lim A, = P(lim A,) = lim P(A,)
A D Ay D= Ay 2 lim A, = P(lim A,) = lim P(A,)
(3) Random variables and vectors

Random X is a mapping from Q to R or R¥.
For BC Ror RF let D ={w e Q: X(w) € B} C Q. Then P(X € B) = P(D).

2. Convergence with probability 1
(1) A set in  on which X,, — X
w € M2y Uy MZyfw € Q|| Xn(w) — X (w)] < ¢]
= VE>1we U Ny [we: | X,(w) — X(w)| < 4]
= Vk>1IN>1wen yweQ: [ X,(w) — X(w)] < 1]

< Vk>13IN>1¥n> N || X,(w) - X(w)| < £

— X, (w) — X (w).

Thus N, UF_; M2 y[w € Q|| Xy (w) — X(w)]| < 2] = [w € Q: Xy (w) — X (w)].
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In above expressions “< can be replaced by “< %”.

(2) Definition

X, X&X asy x L P(Xn—>X)
= PN, U My (we Qs || X (w) — H<11;)]:1
— PUF_, N (weQ:HXn(w) ()H< ] =1Vk>1
In above expressions “< 1” can be replaced by “< %”.
(3) A sufficient and necessary condition
1
Xn X<:>A}1m P[ (wGQ ||Xn(w)—X(w)||<k>}:1Vk21.
— 00



3.

Proof: Let Ty =N y[w € Q1 || Xn(w) — X(w)| < £].
By (2) X, 25 X «= P(UX_,Tw) = 1k.

But 7' C Tp C ---. Thus P(UY_,;Tn) = P(limy Txn) = limy P(Ty). Therefore

Xp X = PUFLTN) = 19k > 1 <= limy P(Ty) = 1Vk > 1

= limyoe PNy (weQ: | Xn(w) — X(w)|| < $)] =1VEk.
Ex1: Note that P(A) =1 <= P(A°) = 0. Thus

X, Y X = X, %5 X <= P(A) =1+ P(A

o
~—
I
o

= P[ o N Uy (wGQ: | X (w) — X (w)]| > %)] =0
= PINI_ Uy (weQ: | Xp(w)—Xw)|>4)]=0Vk>1
— lmyoe P Uy (weQ: [ Xn(w)— X(w)]| > )] =0VE>1

In above expressions “> %” can be replaced by “> %”.

Ex2: X, B X e X, - X 0= ||X, - X| 22 0.

Sufficient condition and properties

(1) Borel-Cantelli Lemma
wpl

If foralle >0 > P(]|X, — X|| >¢€) < oo, then X,, — X.
Proof: Yo P(| Xn — X[ >€) <ooVe>0

— Y P(|Xn—X|>1%)<ocoVk>1
— limyooo Yo vy P (X0 —X[|> 1) =0Vk>1
= limyoo P (UX 4[| X, — X[ > 1) =0VE>1

= lmy e P (N0 | Xy — X[ < ) =17k > 1 = X, &5 X.

Ex3: If X, has a subsequence Xy, such that P (|| X,, — X|| > 1) < 5, then

2k
r i P (1 X0, — X[ > ) <3002 55 <00 So Xy, — X as k — o0
(2) A property
X, 2% X = g(X,,) % g(X) for all continuous g(-).
Ex4: X, = X implies AX,, +b =5 AX +b.
Xin X1
25X = : . Then X;, — X; as n — 00.

Ex5: X, = :
Xpn X,



