LO07 Efficiency and relative efficiency

1. Efficiency and relative efficiency

(1) Efficiency

For statistic T' ~ (Ey(T), varg(T)), effy(T) = %&Eﬁm is the efficiency.

Comments: T is a statistic, but not a vector of statistics. effFy(T") is a function of 6
and 0 < effy(T) < 1.
(2) Property
effy(T) = 1 <= varg(T) = CRLBy(Ey(T")) <= T is efficient = T" is MVUE for Ey(T).

(3) Relative efficiency

For estimators 77 and Ty for n1(0) and n2(0), e(T1, To) = MEE:E%; is the relative

efficiency of T to Ts.

Comments: 77 and T could be of different dimensions. eg(T}, T») is a function of 0
and eg(Tl, T2) > 0.

69(T1, TQ) <l «— MSE@(Tl) > MSE@(TQ),
eo(T1, Tz) =1 <= MSEy(T1) = MSEy(13),
eg(Tl, TQ) >1 <— MSEQ(Tl) < MSE@(TQ).

These comparisons make sense only if T} and T3 are for the same 7(0).

(4) Properties
If both T} and T5 are unbiased estimators for their targeted parameters 7;(6) and 72(9),

__ Total-variance(1y)
then eg(T1, To) = Total-variance(1;)"

If both 77 and 75 are unbiased estimators for their targeted parameters in R,

then ep(Ty, Tb) = gggggjg.

If both T7 and 75 are unbiased estimators for the same parameter in R,

_ [CRLBy(Ey (1)) /vary(Ty)] _ effy(1)
then (T, T2) = CRLB, (5, (1)) /vars(To)] — elly(Ts)’

Ex1: Let Xi,...,X,, be random sample of size n > 2 from Poisson(A) with mean A and
variance A. By HW03, CRLB(\) = 2.

CRLB n
For 2 ~ (4 4). off (B442) = STy =3 = 2 <L

X ~ (A ’\), eff(X) = CRLBw) _ % = 1. Hence X is efficient and is MVUE for \.

' n var(x)
_ eff(X1tX2 ~
(g, 1) - HE - ey 2

2. More on information

(1) Same information
If Y = g(X) is a 1-1 mapping, then Ix(0) = Iy (0).



Proof: Consider continuous case only. Suppose X € A <=Y € g(A) = B.
By the substitution of = g~ !(y) in the integration,

P(X€A)= //fx@dx_//f “Yy), 0) abs|J|dy = P(Y € B).

So fy(y: 0) = fx(; O)abs|J| = In fy (y; 0) = In fx (x; 0) + Inabs|J|
— Vnfy(y; 0) =Vinfx(z;0) = V(Y; 0) =V(X; 0)
- Ix(e) = Iy(@).
Ex2: X ~ N(u, I)and Y = AX +b~ N(Ap+b, AAT) where A is non-singular, verify
that Ix( ) = Iy( )
Fx (s 1) = gy oxp | Lo — ) (@ — )]
So VI(X; p) = £ 5(X = )T(X = p) == X — pp~ N(0, I). Thus Ix () = I.

fr(y e>=mexp[ 2V Ao (AAT)H Y = Ap—b)|.
SoV(Yin) = Vinfyr(Y;p) =25 — Au—b)T(AAT)"H(Y — Ap —b)

= AT(AAT)"Y(Y — Ap—b) ~ ATIN(0, AAT) = N(0, I).
ThuSIy( ):I:Ix( )

Comment: *: Because g’% A, Bgzﬁx =zT(AT + A) and 38sz = 86sz aafT,
0 (z—Bp)T A(z—B O (x—Bp)T A(x—Bu) 0(x—B
( ,Ua)u ( ,U) o( S(ZZBM()T D) (8MTM) — (SL‘—B ) (AT—I-A)(—B)
r—B A(x—B
Thus 2=BuAC=BY) — _p(AT 4 A)(X — Bp).

v) 10 (&)

(2) If n =n(0) is a 1-1 mapping, then I(n ( ool
0 ) y transposing both sides

Proof: By chain rule, alnf = (%g‘g) (879

o _ (BBT%) ( n ) ie., V(X; n)=<aanT)TV(X; 0).

i 60 - (48" 10 (42)

onT onT
<8 ) (38 T> . By definition and (2)

Ex3: By definition, CRLB(n)

enusto) = ™ = [ ()" 100 (#8)] = ()" v ()]
By comparison, (;—) aT@ which is true since I = 887% = (%) (%).



