
L07 Efficiency and relative efficiency

1. Efficiency and relative efficiency

(1) Efficiency

For statistic T ∼ (Eθ(T ), varθ(T )), effθ(T ) =
CRLBθ(Eθ(T ))

varθ(T ) is the efficiency.

Comments: T is a statistic, but not a vector of statistics. effFθ(T ) is a function of θ
and 0 ≤ effθ(T ) ≤ 1.

(2) Property
effθ(T ) ≡ 1 ⇐⇒ varθ(T ) ≡ CRLBθ(Eθ(T )) ⇐⇒ T is efficient =⇒ T is MVUE for Eθ(T ).

(3) Relative efficiency

For estimators T1 and T2 for η1(θ) and η2(θ), e(T1, T2) = MSEθ(T2)

MSEθ(T1)
is the relative

efficiency of T1 to T2.

Comments: T1 and T2 could be of different dimensions. eθ(T1, T2) is a function of θ
and eθ(T1, T2) ≥ 0.

eθ(T1, T2) < 1 ⇐⇒ MSEθ(T1) > MSEθ(T2),
eθ(T1, T2) = 1 ⇐⇒ MSEθ(T1) = MSEθ(T2),
eθ(T1, T2) > 1 ⇐⇒ MSEθ(T1) < MSEθ(T2).

These comparisons make sense only if T1 and T2 are for the same η(θ).

(4) Properties
If both T1 and T2 are unbiased estimators for their targeted parameters η1(θ) and η2(θ),

then eθ(T1, T2) =
Total-variance(T2)

Total-variance(T1)
.

If both T1 and T2 are unbiased estimators for their targeted parameters in R,
then eθ(T1, T2) =

varθ(T2)
varθ(T1)

.

If both T1 and T2 are unbiased estimators for the same parameter in R,

then eθ(T1, T2) =
[CRLBθ(Eθ(T1))/varθ(T1)]

CRLBθ(Eθ(T1))/varθ(T2)]
= effθ(T1)

effθ(T2)
.

Ex1: Let X1, ..., Xn be random sample of size n > 2 from Poisson(λ) with mean λ and
variance λ. By HW03, CRLB(λ) = λ

n .

For X1+X2
2 ∼

(
λ, λ

2

)
, eff

(
X1+X2

2

)
= CRLB(λ)

var
(

X1+X2
2

) = λ/n
λ/2 = 2

n < 1.

X ∼
(
λ, λ

n

)
, eff(X) = CRLB(λ)

var(X)
= λ/n

λ/n = 1. Hence X is efficient and is MVUE for λ.

e
(
X1+X2

2 , X
)
=

eff
(

X1+X2
2

)
eff(X)

= var(X)

var
(

X1+X2
2

) = 2
n .

2. More on information

(1) Same information
If Y = g(X) is a 1-1 mapping, then IX(θ) = IY (θ).

1



Proof: Consider continuous case only. Suppose X ∈ A ⇐⇒ Y ∈ g(A) = B.
By the substitution of x = g−1(y) in the integration,

P (X ∈ A) =

∫∫
A
f(x; θ) dx =

∫∫
B
f(g−1(y), θ) abs|J | dy = P (Y ∈ B).

So fY (y; θ) = fX(x; θ)abs|J | =⇒ ln fY (y; θ) = ln fX(x; θ) + ln abs|J |
=⇒ ∇ ln fY (y; θ) = ∇ ln fX(x; θ) =⇒ V (Y ; θ) = V (X; θ)
=⇒ IX(θ) = IY (θ).

Ex2: X ∼ N(µ, I) and Y = AX + b ∼ N(Aµ+ b, AAT ) where A is non-singular, verify
that IX(µ) = IY (µ).

fX(x; µ) = 1
(2π)p/2

exp
[

1
−2(x− µ)T (x− µ)

]
.

So V (X; µ) = ∂
∂ µ

1
−2(X − µ)T (X − µ)

∗
== X − µ ∼ N(0, I). Thus IX(µ) = I.

fY (y; θ) =
1

(2π)p/2|AAT |1/2 exp
[

1
−2(Y −Aµ− b)T (AAT )−1(Y −Aµ− b)

]
.

So V (Y ; µ) = ∇ ln fY (Y ; µ) = ∂
∂ µ

1
−2(Y −Aµ− b)T (AAT )−1(Y −Aµ− b)

∗
== AT (AAT )−1(Y −Aµ− b) ∼ A−1N(0, AAT ) = N(0, I).

Thus IY (µ) = I = IX(µ).

Comment: *: Because ∂ Ax
∂ xT = A, ∂ xTAx

∂ xT = xT (AT +A) and ∂ z
∂ xT = ∂ z

∂ yT
∂ y

∂, xT ,

∂ (x−Bµ)TA(x−Bµ)
∂ µT = ∂ (x−Bµ)TA(x−Bµ)

∂ (x−Bµ)T
∂ (x−Bµ)

∂ µT = (x−Bµ)T (AT +A)(−B).

Thus ∂ (x−Bµ)TA(x−Bµ)
∂ µ = −B(AT +A)(X −Bµ).

(2) If η = η(θ) is a 1-1 mapping, then I(η) =
(

∂ θ
∂ ηT

)T
I(θ)

(
∂ θ
∂ ηT

)
.

Proof: By chain rule, ∂ ln f
∂ ηT

=
(
∂ ln f
∂ θT

) (
∂ θ
∂ ηT

)
. By transposing both sides

∂ ln f
∂ η =

(
∂ θ
∂ ηT

)T (
∂ ln f
∂ θ

)
, i.e., V (X; η) =

(
∂ θ
∂ ηT

)T
V (X; θ).

Thus I(η) =
(

∂ θ
∂ ηT

)T
I(θ)

(
∂ θ
∂ ηT

)
.

Ex3: By definition, CRLB(η) =
(

∂ η
∂ θT

)
[I(θ)]−1

(
∂ η
∂ θT

)T
. By definition and (2)

CRLB(η) = [I(η)]−1 =

[(
∂ θ
∂ ηT

)T
I(θ)

(
∂ θ
∂ ηT

)]−1

=
(

∂ θ
∂ ηT

)−1
[I(θ)]−1

[(
∂ θ
∂ ηT

)T
]−1

.

By comparison,
(

∂ θ
∂ ηT

)−1
= ∂ η

∂ θT
which is true since I = ∂ θ

∂ θT
=

(
∂ θ
∂ ηT

)(
∂ η
∂ θT

)
.
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