L05 Informant (score) and information

1. Informant (score) for f(x;6)

(1) Logarithm of f(z; #) and its derivatives
Let f(x; 0) be pdf or pmf for X with parameter vector & € R¥. Then In f(z; 0) is a
1-1 increasing function of f(z; #). The gradient vector of In f(x; #) with respect to 0
accommodates all first order partial derivatives
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All second order derivatives are stored in the Hessian matrix of In f(z; ),
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(2) Informant for f(x; 0)
When z is replaced by X, V(X; 0) = Vn f(z; 0) is random vector and Hy, ¢(x;g) is a
random matrix, both measure the sensitivity of f(x; #) to the change in 6. Specifically
we call V(X 6) the informant or the score function.

3) E[V(X;0)]=0

Under regularity conditions ’8f z; 9) ‘ < g(x), ’882(; ’ < g(x) and [ [, g(z)dr < oo,
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Consequently, E[V(X; 6)] = 0 since in E[V(X; 0)] = :

E [a 1n(;féi(;9):|

E[w} J S PO f (25 0) da = [ [, 225D gy = 0.

2. Fisher’s Information

(1) Information about 6 from f(z; 6)
The variance-covariance matrix of score V' (X; 0) is called the Fisher’s information about
6 from f(x; 0) and is denoted as I(6).

<mnm=EWVH=E(%ﬁ)kk

Proof: I(§) = Cov(V)=E(VVT) - EWV)EWV)T =E(VVT) = E(V;V})kxk
B 0Inf(X;0) & lnf(X;0) [ Te Ty,
- E( 90i 90, )kxk_E< f2]>kka

Comment: ! in fei is for derivative and 7" in V7 is for transposing.
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(3) 1(0) = E [—Hy, s(x;0))

f5.0, f5.0, "
Pf: Note that E( fj> = Jpp 7 fdz = [y fog,du = (prfdx)eiej =0. So
—
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E[-Hyyx;9) = E {(—lnf(X; 9))/0/i9j}k>< =F

Ex1: Find I(M, o?) from X ~ N(u, 02)
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where Z = —NNO 12). Thus V(X; p, 02) ~ I A
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So I(u, 02) = (‘72 (1) >
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Ex2: From V(X; u,0?)in Ex1, Hy, p(x5p,0%) = K- 1 Tx—w? | T (UZ 1 7 Zz)
I E— 3
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SOE[Hlnf(X;u,JQ)] = (UOZ 1>. Thus I(H, 0'2): (662 1)
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3. Information from a sample

(1) Information from independent X1, ..., X,
Suppose X1, ..., X;, are independent, f(z;; ) is pdf or pmf for X; with score V(Xj;0)
and information Ix,(6). Then the joint pdf or pmf for X1, .., X, is [[, f(xs; ) with score
>, Vin f(X;; 6) and information I(0) =), Ix,(0).

(2) Information from iid X7, ..., X,
Suppose X1, .., X, are iid with pdf or pmf f(z; €), score V(X; €) and information ().
Then the score from X1, .., X, is >, VIn f(X;; #) and information is ), I(0) = nI(6).

1
Ex3: X ~ N(u, 0?) = I(u, 0?) = (%2 ? ) Then the information based on the distribu-
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n
tion of a random sample X1, ...., X,, from X is nl(u, 0%) = <‘62 2 >
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L06 Cramer-Rao lower bound

1. Cramer-Rao lower bound

(1)

Derivative matrix of y(x) € R™ to « € RP.

y1(z) 1
For y(z) = : € R" where z = | : | € RP, define
Yn(2) Tp
Wy o (), .
dy _ : : : _ (2w and 2¢° — ( 2y
9aT — : " : 9% ) p nd 5z = \az7) -
Wn)zy o (Un)a,

A covariance matrix
Let V = V(X; 6) be the score from f(x; §) where § € RF and Y = Y(X) € R® be a
vector valued function of X. Then Covy [Y, V(X; 0)] = 6%%& ) ¢ psxk
Proof: Note that Ey(V) = 0. So Covy (Y, V) = Eg (YVT) = [Ep(Y;Vj)]
Ey(YiVj) = By [%i(X) M] = It )OS0 f (2 6) da
= [TV M D = [ Vi) s 0)de = 252
Comment: Covy(V,Y) = [COV@(Y, VE = B[E"aig)]T

An inequality from a variance-covariance matrix

Suppose <X> ~ (1, ¥) where X € RP, Y € R% and ¥ = (Exx ExY)‘
Y Yyx Xyy

But

sxk*

Then Zyy Z EYXE;(leXy

T iy T
Proof: For all <g> € RPT4, 0 < var <<§) <Y>) = (g) by <g> So ¥ > 0.

For all v, 0 < (A7)T2(Ay) = 4T (ATSA)y. So AT A > 0.
_y—1
With A = ( EX?”) VAT = (=2y xS, Dand AT S A = Syy Sy x S Sxy

So Syy — Sy xExxZxy > 0, ie, Tyy > Sy xS Sxy.

Cramer-Rao lower bound
I(f) € R*** is the Fisher’s information from the distribution of X with parameter
0 € R*. Y(X) € R® is a vector-valued function of X. Then

228 o 2587 <

Proof: Let V = V(X; 6) € R* be the score. Then
Cov <<V>> _ ( Covg(V)  Covg(V, Y)> _ (16 2D
“\\v Covp(Y, V)  Covy(Y) 9E(Y)  Cove(Y))

o007
By (3), the inequality holds.

T
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Rao lower bound, relates to Y only through Ey(Y") and is denoted as CRLB(Ey(Y")).

Comment: [ , a lower bound of Covy(Y) called the Cramer-



2. Efficient statistics and MVUEs

(1)

CRLB for the variance-covariance matrix of a statistic
Let X1, ..., X,, be a sample from a population with Fisher information I(0) € R¥** and
Y € R® be a vector of statistics. Then

T
CRLB(Ep(Y)) = [agz(TY)] (nI(6)]~" [852(:3/)} < Covy(Y).

Proof: Y is a vector-valued function of Xji,...,X,,. The information on 6 from the
distribution of X7, ..., X, is nI(6). So

0 Ey(Y) 1 [0E ()]
= < .
CRLB(Ep(Y)) [ 507 [nI(0)] 507 < Covp(Y)
Efficient statistics and MVUEs
A statistic Y is an efficient statistic if Covg(Y) = CRLB(Ep(Y)).
If Y is an efficient statistic and Ep(Y) = n(f) =1, then Y is MVUE for .

Proof: Ey(Y) =n(0). SoY is an UE for n(#). Suppose T is also an UE for n(#). Then
Ey(T) =n(0) = Ep(Y). But Y is an efficient statistic. Thus
Covg(Y) = CRLB(Ep(Y)) = CRLB(Ey(T)) < Covg(T).

0 0= (5)g> is from a random sample from N (, o?) with 6 = <ff2>

(i) Is f an efficient statistic?

1 R ~
By L05, I(§) = (7)2 0 ) With E(9) =0, 220 — 1,
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2 2
_ Z 0 ~ Z 0
So CRLB(0) = [nI(9)]7! = (8 %4) By HW02, Cov(0) = (8 204>
n n—1
Thus Cov(f) # CRLB(E(A)). Therefore 8 is not an efficient statistic.
(ii) Is & MVUE for 67
Yes. By HW02, 6 is MVUE for 6.

(iii) Find CRLB(u) 2
L) = 0 G = 0.0 () (3) = %

(iv) Is X an efficient statistic?
E(X) = p. Cov(X) =2 = CRLB(n) = CRLB(E(X)).
So X is an efficient statistic.

(v) s X MVUE for u? o
Yes since X is efficient and E(X) =




