L25: Factor models
1. Factor model for x

(1) Model

Regression relates vector of interest y € RP to x € R by y = B'x + €.

When x € RP is of interest, without other vectors to be to related to, let F ~ (0, I,) and write

x=pu+LF+e¢ e~ (0,0), ¥=diag(y1,..,9,) and Cov(F, €) = 0.

Parameters

For x ~ (u, X)), by factor model x ~ (u, LL' + ), i.e., ¥ = LL + .

With T; = Uy + lilFl + -+ linq + €5y E(ﬁl) = W; and var(xi) = 1121 + 4 lz2q + ZZJZ

i x; var(zy) | Fi F, h? Py
1 | o? 3 i3, hi (0
2 X9 0'% l%l l%q h% 'LZJQ
p Tp Jg 112)1 l?,q h?, Up
Sum tr(X) 7 2 | tr(LL) | tr(0)

I7; is the contribution of Fj to var(z;) via l;; in L;
is contribution of F; to the total variance in x, tr(32);

The ith communality h7 = 3. 17, is the contribution of F' to var(z;).

tr(LL') = tr(L'L) = 35, hi = 3, f7 is the contribution of F to the total variance of x.

1; is the part of var(z;) unexplained by F'.
tr(U) = >, ; is the part of total variance in x unexplained by F.

Ex1: From ) v, o} | R F h? |
1 xy 19 | 16 1 17| 2
2 xo BT | 49 41 53| 4
3 rg 38 1 36| 37| 1
4 ry 68 1 64| 65| 3
Sum 182 | 67 105 | 172 | 10
The proportion of total variance in x explained by F is tgfé)/ ) = % = 94.51%.

The contribution from F to var(z3) is h3 = 37 and the contribution from Fy to the total

variance in z is fi = 105.

2. Factor model for z, standardized x

(1) Model

For x ~ (11, ©), z = V~12(x — 1) ~ (0, p) is standardized x.

(2) Parameters

z = L,F + ¢, is a factor model if

F~ (0, 1), €.~ (0,0,), U, =diag(v.1, .., ¥p) and Cov(F, €.) = 0.

Forz~ (0,p)byz=L,F+e,,p=LL, + 7,

Wlth zZ; = lzilFl + .-+ lzinq =+ €24y E(ZZ) = 0 and 1= V&I‘(Zi) = lgzl 4+ 4 lziq + wzi~
2z var(z) | By F, h2, Wi
1 21 1 i P hZy Va1
2 29 1 125 25 hZ, (CF5
1% Zp 1 lgpl lzpq th ¢ZP
Sum > 15 T (EL ) | w(vs)




Ex2: Factor model is not unique. For example with z = L, F + ¢, and orthogonal Q € R9*9, let
L.,=L,Qand F, = Q'F. Thenz= L,F+e¢, = L.F, + ¢, where F, ~ (0, Q'Q) = (0, I,)
and Cov(F,, €,) = Q'0=0.

3. Converting models

(1) Converting a factor model for x to that for z.
Suppose x = p + LF + € has parameter table in (2) of 1.
Thenz =V 12(x —pu) = VY2(LF +¢) = (VY2L)F + (V=Y%¢) = L.F +e,.

L,=V12L= (lij/\/var(xi)) 12y =1 var(xy), h2; = hE [var(;).
pXq
€. =V 12~ (0, VI20V-Y2) = (0,V-10), 4 = ;/var(z;).  So

Here

1 Zi Pii Iy F, hZ, Vi
2 1|1 /o] B,/07 | hijoi | Wn/o}
P zp 1 lgl/af, lf)q/of) hf)/afJ z/Jp/Uf,
Sun | p | /A T (L) | (v

For this conversion ¢? = var(z;), i = 1, .., p, are required.

Converting a factor model for z to that for x
Suppose z = L, F + ¢, has parameter table in (3) of 1.
Then x = V22 + p=pu+ VYL, F+e)=pu+ (VV2L)F + (VY2%,)=p+ LF +e.

Here L=VY2L, = (lzij : var(xi)> o =12 var(xy), by = h2, - var(z).
pxq

€ = V1/252 ~ (O, V1/2\IIZV1/2) = (07 V\Ilz); 'l/}2 = '(/}Zz . Var(xz-). So
i €Z; 0'1-2 F1 Fq hf’z d)zi
1 x 1-07 | 101 Grg 01 | h21- 07 | a1 -0f
p |z loj |2, o) Bpg 0y | 12,05 | ¥z -0}
Sum tr(X) 2 12 tr(LL") | tr(P)
Note that lij = \/‘mlzija lfj = V&I‘Iilgij7 3 = V&I‘(ll?i)hgi djz = V&I‘(l‘i)’d)zi.

Orthogonal factor model

A factor model is orthogonal if the columns of its loading matrix are orthogonal.

If x = pu+ LF + € is orthogonal, then L'L = diag(f?, ..., f2) and the converted factor model for
mathbfz may not be orthogonal.

If z= L.F + e, is orthogonal, then L’ L, = diag(f?, ..., ffq) and the converted factor model for
X may not be orthogonal.



L26 Estimating parameters in factor model

1. Estimating parameters in factor model for z

(1) A rationale

3)

A*I 0

For x ~ (u, ), z ~ (0, p). By EVD p = P.A.P, = (P.1, Pur) < 0 A
*IT

) P! where P,; has ¢

columns. Then y, = Pz is a vector of principal components of z.
So z = P.y« = Piry«1 + Purry«11 where y,; contains first ¢ principal components of z.
Let Pory.s = (P AY?) (A} ?y.) = L.F. Then F = A%y, ~ (0, I,) and
tr[Cov(L, F)] = tr[tr(Pysry«1)] = tr(Ass) is the majority of p = tr(p) = tr(A,).
By Factor model z = L,F + €., modify p to L,L, + U, where ¥, = diag(¢.1,..,¥,p) with
Vei =1 Zj lgij'
Estimated parameters
With a sample from x, sample correlation matrix R is taken as initial p. Following (1) one can
get estimated parameters for the model z= L, F + ¢, .
Because L, is estimated by P IA%Q with orthogonal columns, the model is orthogonal one and
hence ffj =X, J=1,.,¢

SAS
proc factor nfactor=2;
var x1 x2 x3; produces four tables via EVD of R.
run;

(i) Eigenvalue table

EV Diff Propor Cumula
Al AL — A A1/3 A1/3

Ao Ao — A3 )\2/3 ()\1 +)\2)/3
A3 A3/3 1

Comments: A\ + X+ X3 =3 =tr(p); A + Ao = >, h?, = > fj; A = f24 and Ay = f2.
(ii) Loading matrix table

Factor 1  Factor 2
X1 211 l212
X2 1221 l222
X3 1231 l.32

Comments: L, = P, 1Ai§2 has orthogonal columns. With known Ay, P,; can be calculated.
Factor 1 Factor 2

*21 =M *22 =X
X1 X2 X3
hyy  hZ, hi

Comment: Based on this output ¢,; =1 —h?,,i=1,...,p.

(i) fZ; table

(iv) Communality table

Without var(z;) from this output one can not bet parameters for the factor model for x.

2. Estimating parameters in factor model for x

(1)

A rationale
For x ~ (u, ¥), by EVD ¥ = PAP' = (P, Pr1) <[BI AO > P’ where Py has ¢ columns. Then
IT
y = P’x is a vector of principal components of x.
So x = Py = Pryr + Prryrr where y; contains first ¢ principal components of x.
Let Pry; = (PrAY?)(A;"?y;) = LF. Then F = A;"?y; ~ (0, I,) and
tr[Cov(LF)| = tr[tr(Pryr)] = tr(Ar) is the majority of ), var(z;) = tr(X) = tr(A).
By Factor model x = LF + ¢, modify ¥ to LL' + ¥ where ¥ = diag(yn,..,vp) with

¥, = var(z;) — Zj lfj.



(2) Estimated parameters
With a sample from x, sample S, is taken as initial p. Following (1) one can get estimated
parameters for the model x = LF + .
Because L is estimated by PIA}/ ? with orthogonal columns, the model is orthogonal one and
hence f7 =X, j=1,..,q.

(3) SAS: An example

proc factor nfactor=2 cov;
var x1 x2 x3;
run;

Eigenvalues of the Covariance Matrix: Total = 24.262 Average = 8.0873333

Eigenvalue Difference Proportion Cumulative
1 23.3034906 22.7048000 0.9605 0.9605
2 0.5986906 0.2388719 0.0247 0.9852
3 0.3598188 0.0148 1.0000

Factor Pattern

Factorl Factor2
x1 0.99102 -0.03682
x2 0.97229 -0.18174
x3 0.96927 0.23427

Variance Explained by Each Factor

Factor Weighted Unweighted
Factorl 23.3034906 2.86695344
Factor2 0.5986906 0.08926935

Total Communality: Weighted = 23.902181 Unweighted = 2.956223

Variable Communality Weight
x1 0.98348129 11.0720000
x2 0.97837588 6.4170000
x3 0.99436561 6.7730000

The output has four tables.

(i) In Eigenvalue table
A Ao+ Az =Y var(zi); M+ de =Y A2 =301, 2 A = f and Ay = f2.
From this table A, A; can be obtained.
(ii) In Factor Pattern table
Loading matrix L. is given. Note that L, = V~'/2L and L = PIA}/2.
So with V' given in table (iv) and A; given in table (i), L and P; can be calculated.
(iii) In table for the Variance Explained by Each Factor
under “Weighted” f7, j = 1,.., ¢, are listed. Under “Unweighted” fZ;, j = 1,.., ¢, are listed.
x = LF + € is an orthogonal model. So ff =X,j=1,..q.
(iv) In table 4 under “Communality” are the estimated hgj for the model for Z.
Under “Weight” are the estimated values for var(z;), ¢ = 1, .., p.



