L23: Principal components

1. Predictors in regression

(1)

Two regressions

x1
For regression with intercept y = Bo+ f1x1+- -+ fg—12¢q—1+€ = B’ <916) + € where x = : ,
Tg—1
E(y) =B ! is the regression function. For normal vector (V) ~ N [ (#*), Sy Ty ,
xT T oy Ezy Ez

E(ylz) = py + Zya X5 (x — p) is also called the regression function of y on .

Equal prediction functions
With data Y € R"*P and X, = (1,, X) € R"*9, E(y) and E(y|z) in two models are estimated
by

y(z) = B’ (i) where B = (X/X,)"'X.Y and

o~ ’ / _1
E(yle) =5+ [v' (I - 28) x| [x' (1 - 25) x| (@ -=).
It can be shown that §(z) = E(y|z).
Random predictors
Thus one can treat the predictor vector x € R?~! as random with (u,, ¥,). By intuition
The information provided by z; is < that by z; <= var(z;) < var(z;)
The information provided by x; and z; are highly overlapped <= |p(x;, ;)| is close to 1.

2. Principal components

(1)

(2)

Definition
For x ~ (p, ¥) with g € R? and ¥ > 0, 1, ..., y, are ordered principal components of x if y; = l/x
where I; € C; and var(l;z) > var(l'z) for all [ € C;. Here

C;={leR?: ||l =1 and cov(I'x, y;) = 0 for all j < i}.

Comments: C; DC; D -+ D (.
Y1, .., Yq, if exist, may not be unique. But var(y;), ¢ =1, .., g, are unique.
var(y;) > var(yz) > - -+ > var(yy) > 0.

Existence
If by EVD ¥ = PAP’ where A = diag(A1, .., A\g) with Ay > --- > X\; > 0, then the components of
y = P’x are principal components of x and var(y;) = A\;, i = 1,...,p.

Proof: With orthogonal P = (P4, .., P;) € R7*9, we do induction on i =1, .., 4.
Wheni=1, P, € Cy ={l € R?: ||| =1} since ||P|| = 1.
var(P{z) = P{XP; = P[PAP'P; = ejAe; = ).
For [ € Cy, P'l € R? and ||P'l|| = 1. Moreover,
var(l'z) = UI'SI = U'PAP'l = Y1 (P'1)?\; < A\ = var(P[x).
So y1 = P/x is the first PC for x and var(y;) = A1.
Suppose y; = P/x, i =1,..,k < ¢ are the first k¥ PCs for x with var(y;) = A;, i =1,..,k. Then
for i <k, 0=cov(I'x, y;) = cov(I'x, P/x) =I'PAP'P, = (P'l);\; < (P'l); = 0. Thus

Cry1={l€R?: || =1and (P'l); =0 for all i = 1,...,k}.

Now Pyy1 € C41 since Pyiq € RY, || Pry1]| = 1, and (P’ Piy1): = (eg41)i =0 Vi < k.
Let yx11 = P, x. Then var(yx11) = €j, Aepy1 = Apq1. For [ € Cpyq,

var(I'x) = 'PAP'l = 31 (P'1)i N = 220 (P DN < Mpy1 = var(P] 4 x).
Thus yr41 = Py x is the (k + 1)th PC of x with var(yry1) = Aet1-



(3) Properties

From x to y = P’x, the total variance keeps unchanged.
Proof: var(zi) + --- + var(z,) = tr(X) = tr(A) = var(y1) + - - - + var(y,).
Comments: Among total variance in x, Y var(z;) = A1 + --- + A;, the amount explained by

Y1, - Yk is Zf:l Var(yi)

Zle Ai. Thus the proportion explained by y1, .., y; is

3. Principal components of standardized x and SAS

(1) Standardized x

At A
At Ag

For x ~ (u, X), V = diag(X), V¥/? and p = V125V ~1/2 are the variance, the standard deviation
and the correlation matrix. z =V ~1/2(x — u) ~ (0, p) is the standardized x.

(2) Principal components of x and z.
Let ¥ = PAP' and p = P,A.P, be EVDs with A = diag(A1,..,Aq), Ax = diag(A1s, s Ags)s
A1 > Ag > o> A > 0and Ay > Aoy > -+ > Age > 0. Then the components of y = P’'x and
1y« = P!z are the PCs of x and z respectively.

(3) SAS for principal component analysis

(i) Enter ¥ into SAS

data a (type=’cov’); x1 1 -2 0
_TYPE_="COV’; 2 . 50
1 -2 0 input _NAME_ $ x1 x2 x3; | 45 . 9
v=—1-2 5 0 datalines;
0 0 2 x1 1-20 x1 1
x2 -2 50 x2 -2 §
x3 0 02 ¥x30 0 2
(ii) principal components for x
Total Variables: 3
Total Variances: A1 + Ay + A3
EVs of Covariance Matrix
EVs Difference Proportion Cumulative
A1 AL = A2 >\1+§;+/\3 >\1+§;+)\3
proc princomp cov, o Ao — As % NN
var x1 x2 x3; \ D VERANND Y5 V5 i
run; 3 PYEDYEY PYEDYEDY
Eigenvectors
Prinl Prin2 Prin3
x1 P11 P12 P13
X2 px D22 D23
x3  ps1 D32 P33
(iii) Principal components for standardized x
Total Variables: 3
EVs of Correlation Matrix
EVs Difference Proportion Cumulative
M M= A A
proc princomp; A2 A2 — A3 )})—2 @
var x1 x2 x3; A3 A e
run; Eigenvectors
Prinl Prin2 Prin3
x1  pn D12 P13
X2 px P22 D23
x3 P31 P32 P33




L24: Sample principal components

1. Sample principal components

(1) Population principal components

For x ~ (u, X) with EVD ¥ = PAP’, PC vectory = P'x ~ (P, A) with var(y;) = \i,i=1,..,¢
Zvar(zi) =tr(X Z N = Zvar Yi)-

is the proportion of total variance in x explained by y;, and % is the
(0, p) with

7tr

var(y)
Thus S, 1,\ Zivag(lmi)

proportion of total variance in x explained by y; and y,. For x = V—1/2 (x —p) ~
EVD p = P.A.P., PC vector y. = P,z ~ (0, A,) with Var(yi*) =X, i =1,...,q. So

q= Zvar(zi) = tr(p Zvar Yisx)-
i

Thus )‘i +)\)‘1 = var(yl*);rvar(yz*) is the proportion of total variance in z explained by y1, and ys..

Sample principal components

In reality ¥ and p may not be known. But with a sample from x € R?, ¥ has unbiased estimator S,,
and p can be estimated by sample correlation matrix R. By EVDs S;, = PAP’ and R = P,A.P)
where A = dlaug(/\l7 ...,Xq) and A, = diag(A1., ... XQ*) with A > Ag > -+ > //\\q > 0 and
)\1* > /\2* > > )\Q* > 0. Then the components of y = P'x and Ve ﬁiz are the sample
principal componentb of x and z respectively.

—tr

SAS for sample principal components
(i) Enter sample

data a;
infile "D:\ex1.txt";
input x1 x2 x3 x4 QQ;

(ii) Request sample PC for x

proc princomp cov;
var x1 x2 x3 x4;
run;

(3) Request sample PC for z

proc princomp;
var x1 x2 x3 x4;
run;

2. Principal component scores

(1)

Principal component scores for x
Based on sample x; € R%, i = 1,...,n, on x ~ (u, ¥), PC vector P'x is obtained. Then P’'x;,
i=1,...,n, are PC scores for x. It contains n values for each of ¢ sample PCts.

data a;
infile "D:\ex2.txt";
input x1 x2 x3 QG;
proc princomp cov out=b;
var x1 x2 x3;
rn;
proc print;
run;




displays x1, x2, x3, prinl, prin2, prin3.

(2) Principal components scores for z
Based on sample x; € R%, i = 1,...,n, on x ~ (u, 3), PC vector P/z is obtained. Then Pz; =
V_1/2(xi —1T),i=1,...,n, are PC scores for z. It contains n values for each of ¢ sample PCts.

data a;
infile "D:\ex2.txt";
input x1 x2 x3 QQ;
proc princomp out=b;
var x1 x2 x3;
rn;
proc print;
run;

displays x1, x2, x3, prinl, prin2, prin3.
3. Make use of principal components
(1) Factor model
Study on principal components leads to factor model.

(2) Select predictors
When selecting k predictors in a pool of q predictors for regression, the first k principal components
is one of the choice.

data a;
infile "D:\ex3.txt";
input y1 y2 x1 x2 x3 QQ;
proc princomp out=b;
var x1 x2 x3;
rn;
proc reg;
model yl1 y2=prinl prin2;
run;

Caution: In univariate regression we have many ways to select predictors, largest R2-criterion
for example. All those methods look at the relations of response and predictors. But using
principal components is only based on the behavior of x. The response did not participate in
the selection process.



