
L20: Two-sample estimation

1. Two-sample t-intervals

(1) A variable with t-distribution

l′(x− y)− l′(µx − µy)

sl′(x−y)
∼ t(n− 2) where s2l′(x−y) =

(
1

n1
+

1

n2

)
l′Sul.

Proof: x − y ∼ N
(
µx − µy,

(
1
n1

+ 1
n2

)
Σ
)

and CSSCP ∼ Wp×p(Σ, n − 2) are independent.

So l′(x − y) ∼ N
(
l′(µx − µy), σ

2
l′(x−y)

)
where σ2

l′(x−y) =
(

1
n1

+ 1
n2

)
l′Σl is estimated by

s2l′(x−y) =
(

1
n1

+ 1
n2

)
l′Sul where Su = CSSCP

n−2 and l′CSSCPl
l′Σl ∼ W1×1(1, n− 2) = χ2(n− 2)

are independent. So
l′(x−y)−l′(µx−µy)√(

1
n1

+ 1
n2

)
l′Σl

· 1√
l′CSSCPl
l′Σl(n−2)

∼ t(n− 2), i.e.,

l′(x− y)− l′(µx − µy)

sl′(x−y)
∼ t(n− 2).

(2) t-interval for θ = l′(µx − µy)
l′(x− y)± tα/2(n− 2)sl′(x−y) is a 1− α CI for θ.
(−∞, l′(x− y) + tα(n− 2)sl′(x−y)) is a 1− α lower-sided CI for θ.
(l′(x− y)− tα(n− 2)sl′(x−y), ∞) is a 1− α upper-sided CI for θ.

(3) t-tests
With t in (1) one can also test on hypothesis about l′(µx − µy). For example

H0 : l′(µx−µy) = δ0 versus Ha : l′(µx−µy) ̸= δ0

Test statistic: t = l′(x−y)−δ0
sl′(x−y)

Reject H0 if t < −tα/2(n− 2) or t > tα/2(n− 2)
(p-value: 2× P (t(n− 2) > |tob|).

2. T 2-Confidence region for δ = µx − µy

(1) Confidence region for δ = µx − µy

Because (X − Y − δ)′
((

1
n1

+ 1
n2

)
Su

)−1

(X − Y − δ) ∼ T 2(p, n− 2),

P

(
(X − Y − δ)′

((
1
n1

+ 1
n2

)
Su

)−1

(X − Y − δ) ≤ T 2
α(p, n− 2)

)
= 1− α.

Thus {δ : (X − Y − δ)′
((

1
n1

+ 1
n2

)
Su

)−1

(X − Y − δ) ≤ T 2
α(p, n− 2)} is a confidence region for

δ with confidence coefficient 1− α.
This confidence region is a ellipsoid in Rp with center X − Y .

(2) A relation
δ0 is in the 1− αT 2-confidence region for δ = µx − µy

⇐⇒ α-level T 2-test on H0 : µx − µy = δ0 fails to reject H0

(3) Smallest confidence coefficient
δ0 is in the 1− αT 2-confidence region for δ = µx − µy

⇐⇒ α-level T 2-test on H0 : µx − µy = δ0 fails to reject H0

⇐⇒ (p-value of the tet) > α ⇐⇒ 1− (p-value of the test) < 1− α
⇐= (Coffidence coefficient) > 1− (p-value).
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3. Simultaneous confidence intervals

(1) Bonferroni simultaneous CIs for l′i(µx − µy).
By Bonferroni method,

l′i(x− y)± tα/(2k)(n− 2)sl′i(x−y), i = 1, ..., k,

are k simultaneous CIs for l′i(µx − µy), i = 1, .., k, with overall confidence coefficient 1 − α.

(2) Scheffe’s confidence intervals

l′i(x− y)±
√

T 2
α(p, n− 2) sl′i(x−y), i = 1, 2, ....,

are simultaneous CIs for l′i(µx − µy), i = 1, 2, ..., with overall confidence coefficient 1 − α.

Proof By the extended Cauchy-Schwartz inequality
{l′i[(x− y)− (µx − µy)]}2

≤ l′i

[(
1
n1

+ 1
n2

)
Su

]
li [(x− y)− (µx − µy)]

′
[(

1
n1

+ 1
n2

)
Su

]−1

[(x− y)− (µx − µy)].

So
{l′i[(x− y)− (µx − µy)]}2

l′i

[(
1
n1

+ 1
n2

)
Su

]
li

≤ [(x−y)−(µx−µy)]
′
[(

1

n1
+

1

n2

)
Su

]−1

[(x−y)−(µx−µy)].

LetA =

{
[(x− y)− (µx − µy)]

′
[(

1
n1

+ 1
n2

)
Su

]−1

[(x− y)− (µx − µy)] ≤ T 2
α(p, n− 2)

}
and

Ii =

{
{l′i[(x−y)−(µx−µy)]}2

l′i

[(
1
n1

+ 1
n2

)
Su

]
li

≤ T 2
α(p, n− 2).

}
.

Then A ⊂ Ii for all i =⇒ A ⊂ ∩iIi =⇒ P (A) ≤ P (∩iIi) =⇒ P (∩iIi) ≥ 1− α.

But Ii =
{
l′i(µx − µy) ∈ l′i(x− y)±

√
T 2
α(p, n− 2) sl′i(x−y)

}
.
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