L18: Two-sample problem

1. Populations, parameters, samples and statistics

(1)

3)

Populations and parameters

Two independent normal populations: N(u,, X) and N (g, 2).

Two unknown mean vectors p, € RP and p, € RP.

One unknown common but unknown variance-covariance matrix 3 € RP*P,

We are interested in the comparison of p, and g, i.e., the inference on p, — py.

Samples
x; € RP,i=1,..,n1, is a random sample from N(p,, 3). X' = (x1,..,X,,) € RP*"™,
X € R"M*P is a data matrix from N(ug, X).

X/ ~ prnl (Nzll

n—1»

%, Im) — X ~ Np, xp(lm,ugm I, Z)-

yi € RP,i=1,..,n9, is a random sample from N(u,, ¥). X' = (y1,..,¥n,) € RP*"2.
Y € R™*P is data matrix from N(u,, X).

Y/ ~ NPXTLQ (/‘yl/np E? Inz) — Y ~ anxp(lnﬂj‘;y Inz? E)

Let Z' = (X', Y’) € RP*™ where n = ny +no. Then Z (;() € R™*P is the combined data matrix.
With D = (1,, 00 1,,) € R"*?%

Z' ~ Npxn ((,Uam Ny)D/a %, In) < Z ~ Nuxp (D(,um ,uy)I> I, E) .

Basic statistics
"oz X'1p, .

Zfillm =t is the mean of the sample from X.
"2y Y'lp, .

Zim v s the mean of the sample from Y.

(y:y) :2(X’, Y’) (181 12) (1/8“ 1%) =Z'D(D'D)~".

ol
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Matrix > i (2 — T)(z; —T) = X' (Im - 1”;#) X = CSSCP,, is from sample X.
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Matrix Y02 (vi —9)(yi —7) =Y’ (IM — %) Y = CSSCPy, is from sample Y.

Let CSSCP = 371 (z; —@)(x; — %) + 352, (y; — 9)(y; —y)' = CSSCP,, + CSSCP,,
7w 0 (X

1y n
(X7Y)< 0 1 1_171, v
no

> - Z/[In - D(D/D)_lD/]Z

Sampling distributions
(Z, ¥) ~ Npxe ((,uz,uy), %, <1/(;11 1/(; )) and CSSCP ~ Wy, (0, ¥, n — 2) are independent.
2
Proof Note that Z' ~ Ny ((fe, pty) D', 2, I,).
— _ ]./77,1 0
— / / 1 ~

SO (1‘7 y)_ZD(D D) pX2 ((Mm7 IU/y)7Za ( 0 1/7’1,2))

Thus z ~ N (uz, n%) andy ~ N (uy7 %) are independent.

CSSCP = Z'[I — D(D'D)™'D'|Z ~ Wpy,p(0, &, n — 2).

Z'D(D'D)~! and Z'[I—D(D’'D)~*D'] are indep. since [D(D'D)~''I,,[I—-D(D'D)~*D'] = 0.
Therefore (z, ) and CSSCP are independent.



2. Point estimators a variable with T2-distribution

(1) Point estimators for pi,, p, and

With z, S, = %?Pl and S, CS§CP” from sample X only,
T is MLE for u,, S, is MLE for ¥ and S, is an UE for X.
nd Sy, = CSSCPU , from sample Y only,

n2

Y is MLE for by, Sy is MLE for ¥ and Sy, is an UE for X.

With 7, S, = CSEEPv

With § = w and S, = %, from the combined sample Z,

L(pas py, X) = Li(pe, B) - La(py, ?) < Ly(z, E)l‘ La(y, X)
= LT, ¥, %) = Grymrespre ©XP [-1(z-Y/2Csscp 212

L@, 7, S) = (=) |cssap /2.

2me

A

Thus =, ¥ and S are MLEs for p,, 1, and ¥; 7, ¥, and S,, are UEs for p,, p, and X.
(2) Point estimator for fi, — py
T~N (ux, n%) and gy~ N (uy, n%) are independent.

Sof—wa(,ux—uy, (n%—ki) E). Thus = — ¥ is an UE for p, — py.

3) 1@ -7~ () (% + —) 5.) 1@ ) — (e — )] ~ T2~ 2).

Proof Note that Z—2) (= —ttv) ( Lr My} ~ N(0, X) is independent to CSSCP ~ Wy, (Z, n — 2).

1 1

Thus

=-7) (l"'r Hy ] (C SCP [(E Y)—(pa— ,uy)] NTQ(p n_2)

n—2
ny Tag A tas
1 2 "1 ng

-1
Therefore [ — F) — (jta — p1y)]’ ((nl + ,%) Su) (T —7) — (sto — 1y)] ~ T*(p, n — 2).
3. Computations for z, CSSCP,, y and CSSCP,,.

(1) Two sample data
In SAS a class variable with two values identifies each observation into two samples.
The class variable could be numeric variable of character variable.

data a; data a;
infile "D:\ex.txt"; infile "D:\ex.txt";
input yl1 y2 y3 Sname QQ; input y1 y2 y3 Sname $ QG;

(2) Proc corr for each samples

proc sort;
by Name;
proc corr CSSCP nocorr;
var yl y2 y3;
by Name;
run;




L19: Two-sample T2-tests

1. Two-sample T2-tests

(1)

A T?-tests
With two populations and two samples. For Hy : piz — pty = vo versus Hy @ pip — fy 7# Vo,

—1
T? = (T—y—vo) [(i + i) Su} (T —y—vo) measures the squared distance between estimated

ni n2

Mz — ly, T — Y, and hypothesized pi; — piy, vo. It is reasonable to reject Hy when T? is large.

Hy @ py — py = vo versus Hy @ py — iy 7 vo

~1
Test statistic: T2 = (T — 7§ — vp)’ [(n% + n%) Su] (T —7 — o)
Reject Hy if T? > c.

An a-level T?-test

In (1) replace ¢ by T2(p, n — 2). Then T?|Hy ~ T?(p, n — 2). So

P(Rejecting Hy | Hy is true) = P(T? > T2 (p, n — 2) | Hy)
= P(T*(p,n—2)>T3(p,n—2)) =

P(Type I error)

Thus the test is an a-level test.

Comment: T(f(p7 n—2)= Eln pQ)fF (p,n—p—1).

P-value
In (1) replace the rejection rule by a formula, | P-value: P(T?(p, n —2) > T.,) | Then

a-level test rejects Hy <= T2 > T2(p, n—2)

<~ P(T?*(p,n—2)>T3) < P(T%*pp, n—2) >T%(p, n —2))

— P(T*p,n-2)>15) <«

<= P(T?*(p, n—2) >T2) is the observed significance level.
Comment: P(T%(p,n—2)>T2%)=P (fl" p2)’1’F p,n—p—1)> be)

-y (F(p, n-p-1)> % pZ);Tgb) = P(F(p,n—p—1)> Fy).

2. Implementation by proc reg

(1)

Regression representing two populations
In regression y = 121 + fax2 + €, € ~ N(0, X), suppose 1 and x5 are two indicators for two
populations, i.e.,

| 1 The obs is from Population 1 d o — 1 The obs is from Population 2
i 0 Otherwise anc 2 0 Otherwise

When 21 =1, 2z =0 and y ~ (81, X); When 25 =1, 3 =0 and y ~ N (3, X).

So the regression represents two normal populations with possible different mean vectors and a
common variance-covariance matrix.

Testing on Hy : iz — ty = Vg

The test on Hy : p1z — pty = vo becomes the test in the regression on Hy : 81 — B2 = vo.

Here we consider the case for vg = 0.

data a;
infile "D:\ex.txt";
input yl1 y2 Sname $ QG;
if Sname="A-1" then do;
x1=1; x2=0; end;
if Sname="A-2" then do;
x1=0; x2=1; end;

proc reg;
model y1 y2=x1 x2/noint noprint;
mtest x1-x2=0;
run;




(3) SAS output

Statistic Value F Value Num DF Den DF Pr >F
Wilks” Lambda 0.4964 8.12 2 16 0.0037
Pillai’s Trace 0.5036 8.12 2 16 0.0037
Hotelling-Lawley Trace 1.0147 8.12 2 16 0.0037
Roy’s Greatest Root 1.0147 8.12 2 16 0.0037

T? = (1 —1) (n—2) = (5a5a3 — 1) X 17=17.25; A + (Pillai trace) = 1.
T? = (H — L trace)(n — 2) = 1.0147 x 17 = 17.25; (H — L trace) = (Roy Root).
P(T?(2,17) > 17.25) = P (F(z, 16) > 0. x 17.25 = 8.12) =0.0037

17x2
(4) Report

Hy: py —py =0 versus Hy @ pig — fty 7 0
-1
Test statistic: 7% = (T —7)’ [(i + 1 ) Su} (T —7)

ni n2

p-value: P(T%(2,n —2) > T3).

p-value: P(T?(2,17) > 17.25) = P(F(2, 16) > 8.12) = 0.0037
Reject Hy at the level 0.0038.

2
(5) Test py — py = <10)

P — fy = <120> = g = Hy F <120). So we can change the second population to the one with

mean fi, + 120 and test the equal means in new setting.
data a;
infile "D:\ex.txt"; proc reg;
input y1 y2 Sname $ Q@; model yl1 y2=x1 x2/noint noprint;
if Sname="A-1" then do; mtest x1-x2=0;
x1=1; x2=0; end; run;
if Sname="A-2" then do;
x1=0; x2=1;
yil=y1+2; y2=y2+100; end;

3. Implementation by proc anova

(1) SAS code

data a;
infile "D:\ex.txt";
input yl1 y2 Sname $ @@;
proc anova;
class Sname;
model y1 y2=Sname/nouni;
manova h=Sname;
run;

(2) SAS output
See (3) in 2.

(3) How to test piy — o = vg?



