L11: One-sample estimation

1. Point estimators

(1) Likelihood function
X, @ = 1,..,n is a random sample from N(p, ). From this sample

L(/J“a E) = H?:l Szﬂ)p/é‘2|1/2 €xXp [_%(Xi - /J')Z_l(xi - ;U’)}
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(2) Maximum likelihood estimator (MLE) for

Clearly L(u, ¥) < L(z, ¥) = W exp [—%tr(E_l/Q CSSCPp 2_1/2)] for all 4 and X.
So = is MLE for p.

(3) MLE for ¥

By EVD, ©~1/2CSSCP x~1/2 = PAP'.
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Ing(X\)]" =% ;2} < 0. So g(\;) is maximized at A\; = n. Hence L(Z, ¥) is maximized at
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So § = CS5CP i MLE for ¥.
Comment: L(z, S) = (ﬁ)np/2 |CSSCP|~—"/2.

(4) Properties
T~ N (u, ) = E(Z) = p => T is an unbiased estimator (UE) for p.
S~ Wpkp (2,n—1) = E(S) = =1% # ¥ = S is a biased estimator for X.
S~ Wpxp (%, n— 1) = E(S,) =% =S, is an UE for X.

2. Confidence intervals

(1) E=Le ~ N0, 12)

T~N (u, Z) =1z ~ N(I'y, 0}) where o} = l/% So l’i%“ ~ N(0, 12).

'S, (n—1
(2) EEl=l) o 32(n —1).
Sy ~ Wysp (i n— 1) = 'Syl ~ Wiy (%, n— 1) = % ~ Wixi(n —1), ie.,
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(3) LZ=le L 4(n —1).

Si'z
’ ’ ! . . . . p—
012,5 = % has UE 312,5 = ZST“Z Syz = lf—;‘l is estimated standard deviation of I'Z.

7 and S, are independent== —Z=LL_ t(n—1).
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But [t > i S|z . Thus T ~ t(n — 1)

(4) 1 — « confidence interval for I’y
'z £t,/9(n—1)spzisal—a CL for I'p.

Proof 1 —a = P(—ty(n—1)<t(n—1)<tynn-1))
= P (_toz/2(n - 1) < l,il_%l“ < ta/Z(n - 1))
= P (llf - ta/g(’n, - I)Sl/f < l/‘u < l/f+ ta/g(’n, - 1)51/5) .
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Ex1: With [ = e;, eju = p;; €T =7, s
T; £ to2(n — 1)sz, is a 1 — a confidence interval for ;.
(5) Simultaneous Cls: Bonferroni method

Suppose there are k confidence intervals, each has confidence coefficient 1 — . Then these k

intervals are simultaneously true with probability > 1 — «a.

Proof Let I; be the ith confidence interval. Then P(f;) > 1—%,i=1,...,k. So
P(ILin---NlI) 1-P(Lin---NI)°)=1-PUfU---UI)

1= [PIf) 4+ P =1-[(1 = P(L)) + -+ (1= P(I))] -

l—k+[PI)+ - +PIp)]>1-k+k(1-%)=1-a

[V

Ex2: [T +tq/r(n—1)syz, i = 1,.., k, are simultaneous confidence intervals for lju, i = 1,.., k,
with overall confidence coefficient 1 — .

3. Confidence region for

{nerr: @—p () @-—w <2, n-1)}
is a confidence region for p with confidence coefficient 1 — a.

Proof P ((Tf,u)’ (%)_1 (T —p) <T%(p,n— 1)) =1—-a.

Comments: This region is an ellipsoid in RP with center T.
-1
T2(p,n—1) = “=U2F, (p, n - p).



L12: Schefee’s intervals

1. Recall
Consider p € RP in N(u, X).

(1) t-intervals

I'Z £ to/2(n—1)spzisal—a CI for I'p.

’ . . . . —
Here sz = 4/ % is estimated standard deviation of I'Z.

Zitta0(n —1)sg, isa 1l —a CI for ;.
Here sz, = 1/ % is estimated standard deviation of ;.

(2) Bonferroni intervals

LT £ o2k (n — Dsyz, i =1,..,k, are simultaneous CIs for Lp,i=1,.,k,
with overall confidence coefficient 1 — «.

Ti *toyr(n —1)sz,, i = 1,.., k, are simultaneous CIs for u;, i = 1,.., k,
with overall confidence coefficient 1 — a.

(3) Confidence region

— -1 —
{MERP: (n—17) (%) (u—x)STO%(p,n—l)}
is a confidence region for p with confidence coefficient 1 — a.

2. One-sided confidence intervals

(1) Lower-sided confidence interval

(=00, I'T + to(n — 1)spz) is a lower-sided 1 — « confidence interval for I’fs.

Proof Note that llfl%/“ ~tn—1) <= ll‘t%/i ~t(n—1).

l-a = P(—oo<t(n—1)<ta(n—1)):P(—oo< l’g%faa(n—n)
= P(-oco<lu<lVT+to(n—1)syz).
Ex1: (—o0, T; + to(n — 1)sz,) isa 1 —a CI for p,.

(2) Upper-sided confidence interval

(I'T —to(n — 1)spz, 00) is an upper-sided 1 — « confidence interval for I’p.

Proof Note that ll‘;l%lf ~t(n—1).

l—a = P(—ta(n—1)<tn—1) <) :P(—ta(n—l) < Lt o oo)
= PUT—toa(n—1)spz <l'p < 00).
Ex2: (T; —to(n —1)sz,, o0) is a 1 — a CI for ;.
3. Schefee’s simultaneous Cls

(1) Extended Cauchy-Schwartz inequality
For z, y € RP, (2'y)? < (2'z)(y'y) is Cauchy-Schwartz inequality.
With A > 0, for A='/2z and A2z,
(2'y)? < (2’ A7'x)(y' Ay) is extended Cauchy-Schwartz inequality.



(2) A lemma
If 2’ A=12z < ¢, then —/c (v Ay) < 2’y < /e (y Ay).
Proof Suppose 2’ A~ 'z < c. By extended Cauchy-Schwartz inequality,
(¢'y)? < (2’ A1) (y' Ay) < c(y' Ay).

So —\/c(y'Ay) < z'y < /e, (¥ Ay).

(3) Schefee’s simultaneous CIS

U+ /T2(p,n— 1) spz, i =1,2,....,
are simultaneous Cls for I}y, i = 1,2, ...., with overall confidence coefficient 1 — a.

Proof In Lemma with x =T — pu, y =1;, A= % and ¢ = T2(p,n — 1),

n

Let B; = [—/c, (y'Ay) <a'y <\/c(y'Ay) |
= | \/T20 0 - DS < U - Uz <\ T2, n— 1) 1520
= |=VT3p,n—1) sz < lip— LT < \/TZ(p, n — 1)3125}
= LT —/TZp,n—1)spz <lip <Ux+/TZ(p, n—1) Sz;a} :

BytheLemma, E0CEZ:>E0CQZEZ:>P(E0)SP(ElmEgﬂ)
But P(Ey) =1—a. So P(EyNE;N---)=1—a.

Let By = [¢/A 'z <= {(f— w) (@)71 (T—p) <T2(p, n — 1)} .

Comments: Consider CI for {'p.
If the CI is for I’y only with confidence coefficient 1 — «, then the width of the interval is
wy = 2ta/2(n — 1D)spz.
If the CI is one of k£ Bonferroni intervals with overall confidence coefficient 1 — «, then the
width of the interval is wo = 2t4 /21y (n — 1)s1z.
If the CI is one of Schefee’s interval with overall confidence coefficient 1 — o, then the width
of the CI is w3 = 24/T2(p,n — 1) sy/z.

T2(p,n—1) = ZZ2F, (p.n —p).

n



