L09: Sampling distributions of SSCP, CSSCP, S and S5,

1. Wishart distributions

(1)

Wishart distribution

Recall: X' ~ Npun(M, 2, 1)) = X' X ~ Wy, (MM, X, n).
Distribution relation: [Npxn(M, , L)]|[Npxn(M, X, L)) = Wyxp(MM', £, n).
When determining the parameters in Wishart we follow that in the first normal matrix factor.
Ex1: Using Y ~ Ny, xn(M, 3, ¥) to construct a matrix with Wishart distribution.
Y ~ Npscn (M, 2, U) = YUY2 ~ Ny (MU~Y2 5 1),
So (YU V2 (YU 12) ~ W (My=12)(MU~1/2) 2, n), ie.,

YUY ~ W (MITM ) 2, n).
Relation to x2-distribution

X2(V7 k) = Wlxl(Va 17 k')

Proof Recall: x € N(u, I;;) = x'x ~ x*(1'u, k). So

[N (s 1)) [N (py 1)) = [Nigsca (g Loy D) [Nisca (s Iiy 1)]
= [Nixr(p, 1, 1)) [Nixe (@', 1, I)] ~ Wixi (', 1, k).

So x%(v, k) = Wixi(v, 1, k).
Ex2: x2(k) = x%(0, k) = W1x1(0, 1, k) = Wi (k).
Lemma

X" ~ Npxn(M, 3, I,) and A’ = A2 = A € R™*" with rank(A) = r.
Then X'AX ~ Wy, (MAM', 3, 1).

X2 (', k)

Proof If A’ = A? = A € R™*" with rank(A) = tr(A4) = r,
then A = PP’ where P € R"*" and P’P =1I,. So X'P ~ Npx,(MP, ¥, I,.).
Thus X'AX = (X'P)(X'P) ~ Wyup(MP)(MPY, %, 1) = Wy p(MAM', 3, 7).
Theorem
X'~ Npxn(M, 5, 0). A =A€ R"™", AUA = A and rank(4) =r.
Then X'AX ~ Wyxm(MAM', ) 7).

Proof X' ~ Nyxn(M, %, ¥) = X'U~ Y2 ~ Ny (MU~V2 5 1),
A= A= (VZAW2) = G2 A0Y2 AVA = A = (U/2A01/2)2 = 912 49!/
and rank(¥'/2A¥/2) = rank(A) = r. By the last Lemma
(X’\Ilfl/Q)(\Ill/QA\Ill/Q)(X’\Ilfl/Q)’ ~ Wonsm ((]\4\1171/2)(\1,1/214‘1/1/2)(]\4\1171/2)7 v, 7,)'
Thus X'AX ~ Wxm(MAM', 3, 7).

Ex3: Back to Ex1, Y ~ Ny, xn(M, 3, ¥). (U1 =01 =19 ¥~! = ¥~ and rank(¥ 1) = n.
Thus YUY ~ Wyum (MU 1M’ 5, 7). This verifies the result in ExI.

2. Expectation of Wishart distributions

(1)

E(2' Ay) = pi, Apy + tr(AXy, ).
E(x) =, € R?, E(y) = 1y € R? and Cov(y, x) = Yyx € RI*P.
Then E(x'Ay) = pl, Apy + tr(AX,,).

Proof Note that ¥,, = Cov(y, z) = E(yz’) — pypl,. So

E(z'Ay) = Eltr(a’Ay)] = Eltr(yz’ A)] = tr[E(ya’ A)] = tr[E(yz') A
= tr[(Sya + pypy) Al = tr(uypyA) + tr(Sye A) = py Apy + tr(ASy,).



Ex4: If x ~ (u, ), E(x'Az) = p/ Ap + tr(AX). This is a formula we saw before.
(2) Theorem
If X € R™*™ and X ~ (M, X, ¥), then BE(X'AX) = M'AM + tr(AX) ¥ and
E(XBX') = MBM' + tr(BY) X.

Proof Sketch:

B(X'AX) = E[(¢}, X' AX €jn)nxn] = - = M'AM + tr(A%) ¥
Comment: Determine tr(AX)¥ and tr(BY¥)Y by the dimensions of X’AX and X BX'.
Ex5: From z ~ (p, ¥) = (p, 3, 1), E(2’Az) = p/ Ap + tr(AXD) - 1.

E(zba') = pbp/ +tx(b-1) 2 = E(@x)=puw' +X = X =E(z2’) — pu'.

(3) E[Wpxp(D, %, k)] =D+ kX

Proof W ~ W,x,(D, X, k) = W = X'X where X' ~ N,xx(M, X, I};) and MM' = D.
E(W) = E(X'I,X) = MM’ + te(ly - [t)S = D + k X
Ex6: E[Wpyy(S, k)] = KX and E[Wpxp (k)] = E[Wysp(Ly, k)] = kL,

3. Sampling distributions
X € R"*P is data matrix from N(p, X).
So X' = (x1,..,%Xn) ~ Npxn(pl,, X, I,).

(1) Distribution of SSCP
SSCP = Y"1 xix; = X'X ~ Wyp(nup', 2, n).  E(SSCP) =n(up + ).

(2) Distribution of CSSCP
CSSCP = 3 (x; — %) (x; — %) = X' (In - L) X,

n

I, — % is symmetric idempotent with rank n — 1.

S0 CSSCP ~ Wpyp(0, £, n— 1) = Wyup(S, n— 1).  E(CSSCP) = (n—1).

(3) Theorem
W~ Wyp(D, S, k) and A € RIXP = AW A’ ~ W,y y(ADA', AS A, ).

Proof W ~ W,.,(D, £, k) = W = X'X, X' ~ Npxr(M, %, I;), D = MM’

So AX' ~ Nyxi(AM, AXA’, I};) and

AW A’ = (AX')(AX") ~ Wiy p(AM(AM), ASA', k) = Wora(ADA', ASA' k).
Ex7: With CSSCP ~ Wyy,(Z, n — 1),

S = C85CL — B CSSCP 2 ~ Wy (2, n—1).  B(S) = 2%

Sy = 5L — — - CSSCP 2 ~ Wiy (% n— 1). E(S.) =%




L10 Hotelling’s T?-distribution

1. Hotelling’s T2-distributions

(1) Definitions

Suppose X ~ N(p, I,) = Npx1(p, Ip, 1) is independent to W ~ Wy, (k).
Then T? = X (%)_1 Xo ~ T?(u, p, k) is called a Hotelling’s T2-distribution with
non-centrality parameter vector p from Xy, dimension parameter p from both X, and W, and
degrees of freedom k from W.
Comment: T2(0, p, k) = T?(p, k) is called a central T2-distribution
Ex1: If Xy ~ N(y, I,) is independent to W ~ Wy, (k), then
-1
(Xo— ) (%) (Xo —p) ~T?(p, k).
(2) Relations
T*(p, 1, k) = [t(p, k)]* = F(u®, 1, k).

Proof If T? ~ T?(u, 1, k), then T? = X (%)_1 Xo where
Xo ~ N(p, 12) is independent to W ~ Wix1(k) = x2(k).
2

-1 X5/
But 7% = X{ (%) " Xo = ( );[‘/’/k> and T? = V{}/k where

X 5/1
w;’/k ~ t(u, k) and V{S/k ~ F(u? 1, k).

Thus T?%(p, 1, k) = [t(u, k)]? = F(u?, 1, k).
Comment: T2(1, k) = [t(k)]? = F(1, k).

(3) Theorem
Suppose Xo ~ Np(u, ) is independent to W ~ Wy, (2, k). Then

Wy -
X(/) <k> XO ~ T2(E 1/2lu‘> b, k)

— —1/2 — -1
Proof Note that X} (%)™ Xo = (S71/2xp) (22022 ) - (m712K,),
But Xo ~ N,(1, &) = 712Xy ~ N(Z™12p, 1,);
W~ Wyp(E, k) = STIRWRT2 pxp(Ips k) = Wpp(k);
X, and W are independent = £~1/2X and ¥~/2WX~1/2 are independent.
— —1/c — -1
Thus X(’) <%) 1X0 _ (2_1/2X0)/ (2 /212/2 1/2) (E_I/QXO) ~ T2(2_1/2M7 P, k)

Corollary: Suppose X ~ Np(u, ) is independent to W ~ Wy, (2, k). Then

Co-w' () o)~ T2 )

%)

2. Distribution of T2 = (X — o)’ (7“)71 (X — 1o)-

(1) Theorem
X ~ Nypn (M, S, ).
AXB and CXD are independent <= AXC' =0 or B'UD =0

Proof Skipped.

Ex2: X and CSSCP of sample from N(u, ) are independent.
Let X € R"*P be data matrix for a sample from N(u, ). Then X' ~ Npy, (pll,, 3, I,,).



So X’ ( ﬁl) and X' (In — 1"71;‘) are independent since (%)/In (In — %> =0.

! ’ /
Hence X’ (42) and [X’ (In - %)} [X’ (In — %)} are independent.
Thus X and CSSCP are independent.

(2) (% —po) (52) " (X~ o) ~ T2/l — o), p, n — 1).

Proof Let X and CSSCP be from N(u, ). Then
CSSCP ~ pxp(Z, n — 1); X and CSSCP are independent.
-1
So /(% = o) (CE5SE) /(% — o) ~ TS V2l — puo), p, m = 1),
_ -1,
Thus (X — ) (52) 7 (X = o) ~ T* (72 /(i — po), p, n = 1).
Ex3: With o = 1, (X — 1) (52) 7' (X — ) ~ T2(p, n — 1).

n

3. Relations to F-distributions

(1) Theorem
T (p, p, k) = 5 2g F('p, py bk —p+1)
T2(p, k) = g 2q Flp, k—p+1)

Proof Skipped.

Comment: There are tables for central F-distributions in most textbooks, but not for non-central
F-distributions.

Ex4: T?(p, 1, k) = - §i1F(/‘/“7 L,k—1+1)=F(u? 1, k). Result in (2) of 1 is verified.

(2) Based on a sample from N(u, X),
(% — o) (8) " (X—po) ~ TSV /n(p— po), p,n—1)
= R E(n(p— o) S~ (1 — o), p, m — D).
(=) (5) 7 &= p) ~ T2, n— 1) = 2R, p).

Ex5: Let T2 = (X — )/ (S¢) " (X — ) with p = 3 and n = 10. Find P(T? > 4).

= (X -y (5) (X -
~ Tp,n—1)=2Up(p, n—p) = BLF(3,10-3) = ZF(3, 7).
P(T?>4)=P(2F(3,7)>4) =P (F(3,7) > g—i) = P(F(3,7) > 1.037) = 0.4331

Ex6: W ~ Wi1(25,5). Find P(W > 10).
WNW1><1(25, 5):> %W%N%W1><1(25, 5)% :Wlxl( R ) Wlxl( ) X2(5).
So ¥ ~ x2(5). Thus P(W > 10) = P (x*(5) > 12) = P(x*(5) > 0.4) = 0.99533.



