LO01: Outline of multivariate analysis

1. Univariate statistical analysis

(1)

Population, distribution and parameters

Consider the scores of first Calculus exam for all freshmen. All freshmen form a population of
objects, but all scores form a population of interest for the analysis.

Let X be a score in the population. We know the distribution of X if we know P(a < X < b) for
all a < b. This distribution is often given by a probability density function (pdf) f(z) > 0 such
that P(a < X <b) = ff f(z)dz. This X is a random variable representing the population. For
example X ~ N (u, 0%). Here the distribution class is specified with unknown parameters u and

2.

Sample, statistics and sampling distributions
Let x1,...,z, be a random sample from the population. Then z1,...,z, are i.i.d (independent,

T
identically distributed) with the population distribution. x = | : | called data vector represents
LTn
the sample.
—\2
Functions of data vector are statistics, for example, T = % and s2 = % are statistics.

Statistics are random with distributions called the sampling distributions. For example
Z ~ N(u, 02/n) and 3 (z; — T)% ~ 0?x%(n — 1).

Statistical inference

Point estimators:  is estimated by T, o2 is estimated by s?;

Interval estimators: T =4 t,/o(n — l)ﬁ isal—a C.L for p.

Test on Hg : =5 versus H, : o < b with test statistic t = f/?/% rejects Hy if t < —to(n —1).
2. Multivariate statistical anaysis
(1) Population, distribution and parameters
1 height
The collection of x = [ z2 | = SAT score for all freshmen form 3-variate population.
T3 Calculus I score

3)

The distribution of x is often given by its pdf f(z1,z2,23) > 0 such that
for AC R} P(x€ A) = // f(z1, 22, x3)dx1drodrs.
A

The distribution of x could be specified with unknown parameters, for example x ~ N(u, X)
where p and 3 are parameters.

Sample, statistics and sampling distributions

Ti1 T
Let x; = ©|,i=1,..,n, be a random sample from | : |. This sample is given by data
Lip Tp
X)
matrix X = € R"*? ie., X' = (X1,...,X,) € RP*™. Functions of X are statistics with
!
X

n
distributions called sampling distributions.

Statistical inference
in multivariate analysis includes estimation, hypothesis testing.

The things we will explore in this class will have their positions in the outline described.



3. Basic statistics from multivariate sample

(1) Data matrix
Let X € R™*P be a data matrix that contains a sample of size n from a p-variate population.

Ti1
X' = (x1, ..., X, ) where x; =
Tip
(2) Sum vector and SSCP matrix
1
Sum > % = (X1,..,%p) | 1 | =X'1, € RP
1
X}
M =" xx) = (x1,..%x0) | 1 | € RPXP.
X/

My, = > (X)) ek = Doiy :cf: is a Sum of Squares.
M, = >0 (xiXh) jk = D orq @ik is a Sum of Cross Product.
So M = X’'X € RP*? ig referred to as SSCP matrix.
(3) Sample mean and CSSCP matrix
Sample mean T = # = % € RP.
X' —71), = (x1 — T,...,xn, — T) is a Correction made to X' = (x1, ..., Xp).
S (xi = X)(x —T) =D XX, — W =Y, x;x; —nxX X' is CSSCP matrix.
CSSCP= X/ (1, - 1212) X = X'HX.
Here H=1, — % € R™ ™ has properties (i) H' = H (ii) H?> = H (iii) H1,, =0
(4) Sample variance-covariance matrix

There are two sample variance-covariance matrices.
S — C’SiCP _ X/%X Su _ ¢gsscp _ X/,Elx

n—1

Ex: 1.4.1 p22
yr =Ax,+b,r=1,..,n. Show (i) y = AX+b. (ii) S, = AS,A".

Let X' = (X1, ...,%Xp). Then Y' = (y1,..,yn) = AX' +bl/.

N = _ Y1, _ (AX'+bl/)1, _ A —
Hy="== - =AX+b.

(i) Sy = Y'BY = (AX' + b1} )E(AX' +b1,) = AX'EXA’+0+0+ 0= AS,A’.



