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1. 1.4.2 without (i)-(iv) p22
Let S(α) = 1

n

∑n
r=1(xr − α)(xr − α)′. Show that S(α) = S+ (x− α)(x− α)′.

Hint: Write xr − α = xr − x+ x− α.

S(α) = 1
n

∑n
r=1(xr − α)(xr − α)′ = 1

n

∑n
r=1(xr − x+ x− α)(xr − x+ x− α)′

= 1
n

∑n
r=1(xr − x)(xr − x)′ + 1

n

∑n
r=1(xr − x)(x− α)′

+ 1
n

∑n
r=1(x− α)(xr − x)′ + 1

n

∑n
r=1(x− α)(x− α)′

= S+ 0(x− α)′ + (x− α)0′ + (x− α)(x− α)′

= S+ (x− α)(x− α)′

2. 1.4.2 (ii) p22 Show that tr(S) = minα tr[S(α)].
Hint: tr(A+B) = tr(A) + tr(B) and tr(CD) = tr(DC).

By the result in 1.4.2 and formulas tr(A+B) = tr(A) + tr(B) and tr(CD) = tr(DC)

tr[S(α)] = tr[S+ (x− α)(x− α)′] = tr(S) + tr[(x− α)(x− α)′]

= tr(S) + tr[(x− α)′(x− α)] = tr(S) + ∥x− α∥2 ≥ tr(S).

Thus tr(S) = minα tr[S(α)].

3. 1.5.1 p23

Data matrix X =

x′
1
...
x′
n

 = (x(1), ..,x(p)) ∈ Rn×p. Let M = (mij)p×p = X′X ∈ Rp×p.

(1) Show that mij = x′
(i)x(j) and mii = x′

(i)x(i).

M = X′X =

x′
(1)

...
x′
(p)

 (x(1), ..,x(p)). So mij = x′
(i)x(j). With i = j, mii = x′

(i)x(i).

(2) Show that mij = n(sij + xi xj) and mii = n(sii + x2
i ).

Hint: Express nS via M and x and take elements (i, j).

S = X′H
n X. So nS = X′HX. But H = In − 1n1

′
n

n .

So nS = X′X− X′1n1
′
nX

n = M− nxx′.

Take (i, j) elements of both sides. nsij = mij + nxi xj .

Therefore mij = n(sij − xi xj). With i = j, mii = n(sii − x2
i .
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