
Quiz 1

1. Zt is a sequence of independent standard normal random variables.

Let Xt =

{
Zt t is odd
aZ2

t−1 + b t is even

(1) Find the mean function of Xt. (5 points)

E(Xt) =

{
E(Zt) = 0 t is odd
E(aZ2

t−1 + b) = a+ b t is even

(2) Find the autocovariance function of Xt. (5 points)

γ(0) = var(Xt) =

{
var(Zt) = 1 t is odd
var(aZ2

t−1 + b) = 2a2 t is even

γ(1) =

{
cov(X2t, X2t+1) = cov(aZ2

2t−1 + b, Z2t+1) = 0
cov(X2t−1, X2t) = cov(Z2t−1, aZ

2
2t−1 + b) = 0

γ(−1) =

{
cov(X2t, X2t−1) = cov(aZ2

2t−1 + b, Z2t−1) = 0
cov(X2t+1, X2t) = cov(Z2t+1, aZ

2
2t−1 + b) = 0

γ(h) = 0 when |h| > 1.

(3) Is Xt a strictly stationary time series? (5 points)

No. If Xt is strictly stationary, then X1 = Z1 ∼ N(0, 12) and Z2 = aZ2
1 + b ∼ aχ2(1)+ b

would have had the same distribution. But they do not.

(4) Is X2t+1 a strictly stationary time series? (5 points)

Yes. X2t+1 = Z2t+1 are iid N(0, 12) and hence is strictly stationary.

(5) Is X2t a stationary time series? (5 points)

X2t = aZ2
2t−1 + b are iid aχ2(1) + b and hence is strictly stationary.

Also var(X2t) = 2a2 < ∞. So E(X2
2t) < ∞. Thus X2t is stationary.

(6) Find conditions on a and b such that Xt is a white noise. (5 points)

If a = 1√
2
and b = − 1√

2
, then Xt represents an uncorrelated series with mean 0 and

variance 1, and hence is a white noise.

(7) Under the conditions in (6) are Xt and Xt+1 independent? (5 points)

No. X2 =
1√
2
Z2
1 − 1√

2
∼ 1√

2
χ2(1)− 1√

2
.

But X2|(X1 = 1) = 0 ̸∼ 1√
2
χ2(1)− 1√

2
. So X1 and X2 are not independent.

(8) Under the conditions in (6) are Xt and Xt+1 identically distributed? (5 points)

No. X1 = Z1 ∼ N(0, 1), but X2 =
1√
2
Z2
1 − 1√

2
∼ 1√

2
χ2(1)− 1√

2
.
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2. Xt is stationary with mean µX and ACVF γX(h). Yt is stationary with mean µY and ACVF
γY (h). Xt and Yt are independent, i.e., Xr and Yt are independent.

(1) Is Xt + Yt stationary? If yes, find its mean and ACVF. (10 points)

Yes Xt + Yt is stationary with E(Xt + Yt) = µX + µY and
γX+Y (h) = cov(Xt + Yt, Xt+h + Yt+h) = γX(h) + γY (h).

(2) Is Xt − Yt stationary? If yes, find its mean and ACVF. (10 points)

Yet Xt − Yt is stationary with E(Xt − Yt) = µX − µY and
γX−Y (h) = cov(Xt − Yt, Xt+h − Yt+h) = γX(h) + γY (h).

(3) Is Xt · Yt stationary? If yes, find its mean and ACVF. (10 points)

Yes Xt · Yt is stationary with E(Xt · Yt) = µX · µY and
γXY (h) = cov(XtYt, Xt+hYt+h) = E(XtYtXt+hYt+h)− E(XtYt)E(Xt+hYt+h)

= E(XtXt+h)E(YtYt+h)− µXµY µXµY

= [γX(h) + µ2
X ][γY (h) + µ2

Y ]− µ2
Xµ2

Y

= µ2
XγY (h) + µ2

Y γX(h) + γX(h)γY (h).

3. X1, X2, X4, X5 are observed from Xt = ϕXt−1 + Zt ∼ AR(1)
where Zt ∼ WN0, σ2) and 0 < |ϕ| < 1.

(1) Find the best linear predictor P2X8 of X8 using X1 and X2.
What is the corresponding mean squared error? (15 points)

Xt = ϕXt−1 + Zt ∼ AR(1) =⇒ E(Xt) = 0 and γ(h) = ϕhσ2

1−ϕ2 .

Γ2 = Cov

((
X1

X2

))
= σ2

1−ϕ2

(
1 ϕ
ϕ 1

)
and γ2 = Cov

((
X1

X2

)
, X8

)
= σ2

1−ϕ2

(
ϕ7

ϕ6

)
a2 = Γ−1

2 γ2 =

(
1 ϕ
ϕ 1

)−1(
ϕ7

ϕ6

)
=

(
0
ϕ6

)
. So P2X8 = a′2

(
X1

X2

)
= ϕ6X2.

The mean squared error: γ(0)− a′2γ2 =
σ2

1−ϕ2 − (0, ϕ6) σ2

1−ϕ2

(
ϕ7

ϕ6

)
= 1−ϕ12

1−ϕ2 σ2.

(2) Find the best linear estimate of the missing value X3 using X4 and X5.
Compute the mean squared error of this estimate. (15 points)

Xt = ϕXt−1 + Zt ∼ AR(1) =⇒ E(Xt) = 0 and γ(h) = ϕhσ2

1−ϕ2 .

Γ2 = Cov

((
X4

X5

))
= σ2

1−ϕ2

(
1 ϕ
ϕ 1

)
and γ2 = Cov

((
X4

X5

)
, X3

)
= σ2

1−ϕ2

(
ϕ
ϕ2

)
a2 = Γ−1

2 γ2 =

(
1 ϕ
ϕ 1

)−1(
ϕ
ϕ2

)
=

(
ϕ
0

)
. So P2X3 = a′2

(
X4

X5

)
= ϕX4.

The mean squared error: γ(0)− a′2γ2 =
σ2

1−ϕ2 − (ϕ, 0) σ2

1−ϕ2

(
ϕ
ϕ2

)
= σ2.
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