Quiz 1

1. Z; is a sequence of independent standard normal random variables.

Let Xt :{

(1)

Zy t is odd
aZ? | +0b tiseven
Find the mean function of X;. (5 points)
| E(Z) =0 t is odd
E(X) = { E(aZ? {+b) = a+b tiseven
Find the autocovariance function of Xj. (5 points)
B | var(Zy) = 1 tisodd
7(0) = var(Xy) = { var(aZ} | +b) = 2a% tiseven
V(1) = { cov(Xop, Xopr1) = cov(aZz, _{+b, Zoyr1) = 0
COV(X2t717 th) = COV(thfl, aZQQt_l + b) =0
7(_1) _ COV(XQt, thfl) = COV(aZQQt_l + b, Zztfl) = 0
cov(Xopr1, Xot) = cov(Zapq1, aZ%,Fl +b) = 0

v(h) = 0 when || > 1.

Is X; a strictly stationary time series? (5 points)

No. If X; is strictly stationary, then X1 = Z; ~ N(0, 12) and Zs = aZ? +b ~ ax?(1) +b
would have had the same distribution. But they do not.

Is X911 a strictly stationary time series? (5 points)
Yes. Xoi11 = Zorq are iid N (0, 12) and hence is strictly stationary.
Is X9 a stationary time series? (5 points)

Xor = aZ3, | + b are iid ax?(1) + b and hence is strictly stationary.
Also var(Xg;) = 2a? < co. So E(X3,) < oo. Thus X, is stationary.

Find conditions on a and b such that X; is a white noise. (5 points)
If a = % and b = —%, then X, represents an uncorrelated series with mean 0 and

variance 1, and hence is a white noise.

Under the conditions in (6) are X; and X;; independent? (5 points)

No. X5 = %Zf - % ~ %;ﬁ(l) — L
But Xo|(X1=1)=0# %)ﬂ(l) — \% So X1 and X3 are not independent.

S

Under the conditions in (6) are X; and X1 identically distributed? (5 points)

No. X1 = Z1 ~ N(0, 1), but X3 = 577 —



2. X, is stationary with mean py and ACVF ~x(h). Y; is stationary with mean py and ACVF
vy (h). X; and Y; are independent, i.e., X, and Y; are independent.

(1)

(2)

(3)

Is X; +Y; stationary? If yes, find its mean and ACVF. (10 points)

Yes X; + Y} is stationary with F(X; + Y;) = px + py and
Yx+y (h) = cov(Xt + Vi, Xitn + Yirn) = 7x(h) + v (h).

Is X; — Y; stationary? If yes, find its mean and ACVF. (10 points)

Yet X; —Y; is stationary with E(X; —Y;) = ux — py and
Yx -y (h) = cov(Xy = Yy, Xepn — Yegn) = vx(h) + v (h).

Is X; - Y; stationary? If yes, find its mean and ACVF. (10 points)

Yes X; - Y; is stationary with F(X; - Y;) = pux - py and
Yxy(h) = cov(XeYy, XepnYien) = BE(XeYeXe1nYiwn) — E(XeYe) E( Xy Yitn)
= E(XiXiin) E(YiYiin) — px iy px py
=[x (h) + 1&] vy (h) + 13] — u3csr
= px vy (h) + pyyx (h) +vx (h)yy (h).

3. X1, X9, X4, X5 are observed from X; = ¢ X;—1 + Z; ~ AR(1)
where Z; ~ WNO, 02) and 0 < |¢| < 1.

(1)

Find the best linear predictor P, Xg of Xg using X; and Xo.
What is the corresponding mean squared error? (15 points)
Xy = ¢Xi1+ Z ~ AR(1) = E(X;) = 0 and y(h) = £2;.
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as =I5y, = )= ] So P,Xg=al 6X.
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The mean squared error: v(0) — abys = % (0, ¢9) 1022 ¢o> =

Find the best linear estimate of the missing value X3 using Xy and X5.
Compute the mean squared error of this estimate. (15 points)

Xy = 6Xi 1+ Z, ~ AR(1) = E(X,) = 0 and v(h) = £,

I'y = Cov <<§z>> = % (qlb gf) and 9 = Cov <<§§> , X3> = % <(Z)2>

—1
ag = FQ_I'YQ = <; qf) <$2> = <q§> So P, X3 = al <§§> = ¢ X4

The mean squared error: v(0) — aby, = 7z — (¢, 0) lifﬁ? ((;é) = g2,




