
Stat775 HW10

1. 4.5 p117
Stationary Xt has ACVF γX(h) and spectral distribution function FX(λ).
Stationary Yt has ACVF γY (h) and spectral distribution function FY (λ).
Xt and Yt are uncorrelated. Show that Zt = Xt + Yt is stationary with ACVF
γZ(h) = γX(h) + γY (h) and spectral distribution function FZ(λ) = FX(λ) + FY (λ).

First E(Zt) = E(Xt) + E(Yt) does not depend on t.
Because in Zt = Xt + Yt, Xt and Yt are uncorrelated,

cov(Zt+h, Zt) = cov(Xt+h + Yt+h, Xt + Yt) = cov(Xt+h, Xt) + cov(Yt+h, Yt)
= γX(h) + γY (h).

So Zt is stationary with γZ(h) = γX(h) + γY (h). From

γZ(h) = γX(h) + γY (h) =
∫ π
−π e

iλhdFX(λ) +
∫ π
−π e

iλh dFY (λ)

=
∫ π
−π e

iλh d [FX(λ) + FY (λ)]

FZ(λ) = FX(λ) + FY (λ) is the spectral distribution function for Zt.

2. 4.9 p118
Let D+ =

(
π
6 − 0.01, π

6 + 0.01
)
, D− =

(−π
6 − 0.01, −π

6 + 0.01
)
and D = D− ∪D+.

Xt has spectral density fX(λ) =

{
100 λ ∈ D
0 otherwise

.

(a) Find ACVF of Xt at h = 0, 1.

γX(h) =
∫ π
−π e

iλh fX(λ) dλ = 200
∫
D+

cos(hλ) dλ.

When h = 0, γX(0) = 200
∫
D+

dλ = 4. When h = 1,

γX(1) = 200
∫
D+

cos(λ) dλ = 200
[
sin

(
π
6 + 0.01

)
− sin

(
π
6 − 0.01

)]
= 200× 2 cos(π/6) sin(0.01) = 200

√
3 sin(0.01).

.

(b) Find spectral density for Yt = ∆12Xt = Xt −Xt−12.

The power transfer function for Yt = (I −B12)Xt is

β(λ) = (1− e−i12λ)(1− ei12λ) = 2− 2 cos(12λ).

So the spectral density for Yt is

fY (λ) = β(λ)fX(λ) =

{
200 [1− cos(12λ)] λ ∈ D
0 otherwise

.
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(c) Find the variance of Yt.

γY (0) =
∫ π
−π 1 · fY (λ) dλ = 400

∫
D+

[1− cos(12λ)] dλ

= 8− 200
3 sin(0.12).

(d) Sketch β(λ) in (b) and explain the effects of the filter near 0 and near π
6 .

β(λ) = 2− 2 cos(12λ) gives a periodic curve with values between 0 and 2, and period π
6 .

β(0) = β(π/6) = 0. So near 0 and π/6 the filter reduces the spectral density of Yt to the
values close to 0.

3. 4.10 p118
Xt − ϕXt−1 = Zt + θZt−1, Zt ∼ WN(0, σ2) where |ϕ| > 1 and |θ| > 1.

Define ϕ̃(B) = 1− 1
ϕB, θ̃(B) = 1 + 1

θB and Wt = θ̃−1(B) ϕ̃(B)Xt.

(a) Show that Wt has a constant spectral density function.

ϕ(B) = I − ϕB has power transfer function

|ϕ(e−iλ·)|2 = (1− ϕe−iλ)(1− ϕeiλ) = 1 + ϕ2 − 2ϕ cos(λ).

θ(B) = 1 + θB has power transfer function

|θ(e−iλ·)|2 = (1 + θe−iλ)(1 + θeiθ) = 1 + θ2 + 2θ cos(λ).

ϕ̃(B) = 1− 1
ϕB has power transfer function

|ϕ̃(e−iλ·)|2 = 1 +
1

ϕ2
− 2

ϕ
cos(λ) =

1 + ϕ2 − 2ϕ cos(λ)

ϕ2
.

θ̃(B) = 1 + 1
θB has power function

|θ̃(e−iλ·)|2 = 1 +
1

θ2
+

2

θ
cos(λ) =

1 + θ2 + 2θ cos(λ)

θ2
.

θ̃−1(B) has power transfer function

1

|θ̃(e−iλ·)|2
=

θ2

1 + θ2 + 2θ cos(λ)
.

From ϕ(B)Xt = θ(B)Zt, fX(λ) = |θ(e−iλ)|2
|ϕ(e−iλ)|2 fZ(λ) =

1+θ2+2θ cos(λ)
1+ϕ2−2ϕ cos(λ)

σ2

2π .

In Wt = θ̃−1(B)ϕ̃(B)Xt, the power transfer function β(λ) for θ̃−1(B)ϕ̃(B) is

β(λ) = |θ̃−1(e−iλ·)|2|ϕ̂(e−iλ·)|2 =
θ2

(
1 + ϕ2 − 2ϕ cos(λ)

)
ϕ2 (1 + θ2 + 2θ cos(λ))

.

Thus fW (λ) = β(λ)fX(λ) is the constant θ2σ2

2πϕ2 .
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(b) Show that Wt ∼ WN(0, σ2
W ) and find the expression for σ2

W .

Note that E(Wt) = 0 and

γW (h) =

∫ π

−π
eiλhfW (λ) dλ =

θ2σ2

ϕ2

∫ π

−π
eiλh dλ =

{
θ2σ2

ϕ2 h = 0

0 otherwise
.

Thus Wt ∼ WN(0, σ2
W ) with σ2

W = θ2σ2

ϕ2 .

(c) Show that ϕ̃(B)Xt = θ̃(B)Wt and the model is causal and invertible.

θ̃−1(B)ϕ̃(B)Xt = Wt implies θ̃(B)θ̃−1(B)ϕ̃(B)Xt = θ̃(B)Wt, i.e.,

ϕ̃(B)Xt = θ̃(B)Wt.

ϕ̃(z) = 0 =⇒ 1− z
ϕ = 0 =⇒ |z| = |ϕ| > 1. So the model is causal.

θ̃(z) = 0 =⇒ 1 + z
θ = 0 =⇒ |z| = |θ| > 1. So the model is invertible.
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