Stat775 HW10

1. 4.5 pl17
Stationary X; has ACVF vx(h) and spectral distribution function Fx ().
Stationary Y; has ACVF <y (h) and spectral distribution function Fy ().
X; and Y; are uncorrelated. Show that Z; = X; + Y; is stationary with ACVF
vz(h) = vx(h) + vy (h) and spectral distribution function Fz(\) = Fx(\) + Fy (A).

First E(Z;) = E(X;) + E(Y;) does not depend on t.
Because in Z; = X; + Y;, X and Y; are uncorrelated,

cov(Ziyn, Zt) = cov(Xppn + Yien, Xi +Y;) = cov(Xepp, Xi) + cov(Yiqp, Yr)
= yx(h) +yv(h).

So Z; is stationary with vz (h) = vx(h) + vy (h). From

vz(h) = Ax(h) +v(h) = [T e MdFx(\) + [T e dFy())
= [T e d[Fx(N) + Fy (V)]

Fz(X) = Fx(A) + Fy () is the spectral distribution function for Z;.

2. 4.9 p118
Let Dy = (5 —0.01, £ +0.01), D_ = (5F —0.01, Z* +0.01) and D = D_U D,.
X; has spectral density fx(\) = { (1)00 g\tlelegvise :

(a) Find ACVF of X; at h =0, 1.

vx(h) = [T e fx(X)dX =200 fD+ cos(h\) dA.
When h =0, vx(0) = 200 .[D+ d\=4. When h =1,

vx(1) = 200 [}, cos(\)dX =200 [sin (§ +0.01) — sin (§ — 0.01)]
= 200 x 2cos(7/6)sin(0.01) = 200/3 sin(0.01). '

(b) Find spectral density for V; = A1 Xy = X — Xy 10.

The power transfer function for Y; = (I — B'?)X; is
BA) = (1 — e 12N (1 — 1) = 2 — 2cos(12)).
So the spectral density for Y; is

) =B = { g et AR



(c) Find the variance of Y;.

W (0) = [T 1-fy(X)dX =400 Jp, [1 = cos(12))] dX
8 — 2%sin(0.12).

(d) Sketch B()) in (b) and explain the effects of the filter near 0 and near §.

B(A) =2 —2cos(12)) gives a periodic curve with values between 0 and 2, and period §.
B(0) = B(m/6) = 0. So near 0 and 7/6 the filter reduces the spectral density of Y; to the
values close to 0.

3. 4.10 p118
Xy — ¢Xe1=Zy +0Zi1, Zy ~ WN(0, 02) where |¢| > 1 and [0] > 1.

Define ¢(B) =1~ 4B, 0(B) =1+ §B and W, = 071(B) $(B)X;.

(a) Show that W; has a constant spectral density function.

¢(B) = I — ¢B has power transfer function
B(e )2 = (1 — dem M) (1 — ge) = 1+ ¢ — 2pcos(N).
0(B) = 1+ 6B has power transfer function

10(e™ ) = (14 0e™)(1 + 0e) = 1+ 62 + 20 cos(\).

¢»(B)=1-— éB has power transfer function

~ . 1 9 1 2_ o \
’¢(€_M')|2 =1+ ? — ECOS()\) _ ¢ ¢2¢COS( )

0(B) =1+ B has power function

~ 1+6%+20cos(N)

N7 —iN- 1 2
10(e )‘)\Q:I—Fﬁ—i—écos()\) 72

6~'(B) has power transfer function

1 B 6?
10(e=iN)2 1462420 cos(N)

e~ N2 2 cos o
From ¢(B)X; = 0(B)Z;, fx(A\) = L ))|2 Fz(\) = H0£20 ) o

~ IRCICE T 1+¢?—2¢cos()) 27
In W, = 0~1(B)¢(B)X;, the power transfer function 3(\) for 1 (B)¢(B) is

B 6% (14 ¢* — 2¢ cos(N))
@2 (1+602+20cos(N))

B =107 (e™™)Plle)?

Thus fir(A) = B(N\) fx(X) is the constant gig;




(b) Show that W; ~ WN(0, 0%,) and find the expression for o3,

Note that E(W;) =0 and

T 0262 [T 0> p
w(h)=/ e“hfw(/\)d)\zqg/ e“hd/\:{ g h=0

Thus Wi ~ WN(0, 03,) with 03, = 92‘2’2.

(¢) Show that ¢(B)X; = 6(B)W; and the model is causal and invertible.

0~Y(B)p(B)X; = W, implies (B)0~1(B)p(B)X; = 0(B)W,, i.e.,

¢(B) Xy = 0(B)Wr.

H(z)=0=1— % =0=|z| = |¢| > 1. So the model is causal.

0(2) =0=1+7 = 0= [z| = |0] > 1. So the model is invertible.

0 otherwise



