
Stat774 HW08

1. 3.6 p95
Show that MA(1) Xt = Zt + θZt−1 with Zt ∼ WN(0, σ2) and MA(1) Yt = Z̃t +

1
θ Z̃t−1 with

Z̃t ∼ WN(0, σ2θ2) where 0 < |θ| < 1 have the same ACVF.

γX(h) = cov(Xt+|h|, Xt) = cov(Zt+|h| + θZt+|h|−1, Zt + θZt−1)

=


cov(Zt + θZt−1, Zt + θZt−1) = σ2 + θ2σ2 = (1 + θ2)σ2 h = 0
cov(Zt+1 + θZt, Zt + θZt−1) = θσ2 |h| = 1
cov(Zt+|h| + θZt+|h|−1, Zt + θZt−1) = 0 |h| > 1

γY h) = cov(Yt+|h|, Yt) = cov
(
Z̃t+|h| +

1
θ Z̃t+|h|−1, Z̃t +

1
θ Z̃t−1

)

=


cov

(
Z̃t +

1
θ Z̃t−1, Z̃t +

1
θ Z̃t−1

)
= σ2θ2 + 1

θ2
σ2θ2 = (1 + θ2)σ2 h = 0

cov
(
Z̃t+1 +

1
θ Z̃t, Z̃t +

1
θ Z̃t−1

)
= 1

θσ
2θ2 = θσ2 |h| = 1

cov
(
Z̃t+|h| +

1
θ Z̃t+|h|−1, Z̃t +

1
θ Z̃t−1

)
= 0 |h| > 1

Clearly γZ(h) ≡ γY (h).

2. 3.7 p95
With |θ| > 1, non-invertibleXt = Zt+θZt−1 where Zt ∼ WN(0, σ2) andWt =

∑∞
j=0(−θ)−jXt−j .

(i) Show that Wt ∼ WN(0, σ2W ) and find the expression of σ2W .

Xt = Zt + θZt−1 with Zt ∼ WN(0, σ2) =⇒ γX(h) =


(1 + θ2)σ2 h = 0
θσ2 |h| = 1
0 |h| > 1

γW (0) = cov(Wt, Wt)
= cov

(
(−θ)0Xt + (−θ)−1Xt−1 + (−θ)−2Xt−2 + · · · ,

(−θ)0Xt + (−θ)−1Xt−1 + (−θ)−2Xt−2 + · · ·
)

=
[
(−θ)0 + (−θ)−2 + (−θ)−4 + (−θ)−6 + · · ·

]
γX(0)

+
[
2(−θ)0(−θ)−1 + 2(−θ)−1(−θ)−2 + 2(−θ)−2(−θ)−3 + · · ·

]
γX(1)

= 1
1− 1

θ2
(1 + θ2)σ2 +

2 1
−θ

1− 1
θ2
θσ2 = θ2σ2

With h ≥ 1
γW (h) = cov(Wt+h, Wt)

= cov
(
(−θ)0Xt+h + · · ·+ (−θ)−h+1Xt+1 + (−θ)−hXt + (−θ)−(h+1)Xt−1 + · · · ,

(−θ)0Xt + (−θ)−1Xt−1 + (−θ)−2Xt−2 + · · ·
)

=
[
(−θ)−(h−1)(−θ)0 + (−θ)−h(−θ)−1 + (−θ)−(h+1)(−θ)−2 + · · ·

]
γX(1)

+
[
(−θ)−h(−θ)0 + (−θ)−(h+1)(−θ)−1 + (−θ)−(h+2) + (−θ)−2 + · · ·

]
γX(0)

+
[
(−θ)−(h+1)(−θ)0 + (−θ)−(h+2)(−θ)−1 + (−θ)−(h+3)(−θ)−2 + · · ·

]
γX(1)

= (−θ)−(h−1)

1− 1
θ2

θσ2 + (−θ)−h

1− 1
θ2

(1 + θ2)σ2 + (−θ)−(h+1)

1− 1
θ2

θσ2

= 0

Thus Wt, t = 1, 2, 3, ...., are uncorrelated with E(Wt) = 0 and var(Wt) = θ2σ2.
Therefore Wt ∼ WN(0, σ2W ) with σ2W = θ2σ2.
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(ii) Show that Xt =Wt +
1
θWt−1 and it is invertible.

Wt = ψ1(B)Xt where ψ1(B) =
∑∞

j=0(−θ)−jBj . Let ψ2(B) = I − 1
θB. Then

ψ2(B)ψ1(B) = [I − (−θ)−1B]
∑∞

j=0(−θ)−jBj =
∑∞

j=0(−θ)−jBj +
∑∞

j=0−(−θ)−j−1Bj+1

= I +
∑∞

j=1(−θ)−jBj +
∑∞

j=1−(−θ)−jBj = I.

Thus ψ2(B)Wt = ψ2(B)ψ1(B)Xt = IXt = Xt, i.e.,

Xt =Wt +
1

θ
Wt−1.

But ψ2(z) = 0 =⇒ 1 + z
θ = 0 =⇒ z = −θ =⇒ |z| = |θ| > 1.

So Xt =Wt +
1
θWt−1 is invertible.
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