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1. 3.11 p96
Show that MA(1) Xt = Zt + θZt−1 with Zt ∼ WN(0, σ2) has PACV α(2) = −θ2

1+θ+θ2
.

PACF α(2) is the last component of Γ−1
2 γ2. With γ(0) = (1+θ2)σ2, γ(1) = θσ2 and γ(h) = 0

for all |h| > 1,

Γ2 =

(
(1 + θ2)σ2 θσ2

θσ2 (1 + θ2)σ2

)
and γ2 =

(
θσ2

0

)
.

So Γ−1
2 γ2 =

(
1 + θ2 θ

θ 1 + θ2

)−1(
θ
0

)
= 1

(1+θ2)2−θ2

(
1 + θ2 −θ
−θ 1 + θ2

)(
θ
0

)
= 1

1+θ2+θ4

(
θ(1 + θ2)

−θ2

)
.

Thus α(2) = −θ2

1+θ2+θ4
.

2. 3.12 p96

With MA(1) for Rnϕn = ρn where ϕn =

ϕn,1

...
ϕn,n

, Show ϕn,n−j = (−θ)−j(1 + θ2 + · · ·+ θ2j)

and hence PACF α(n) = ϕn,n = −(−θ)n

1+θ2+···+θ2n
.

With MA(1), the equation Rnϕn = ρn is
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


ϕn,1

ϕn,2

...
ϕn,n−1

ϕn,n

 =


θ

1+θ2

0
...
0
0


From the nth equation θ

1+θ2
ϕn,n−1 + ϕn,n = 0, ϕn,n−1 = (−θ)−1(1 + θ2)ϕn,n.

From the (n− 1)th equation θ
1+θ2

ϕn,n−2 + ϕn,n−1 +
θ

1+θ2
ϕn,n = 0,

ϕn,n−2 =
1 + θ2

θ
(−ϕn,n−1)− ϕn,n =

1 + θ2

θ

1 + θ2

−(−θ)
ϕn,n − ϕn,n = (−θ)−2(1 + θ2 + θ4)ϕn,n.

The formula ϕn,n−j = (−θ)−j(1 + θ2 + · · ·+ θ2j)ϕn,n holds for j = 1 and j = 2.
Assume that the formula holds for j = k− 2 and j = k− 1. From the (n− k+1)th equation,

θ

1 + θ2
ϕn,n−k + ϕn,n−(k−1) +

θ

1 + θ2
ϕn,n−(k−2) = 0,

ϕn,n−k = 1+θ2

−θ ϕn,n−(k−1) − ϕn,n−(k−2)

=
[
1+θ2

−θ (−θ)−(k−1)(1 + θ2 + · · ·+ θ2k−2)− (−θ)−(k−2)(1 + θ2 + · · ·+ θ2k−4)
]
ϕn,n

= (−θ)−k(1 + θ2 + · · ·+ θ2k)ϕn,n.
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So the formula hods for j = k. By induction the formula is true for j = 1, 2, ..., n− 1.
By the first equation, ϕn,n−(n−1) +

θ
1+θ2

ϕn,n−(n−2) =
θ

1+θ2
,[

(−θ)−(n−1)(1 + θ2 + · · ·+ θ2n−2) +
θ

1 + θ2
(−θ)−(n−2)(1 + θ2 + · · ·+ θ2n−4)

]
ϕn,n =

θ

1 + θ2
.

Solving the above equation, we have ϕn,n = −(−θ)n

1+θ2+···+θ2n
.
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