L12 Estimation and prediction

1. Estimator and predictor

(1)

Unknown random variable and unknown parameter

Consider model y = By + B1x1 + - - - + By, + € with € ~ N(0, 02).

With .CI?IO = (1, T0o1, " " ,ka),

y(zo) = Bo + Bizor + -+ - + Bezok + € ~ N(Bo + Bizor + -+ - + Brzok, 02),

a future response, is an unknown random variable.

But Ely(xo)] = Bo + fixo1r + - - - + Brxor is an unknown parameter.

y(zo) = 2 + € and B(y(z0)) = ).

Estimator and predictor

If Ely(xo)] = a0 is estimated by statistic T', then T' is an estimator for E[y(xo)] = z(f.
If y(zg) is “estimated” by statistic T', then T is a predictor for y(zo).

Unbiased estimator and unbiased predictor
T is an unbiased estimator (UE) for E[y(zo)] if E(T) = Ely(xo)].
T is an unbiased predictor (UP) for y(zo) if E[T — y(z)] = 0.

Equivalency
T is UE for E[y(zg)] <= T is UP for y(zo)

Proof. T is UE for E[y(zo)] <% E(T) = E[y(xo)
> E[T-y(xo)] =

| <= E(T) — Ely(z0)] =0
0 €L 7 is UP for y(zo).
Ex1: Let y(zo) = 3363 = Bg‘f' 313601 +-+ Ekxok-

Then E[j(xo)] = Ex(8] = 28 = Ely(xo)].

So y(xp) is an UE for E[y(xo)]. By (3) y(zo) is also UP for y(xo).
Comment: y;, i = 1,...,n, and y(x¢) are predictors for y;, i = 1,...,n, and y(xg).

This is why SAS “proc reg; model y=x1 x2/p;” produces ¥;,..., and y(xg).

2. Confidence interval and prediction interval

(1)

Confidence intervals

Recall: If (Ly, Uy), (—o0, Us) and (L9, c0) are random intervals such that

P(L < Efy(x0)] <U)>1—a, P(—o0 < Ely(zo)] < Uz) > 1—«a and

P(Ly < Ely(xg)] < o) > 1 — «, then they are two-sided, lower-sided and upper-sided
confidence intervals for E[y(z¢)] with confidence coefficient 1 — .

Prediction intervals

If (L1, Uy), (—o0, Us2) and (L2, co) are random intervals such that

P(L <y(zg) <U)>1—a, P(—oo < y(z9) < U) > 1— «a and

P(Ls < y(xp) < 00) > 1 — «, then they are two-sided, lower-sided and upper-sided
prediction intervals for y(z¢) with confidence coefficient 1 — .

A framework

If T and S are two statistics such that PyT(mo) ~ t(df), then T £ 1, 5(df)S,

(—o0, T+ to(df)S) and (T — to(df)S, 00) are Pls for y(xg) with confidence coefficient
1—oa.



Proof. We show second one.

l—a = P(—ta(df) < t(df) < 00) = P (—ta(df) < T420) < oo)
= P (ta(df) > XY=L > —00) = P(T + ta(df)S > y(ao) > o)
= P(—00 <y(zo) <T +ta(df)S).

/N

3. Formulas for PIs for y(x¢)

(1) y(zo) and S(z0)—y(z0)
Y(xo) = xgﬁ ~ N (z(8, o xO(X X)* '20) and y(zo) ~ N(z(3, 0%) are independent.
So Y(zo) — y(wo) ~ N (0, 0% + o?z((X'X) o)
where var(’y\(aco) —y(xo)) = var(y(zo)) + var(y(zg)) = 02 + o2xp(X' X)L

has UE SA(IO) (o) = MSE 1+ a((X'X) .
SG(wo)—y(xo) 18 called the standard error of y(zo) — y(zo).
Y(zo)—y(zo) _
@ Sy(wolzw)m ( f(n P)
§(z0)—y(z0 2 SSE , x%(n —
\/02[1+$6(X’X)*1x0] ~ N(0, 1¢) is independent to 22 ~ x*(n — p).
Y(zo)—y(zo) 1 ~ t(n — p)

Vo2 [T (X X)"Lzo] /55 /(n—p)
Thus M ~ t(n —p).

y(zg)—y(z)

(3) Formulas for Pls for y(xo)

A( ) + ta/2 (TL p)Sﬂ(:vo)fy(zo) isal—a PI for y(a:o)
(=00, Y(70) + ta(n — p)SG(ze)—y(@s) 15 @ 1 — a lower-sided PI for y(xo)
( ( ) (n )Sﬂ(mo)—y(ﬂco)’ OO) isal—a PI for y(ajo)

=~ A B\o + 313001 +-+ Bk370k With intercept
Ylxo) =258 =4 = ~ _ _
Brxor + -+ + Brrok Without intercept

S

o) —y(z0) = VMSE [1+ z((X'X) ]



L13 Partial F-test

1. Intervals

(1) 1 -« P.I. for y(zo)

37(%0) + ta/2(n - p)sij\(wo)*y(([o)'
Attach xg to data then

proc reg;
model y=x1 x2 x3/cli alpha=0.10;
run;

Presentation:

ﬁ(xo) + t0.05(17)8g(10),y(x0) =dd £ dd x \/MSE +dd? = (dd, dd)
is a 90% PI for y(xo).

(2) 1 —a C.I for E(y(xo))
Y(wo) £ ta/2(n — p)Sgay)- Attach zo to data then

proc reg;
model y=x1 x2 x3/clm alpha=0.10;
run;

Presentation:

y(aco) + t0‘05(17)85(x0) =dd+tdd x dd = (dd, dd)
is a 90% CI for E[y(zo)].

(3) 1 —a C.L for
Bi £ tasp(n—p)sg,.

proc reg;
model y=x1 x2 x3/clb alpha=0.10;
run;

Presentation:

B % toos(17)s;, = dd + dd x dd = (dd, dd)
is a 90% CI for j;.

(4) 1—a C.I for o2

SSE SSE
X 2(n=p)" Xi_,/o(n—p)

Proof. Note that Sf—zE ~ x%(n —p). So

l-a = P Xf_a/Q(n—p)<X2(n—p) <X(21/2(n—p)>
= P(x] opn—p) <2F < xi/Q(n—p))
- SSE 2 SSE
= r X5 /2(n—p) SoTs X3 _ay2(n—p)

Presentation:

SSE SSE __(dd dd\ _
<X(2)405(24)7 Xg.95(24)) o (@’ @) o (dd7 dd)
is a 90% CI for o2
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2. ANOVA for HO : ﬁquJrl == ﬁp =0

(1)

(2)

3)

SS

Model wih 1, ...,z has SSE, SSE(z1,...,xx) = y'(I — H)y, for the variation in y
unexplained by x1, ...,z with DF=n —p

Model with 1, .., x_q has SSE,, SSE(z1,..,xx—q) = y'(I — H,)y, for the variation in y
unexplained by z1, ..., Ty—q41 with DF=n — (p — ¢).

SSH = SSE, — SSE = y/'(H — H,)y is for the variation in y explained by xy_q11, ..., T
with DF' = [n — (p — q)] — (n — p=¢, the number of j; in Hp.

F-distribution

It can be shown that under Hy, F = %gg = Ssﬁﬂﬁp) ~ F(q, n —p).
ANOVA
Source | SS DF MS F p

Hypothesis (N) | SSH q MSH MSH/MSE P(F(q, n —p) > Fup)
Error (D) | SSE n-p MSE
Error (R) | SSE, n-(p-q)

3. Partial F-test

(1) a-level LRT

For model with =1, xo, 3, 74

Hy: Bo=p54,=0vs H,: B; # 0 for some t =2, 4
LRI, _ MSH

Test statistic: F' = 1Sk

Reject Hy if F' > F,(2, n — p).

(2) p-value approach

For model with z1, xo, 3, 24

Hy: Bo=p54,=0vs H,: B; # 0 for some ¢ =2, 4

sti. T _ MSH
Test statistic: F' = S

p-value: P(F(2,n—p) > Fy).

(3) Get ANOVA for the test

proc reg;

model y=x1 x2 x3 x4; — SSE, MSE

run;

proc reg;

model y=x1 x3; — SSE;

run;

SSH = SSE, — SSE MSH = SSH/?2.




