L10: ANOVA table

1. ANOVA table: variation in y
y=PBo+ b w1+ +Berr+e—(1) and y=pFiri+--+ Bk +e(2)
with sample is unified as y ~ N(X8, o21).

For model (1) For model (2)
Source  SS DF Source SS DF
Model SSM k Model SSM  k
Error SSE  n—(k+1) Error SSE  n—k
C.Total SSTO n-—1 U.Total SSTO n

(1) SSE R
ly =31 = lly = XBI* = lly = Hyl> =y'(I = H)y = >(yi — 4:)* = 3_(e7) = SSE
(Sum of squares of Error) is the variation in y unexplained by x1, ..., 2.
(DF of SSE)=rank(l — H) =tr(l — H) =n —p.

HIX(X’X)_lXIERnxn,XGRnXp andp:{ k+1 (1)

k (2)
(2) SSTO

SSE after removing z1, .. Tk out is SSTO, the total variation in y.
For (1) SSTO =/ (I — 1" > y= > (y; —y)? = CSS (Corrected Sum of Squares of y)
WithDF:rank< —Lb) — g (- 2t =01

For (2) SSTO = ¢'I,,y = >_ y? = USS (Uncorrected Sum of Squares of y) with
DF = rank(I,) = tr(l,) = n.

(3) SSM
SSM = SSTO — SSE is the variation in y explained by 1, ..., g

For (1), SSM =y (H Lol ) y =S (7 — 7)? with
DF:rank(H—%) :tr<H—1”T1;L) =p—1=k
For (2), SSM = y'Hy = Y. 4? with DF = rank(H) =tr(H) =p=k
2. F-distribution in ANOVA table
Consider Hy: 1 =---=0 =0
(1) Recall: *%f—f ~ x2(n —p).

H
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Proof. Show (1) only. For (1) SSM = 9/ Ay where A = H727, N (1,50, 0%I).
Now Ao®A = A, (1,6) A1 nﬁo) =0 and tr(Ac?I) = tr (H - %) =k.
So 7555\/1 i 2 (k).

s SSM/k  H
(3) F =435 = SSE/(r{ ) ~ F(k,n—p).

Proof. Show (1) only. SSM % X2(k); S5 \2(n — p).
SSM =y Ay WhereA H— 1l SSE—y’By where B=1— H.




But y ~ N(XJ, 0%I,) and Ac*IB = 0. So SSM and SSE are independent.

Thus F = SSAg/UQ - Sﬁi/,g 2 F(k,n—p),ie, F= % ~ F(k, n — p) under Hy.

3. Global F-test in ANOVA table

(1) a-level LRT
Below is an a-level LRT.

Hy: g;=0foralli=1,...,k versus H, : B; # 0 for some i =1, ..., k

cpia. 0 MSM
Test Statistic: F = 1SE

Reject Hy if F > F,(k, n —p)

n_ \n/2 —n/2
_ max[L(8,02):8,0%] _ (5%)" " "SSET™*  _gs70\n/2 _ SSM\/2
PrOOf. A - max[L(ﬂ,Jz)iHo} - (;%)n/2SST07"/2 - ( SSE ) - (1 + SSE)
n/2
= (1 +F- —nﬁp is an increasing function of F' = %

Thus a test that rejects Hy for large value of F'is a LRT.
P(Type I error) = P(Rejecting Ho|Hy is true) = P(F > F,(k, n — p)|Hy is ture)
= P(F(k,n—p)> Fy(k,n—p)) =a.

(2) Test using p-value

Hy: Bi=0foralli=1,...,k versus H, : B; # 0 for some i =1, ..., k.
sat i _ MSM

Test Statistic: F' = Jzp

p-value: P(F(k,n—p) > Fy)

Comment:

Rejecting Hp at @ <= Fyp > Fo(k, n —p)
— P(F(kan_p)>F0b)<P(F(kan_p)>Fa(k,n_p))
< p-value < a.

Ex: With ANOVA on p105, write out the model and test its usefulness

Source DF SS MS F Pr>F
Model 2 8768.754 4384.38 46.7715 < 0.0001
Error 22 2062.286 93.74

C.Total 24 10831.040

(i) Model y = B + prz1 + Bowa + €, € ~ N(0, 02).
(ii) Hy: Bi=0foralli=1,2vs Hy: f; # 0 for some i = 1,2
Test statistic: F = MSM

MSE
p-value: P(F(2,22) > Fy)

F = 46.78, p-value: P(F(2,22) > 46.78) < 0.0001
Reject Hg. The model is useful.



L11 t-intervals

1. Coeflicient of determination

(1)

(3)

Coefficient of determination
R? = 55% gives proportion of total variation in y explained by z1, ..., xk.
0 < R? < 1. The large the R?, the better the model.
F— MSM _ SSM n—p _ SSM__ nop _ _R*  np
MSE — SSE k SSTO—-SSM "~ "k — 1-R? k

Adjusted R?
For given y by increasing k, SSM is increasing. Consequently R? is increasing.
To penalize increasing k adjusted coefficient of determination is proposed.

SS SS
R* = 83l = SSTO — SSESSTO =1 — 225

SSTO : :
With intercept
Define R = 1—3/&f5 where MSE = 228 and MSTO = § Ji7
enne fi, where an SSTO  WWithout intercept

MSTO
n

F — MSM _ SSM 1 _ SSTO-SSE 1 _ MSTO-m—MSE-(n-p)1 _ m—(n—p)(1-R3) 1
- MSE — MSE k — MSE k MSM k = 1—R3 k
m/k _ n—p
=~ 1-R2 %

—1 With intercept

n
where m = (D of SSTO) = { n Without intercept

Caution: Adjusted R? could assume a negative value!

2. t-intervals

(1)

(2)

Framework
If % ~ t(df), then

0+ tq/o(df)s is1—a C.I for 0
(=00, 0 +ta(df)s) is1— « lower sided C.I. for 0
(0 — to(df)s, o) is 1 — v upper-sided C.I. for 6

t-intervals for 3;
From ’BZS;;’ ~t(n —p)

Bi £to0(n—p)Ss is1—a C.I. for g;
af Bi
—00, B\Z +to(n—p)Sz) is 1 — a lower sided C.I. for j3;
B
@ —ta(n —p)SB., 00) is 1 — « upper-sided C.I. for j;

while 3; = el(X'X)"1 X'y and S5, = VMSE el(X'X)~e; where e; is the ith column of
1, the values of the two statistics can be looked up from SAS output.
t-intervals for E(y(zo))

y(zo) = Bo + Biwo1 + - - - + Brxok + € is the future value of y at xg = R

E(y(z )) 50 + Brwor + - -+ BrTor = xoﬁ is estimated by
y(z ) Bo + Braor + -+ + ﬂkxok = zh8
Sjay) = VMSE @ (X’X) Tyg and Ko@) 4y ) S0

J(zq)




@\(950) + ta/g(n —p)Sg(mO) is 1 —a C.I. for Bz
(=00, Y(z0) +ta(n — p)Sgzy)) is 1 — a lower sided C.I. for 3;

~

Y(w0) — ta(n — p)Sj(ay), ) is 1 — o upper-sided C.I. for g;

3. SAS

(1) Put xo into SAS data set without y.

data b;
. data c;
data a; input y x1 x2; t ab:
infile "D:\Table32.txt"; datalines; et @ tf
input y x1 x2 @@; . 10 300 Pro¢ prints
. run;
(2) Display v;, i = 1,..,n, and y(zo)
proc reg;
model y=x1 x2/noint p;
run;

(3) Display ui, S5, ¥i — to.o25(n — p)S5,, ¥i +to.o2s(n —p)S,, i =1,...,n, and
Y(0), Sgae)s Y(0) = t0.025(n — P)Sg(ag)> Y(20) + t0.025(n — P)Sg(a0)

proc reg;
model y=x1 x2/noint p clm;

run;

(4) Display i/\ia S@a @\z - tO.l(n - p)S§L7 @ + t(].l(n _p)S@\N i=1,..,n, and
Y(%0), S§(z0)> Y(w0) — to.1(n — P)SG(ae)s Y(To) + to.1(n — p)Sg(ay)

proc reg;
model y=x1 x2/noint p clm alpha=0.2;

run;




