Part II: Multiple linear regression

L0O8 Multiple linear regression models

1. Multiple linear regression models with intercepts

(1) Model
In Model y = By + B1a1 + -+« + Bear + €, € ~ N(0, 02),

the regression function E(y) = By + - - - + Brxx contains multiple (k > 1) predictors, and

Bo
E(y) = (1, x1,...,xx)p is a linear function of unknown parameter vector § = | :
Bk
Hence the model is called a multiple linear regression model with intercept fg.
(2) Parameters
BE€RPwithp=Fk+1, 0> >0 and
E(y(z0)) = Bo + Bizor + - - - + Brxor = xy where xj, = (1, zo1, ..., Tok)-
(3) Model specifications on sample
x PR J/’
Y - . (1 Iz - g
. Yyr | T1ix - Tik
With data | : Cbhlety=| ], X=1|: : € R™P
Yn | Tp1 - Tnk
Bo €1
wherep=k+1,8=| : | € RP,e= | : | ~N(0, 02I,). Then
Bk €n
y=XB+e~ N(XB, o°I,).
2. Multiple linear regression models without intercepts
(1) Model
y=Biz1+- -+ frzy + 6, e~ N(0, 0”)
is a multiple linear regression model without intercept.
(2) Parameters
B € RP with p=Fk, 0> > 0 and
E(y(z0)) = frzor + - - + Brxror = (0 where zf, = (201, -.., Tok)-
(3) Model specifications on sample
y ’1"1 PEEEY :L‘k‘
A T o Tk
. Yyr | 11 - T1k
With data| : Coblety=1 [, X=] : : | € R™*P where
‘ Un Tn1 -+ Tnk
Yn | Tp1 - Tnk
p1 €1
p=kB=1|:|,e=]|: | ~N(0, c%L,). Then
Bk €n

y=XB+e~ N(XB, o°I,).



3. Point estimators

(1) Least square estimator B R

3 is a least square estimator (LSE) for § if Q(8) = ||y — Xg||* > |ly — Xj]|? for all 3.

Then LSE for 8is 8 = (X' X)~1X"y.

Proof. Let H = X(X'X)"'X’. Then

ly = XBII*> = |ly— Hy+ Hy - XB|]* = |ly - Hy|]* + |[Hy - X5
- >y = Hyl? = [ly - X(X"X) 71 X"y|]*.
So B = (X'X)"1X"y.

(2) Residuals, SSE and y(zo)

Y1
Let y; be the estimated E(y;). Theny =] @ | = XB = Hy.
Yn
€1 Y1 — Y1
Call e; = y; — Ui, i = 1,...,n, the residuals. Thene= | : | = : = — H)y.
€n Yn — YUn
QB) = lly = XBI?> = lly =Gl = llel* = X, €2 = y/(I — H)y is SSE.

For the model with intercept, Ely(x )] Bo —|— 513001 + -+ Brxor, = x(f is estimated by

(o) = Bo + Brzor + - - + Brzox = .
For the model without mtercept E[ (x0)] = Przor + - - + Brror = (B is estimated by

(o) = Biwor + - - - + Braor = ) B.

(3) MLEs
By y ~ N(XJ, 0*I), the likelihood function of 8 and o2 is

2 1 1 2
L(ﬁa o ) = (271')”/2‘0'2[”’1/2 €xp _ﬁuy _XB” .

B’ and &2 are MLEs for 5 and o2 if

L(B3, 6®) < L(B, 3°) for all 8 and 0.
Then the MLE for 8 is = 3 = (X'X) "' X"y, the MLE for 02 is 52 = 3£ and
L(5.7%) = ()" ssp-0v2

2me

Ex: Fory = (o + fiz1+ -+ Brak + €

7 y; Estimated E(y;) =9y; Residual ¢; =y; — ¥; e

I |\n ! e1 =y — 1 et = —1n)

: : K L NP

n Yn Yn €n = Yn — Yn €n = (yn yn)
Total: | ¢ c 0 SSE

v Y = Uy — ) = (Xer) (I - Hyy = e (X' = X'H)y = & (X' — X'}y = 0.
So > yi=2 i € =0, Zie% = HZ/—XBHQ =Q(B) = SSE.



L09 Unbiased estimators and t-distributions

1. Unbiased estimators (UEs)

(1) MLE and LSE j is an UE for §.
Proof. Note that y ~ N(Xp, 0%I,,) and B = Ay where A = (X'X)"'X’. Then
B=Ay~ N (AXS, Ac*I,A") = N (3, 0*(X'X)™") is an UE for §.
(2) MSE = szg is an UE for o2.

Proof. Note that y ~ N(X8, 021I,,) and szE =y Ay where A = =4

o2

But Ac?I,A = A, (XB)'A(XB) =0 and tr(Ac?l,) = SSE ~ x%(n —p).
(72 0'2

Thus E(MSE) = E (n—_p 55;E> = SEX(n—p) = 2-
Hence M SE is an UE for o2.

(3) y(zo) is an UE for z(5 = E(y(xo))

Proof. Note that y(xg) = x{)g and B~ N (8, (X' X)) ay).

Thus y(xzg) ~ N (l‘g, o?zp(X' X))t ) is an UE for z(,8 = E(y(z0)).

(4) Cov(B;) =0 [(X'X)""],, has UE 3 =MSE [(X'X)7"] .. MSE(X'X)™!

SB' is called the standard error for Ez

(5) Cov(y(zo)) = o2xp(X'X) L2y has UE Sg(zo) = MSE z{(X'X) "1z
Sg(wo) 18 called the standard error for y(wp).

2. t-distributions

(1) B and SSE are independent.
Proof. Note that y ~ N(XS, 02I,,), B = Ay where A = (X'X)~1X’,
and SSE=y'(I - H)y.
But A%, (I — H) = 0. So 3 and SSE are independent.

(2) B b ).
Proof. @- ~ N(Bi, 02[(X'X) Y1) = ——li —— ~ N(0, 12)

\/02 [(X/X)il](i,i)
SSE ~ x%(n — p). Thus

/81 ﬁz ~ _ . E,Lf/jz ~ _
Vo [(X'X) =T, )\/SSE/( ) t(n—p), ie., S, t(n —p).

(3) L2t 4 — p)

Sg(20)

~ / —1 @\(170)_3366 ~ 2
Proof. §(zg) ~ N (z(8, oz((X'X) 1zy) = ot (0x) Tos N(0, 1°)

is independent to ﬂ ~x%(n —p).
Gw0)—a}3 L i), e, Ty,
Thus ot e (0% o \/Sf—QE/(n—p) t(n —p), ie., Soten) t(n —p).



3. SAS
(1)

Standard output
For y = By + f1z1 + Bawa + € and y = By + Bawa + €

proc reg; proc reg;
model y=x1 x2; model y=x1 x2/noint;
run; run;

give standard output. In Parameter table 3;, Sg,t = 5’?;‘ and 2P(t(n — p) > [tes])

are listed. For the model with intercept ¢ = 0,1,2 and p - 3; for the model without
intercept ¢ = 1, 2 and p = 2. In ANOVA table SSFE, n —p and MSFE are listed.
X'X X y)
Matrix
<y’X y'y
For y = By + fi1x1 + Poxa + € and y = Br1x1 + Poxa + €

proc reg; proc reg;
model y=x1 x2/xpx; model y=x1 x2/noint xpx;
run; run;
!/ /
display matrix )y(’ ))(( ‘;(’yy> e RPtUX@+D)  For the model with intercept this matrix
is 4 x 4; for the model without intercept this matrix is 3 x 3.
/'y —1 2
Matrix (X 1)5) b
B SSE
For y = By + frx1 + Poxa + € and y = Brx1 + Poxs + €
proc reg; proc reg;
model y=x1 x2/i; model y=x1 x2/noint ij;
run; run;

(X'X)™ B £ pornxepe).
g’ SSE
matrix is 4 x 4; for the model without intercept this matrix is 3 x 3.

display matrix For the model with intercept this

: The values of variables y, x1 and x2 in Table3.2 on p76 are stored in file Table32.txt.

Consider model y = By + B1x1 + Boxa + €, € ~ N(0, 02).
(i) Find the value of B1, the LSE and MLE for 3.

Br = (0,1,0)(X'X)"1 X'y = 1.61591.
(i) Find var(Bi).

var(B1) = [(X'X) V2,202 = 0.00274 o2,

(iii) Find standard error for Bi.

S, = \/MSE [(X'X)(9,2) = 0.17073.

SAS: proc reg;
model y=x1 x2/i;
run;



