LO5 t-tests

1. t-tests
Suppose 6 is estimated by § and 00 ~ t(k).

(1) by rejection region

Hy:0>09vs Hy: 0 <t Hy: 0<0gvs Hy: 0> 06
Test statistic: ¢ = 55590 Test statistic: ¢ = 5520
Reject HO ift < —to(k) Reject Hy if t > to(k)
1 0= (90 vs Hy, : 9 75 9()
Test statistic: ¢ = 90

Reject Hy if t < —ta/2<k) or t > t,/a(k)

are lower-sided alternative, upper-sided alternative and two-sided alternative a-level test

Proof. Consider the first lower-sided alternatlve test with lower-sided rejection region.
Note that under Hy: 0 > 0y <~— 9 < 0-to

= S,\
s P(9 i <c) <P (% <e) foralle
So, P (Type I error) = P (Rejecting Ho|Hy is true) = P (5— 0 < —to(k )|H0>

So
< P (%L < —ta(k)) = P (k) < ~ta(k)) = o

Thus the lower-sided alternative test is an a-level test.

Comment: The lower-sided alternative test has lower-sided rejection region,
The upper-sided alternative test has upper-sided rejection region
and the two-sided alternative test has two-sided rejection region.

(2) by p-value

Hy:0>00vs H,:0 <0 H'0<90VSH'0>00
Test statistic: ¢ = §E§0 Test statistic: ¢ = Sgo
p-value: P(t(k) < tob) p-value: P (t(k) > top)
:0=09vs H, : 497590
Test statistic: t = 90

p-value: 2P (t(k) > |7fob|)

are the tests equivalent to that in (1).
Proof. Consider the second upper-sided alternative test.
Hj is rejected by using a-level rejection region

= top > to(k) <= P (t(k) > top) < P(t(k) > ta(k)) = o <= p-value < a
<= Hj is rejected by using p-value.

Comment: Lower-sided alternative test has lower-sided probability as p-value.
Upper-sided alternative test has upper-sided probability as p-value.
Two-sided alternative test has two sided probability as p-value since

2P (t(k) > [to]) = P (t(k) < =[top]) + P (£(K) > [top]) -



2. t-testsin y = By + S1x + €

(1)

Practical needs

After confirming the usefulness of the model, there may be still many questions need to
be answered. For example

Is E(y(x)) and increasing function of 7<= Is H, : 51 > 0 true?

E(y(0)) =57 <= Hy : By =5 true?

E(y(3)) > 107 <= Hy : E(y(3)) > 10 true?

Framework

. Bo— U(zo)—FE
By the framework in 1 and &’T%ﬁo ~t(n—2), By ﬁ’Bl t(n—2), %W ~ t(n—2),
there are three types tests on each of Sy, 81 and E(y(zg)) = 8o+ S120 by rejection region
and by p-value.

To carry out the tests Bo» SBO; Bl, SBI; and y(xg), S are needed.

Y(zo)
Ex1: Based on a sample of size n = 20 one obtains //3\1 = —37 and S§1 = 3. Is the

regression function a decreasing function of x? Support your conclusion by a test
at level 0.05.

From App tp.05(18) = 1.734.
: 1 >0vs Hy: 1 <0
Test statistic ¢ = 5 L

Rejet Hy if t < —1 734 for a = 0.05
top = 2L = —12
Reject Ho E(y(x)) is a decreasing function of =

Comment: t-test and F-test on Hy : 1 = 0 are equivalent, i.e., they produce the same
p-value, and reach the same conclusion.

3. t-tests in y = fxr + €

(1)

(2)

By the framework in 1 and 55;? ~ t(n—1) and %@?(mo) ~ t(n — 1) there are three
B (o
types of tests on each of 8 and E(y(z¢)) by rejection regions or by p-values.

To carry out the tests B and Sz; Y(zo) and Sg(zy)

Ex2: A sample for the model without intercept produced
n=4,>2=2Yy=14,Y2>=6,> y* =54, > zy = 4.
For future xg = 2 test Hyp : E(y(2)) = 3.

are needed.

Computing MSE = - [$ 42 — szjg)g =17.1111, f = &% = 0.6667

§(2) = Bx2=1.333, S2, = MSE*; = 3.38?

Hy: E(y(2)) =3 versus H, : E(y(2)) # 3
Test Statistic: ¢ = L2=3

S5(2)
p-value: 2P (t(n — 1) > |to])
tpp = 1‘%?58_3 = —0.49, p-value
p-value: 2P(t(3) > 0.49) = 2 x 0.329 = 0.658
Fail to reject Hy at the level 0.65

Data do not show evidence against the claim that F(y(2)) =3




L06: t-intervals

1. t-intervals and their relations to t-tests
: : ) 60
Suppose 6 is estimated by 6 and N t(k).

(1) t-confidence intervals for § with confidence coefficient 1 — «

(i) Two-sided CI: 6+ tas2(k)sy is a 1 — a two-sided CI for 6.
(ii) Lower-sided CI: —00, 0+ ta(k)s§> is a 1 — a lower-sided CI for 6.
(iii) Upper-sided CI: o — ta(k)sz, oo) is a 1 — o upper-sided CI for 6.

Proof. (i) Need to show P (é\— tay2(k)s; <0 < 0+ ta/Q(k)Sé\> =1-a.

l—a = P(~typ(k) <t(k) <tnps(k) =P (—ta/2(k) < %9 < ta/Q(k))
- P (é— toja(K)sy < 0 < 0+ ta/2(k)55) .

(ii) Need to show P <—oo <0<6+ ta(k)sé\) =1-a.

1-a = P(—to(k) <t(k)<oc)=P (—ta(k) << oo)
= P (—oo <<B+ ta(k)35) .

(iii) Skipped
(2) Relations of 1 — a CI and a-level test

(i) 6p is in 1 — a two-sided CI <= «-level test on Hy : 6 = 6 fails to reject Hy
(i) fp is in 1 — « lower-sided CI =~ <= a-level test on Hy : 6 > 0 fails to reject H
(iii) #p is in 1 — v upper-sided CI <= a-level test on Hy : 0 < 0 fails to reject Hy
Proof. (i) fp is in 1 — a two-sided confidence interval for 0

B0 € 0 £ taso(k) Sy — —taya(k) < %57 <tasa(k)

a-level test on Hy : 0 = 0 fails to reject Hy

!

(ii) 6o is in 1 — a lower-sided CI for 6
00 < By <O+ ta(k)Sy = Lo
6

!

a-level test on Hy : 6 > 0 fails to reject Hy
(iii) Skipped
2. t-intervals in y = By + Bix + €

(1) Practical needs
After F-test confirms the usefulness of the model, many estimation problems arise.
For example, when x increases by 1, we may need to estimate the increment in E(y) by
a confidence interval, i.e., a confidence interval for 3.
We always want to have an interval estimate for the mean of a future response when
x = xg, a confidence interval for E(y(xo)) = Bo + f1xo.



(2)

3)

Framework
Based on the framework in 1 and
By — By — m - F
Bo=Bo i —9), PPt Ly — 9 ang T EW@0)) gy
S5 S5 S-
Bo B1 y(zo)

there are three types confidence intervals for Sy, 51 and E(y(z¢)). For example

—00, 30 +to(n — 2)53()) is a 1 — a lower-sided CI for 3
31 —to(n — 2)5’31, oo) is a 1 — o upper-sided CI for 8,
Y(wo) £tasa(n —2)S5,) 18 al—a two-sided CI for E(y(zo))

Ex1: Based on a sample of size n = 20 one obtains 31 = —37 and 531 = 3. Find a
lower-sided confidence coefficient for 8; with confidence coefficient 0.95.
l1—a=0.95= a=0.00 = ta(n—2)=1.734
(—oo, By + toln — 2)531) = (00, =37+ 1.734 x 3) = (—o0, —31.798)
is a 95% CI for f.

Relations to a-level tests
The relations of a-level tests and 1 — « CI hold. For example

Ex1 in L0O5 Hy : B1 > 0 is rejected at the level o = 0.05
<= 0 is not in the 95% lower-sided CI for 8; <= Ex1 L06

3. t-intervals in y = Bx + ¢

(1)

Confidence intervals
By the framework in 1 and
B — J(z0) — E

there are lower-sided, upper-sided and two-sided confidence intervals for 8 and for
E(y(zo)) = Bxo
Ex2: A sample for the model without intercept produced
n=4,>2=2>y=14,Y2>=6,> y? =54, > zy = 4.
For a 95% confidence interval for E(y(2)).
7(2) = B x 2 =1.333, 55(3) = 3.382
ta/Q(n - 1) == t0,025(3) = 3.182

y(2) £ ta/Z(n — 1)5@(2) = 1.333 £ 3.182 x 3.38 = 1.333 + 10.755 = (—9.422, 12.088)
is a 95% CI for E(y(2)).

The relation of a-level tests and 1 — o CI holds

For example Ex2 in L05 shows p-value=0.65 for test on Hp : E(y(2)) = 3. So Hp is
rejected at o = 0.05. Hence 3 is in 95% CI for E(y(2)). This is the conclusion of Ex2
here in L06. What if = 0.15, 0.25, 0.457



