L25 Matrices that store all derivatives

1. One function with a matrix of arguments

(1) Definition
Fory = f(X) € R where X = (x;)pxq, define matrix 8X (y%) . Then this matrix
pxq

stores all partial derivatives of y to ;5,1 =1,...,p; j =1,...,q

(@)Tﬂ 0y" _ 0y
0X T oXT T axT
(2) Formula 1: For X € RP*P, 8?}({ ) = I,.

otr(X) _ O (ziitmoottapp)
Proof —+ = = 1 (;Z’X P2l = .

(3) Formula 2: For X € RP*P, % = |X| (XT)_1
Proof Let C = (c;;)pxp be the cofactor matrix of X. Then XCT = |X| I,
So |X| = Zi1Ci1 + -+ TG + - F TipCip = g‘;ﬂ = Cjj = % =C.
But XCT = |X|I = CT X HNX|=C=|X|(xT)"
Thus 251 = | x| (x7) ™

(4) Formula 3: For a € RP, B € R? and X = (xij)pxq; 805# =apT.

Proof o' X3 = Z 123 L TijoiBj = 8xX6 = o;f3j.
S0 2522 = (i) = 08"
(5) Formula 4: For x € RP, A € RP*P, % = (A+ ATz,

Ex1: With z = 1 and A = L2
T2 3 4

82T Ax o 2x1 +5x2
So T <5m1 + 8:52) and

asane = 6 D)= D) - ()
= 5

), o7 Az = 23 + baqwy + 423,

Comments: 8;2}43” =2T(A+ AT).  If AT = A, then B%Tf‘” = 2Ax.

Ex2: For Y = AXB where A € R™P and B € Ri*", ZAXBlt — ATE_  (5,4)BT.
Proof Let I, = (e1m, s €mm) and I, = (€1n, ..., €nn)-
Then (AXB)g = el  AX Bey,. By Formula 3,

O(AXB)y  Oel, AXBey,
ox 0X

2. A matrix of functions with one argument

= ATesmez;LBT = ATEan(S, t)BT.

(1) Definition
For Y = (y«(2)),,y, define matrix % = (%)mxn Then this matrix stores all

derivatives of ys; to z, s =1,....m;t=1,...,n.

(al)T def gyT _ oyT
Ox — 92T T 9z -




(2) Examples

2z
Ex4: For Y = AXB where A € R™*P and B € R1*", BBAT);B = AFE,«,(i,7)B.
Proof Write A = (A1, .., 4,), A;j = Aeip, BT = (B, .., B(y)) and B(j) = B'ej;. Then

Ex3: For Y = (2,22 — 1), %—}; = (2, 2z) and 883;T = <2 )

BT
Ty ot T (1)
Ipl = Tpg B(T;)

T .
—_= AiB(j) = Aejp (BTejq) = Aeipe};B = AE,«q(i, j)B.

3. A vector of functions with a vector of arguments

(1) Definition
y1() 1 W), - (1),
Fory = : € RMandx = | ' | € RP, matrix 5% = : : c

!/

Ym () Lp (ym)xl (ym)xp
R™*P gtores all partial derivatives of (yi);],, 1=1,..m;j=1,..,p.

(83/ )TﬁM € Rpxm,

ozT Ox
1 2 T T1 + 229
Ex5: For A= (3 4], x= (a:;) and y = Az, ;TyT = agTAx = a?ﬂT 3ry +4xs | =

5 6 5x1 + 622

1 2

3 4| =A

5 6

(2) Formula 5: ‘?9;‘7? = A. % = AT,

(3) A matrix of functions with a matrix of arguments
For Y = (ys(X)) and X = (x;j)pxq there are three ways to store all partial deriva-
tives of (ys)"

Tij°
(i) Matrix % € R™*P1 gtores all partial derivatives.

(ii) Matrices gTY € R™" 4=1,...,p; j = 1,...,q store all partial derivatives.
ij

mxn

(iii) Matrices % € RP*Y s=1,...,m;t=1,..,n store all partial derivatives.

Ex6: For Y = AXB € R™*"™ and X € RP*4,
.\ 9VeCc(AXB) _ d(BT@A)vec(X) _ pT
() FrvecEor = o ecoor = B ®A.

(ii) By Ex1 % = ATExn(s, )BT, s =1,..,m;t=1,..,n.

(iii) By Ex4 8545”5 = AE, (i, /)B,i=1,.,p;j=1,...q.




L26: Chain rules

1. Derivative matrices in calculus

(1) Gradient vector
a1 2 (7)
With z = | ¢ | and y = f(z1,..,2n) = f(x), Vf(x1,..,2,) = Vf(z) = : is
called the gradient vector of y at . Vf(z) = %&Cx) € R

Comments: The gradient vector points to the direction along which the directional
derivative of y at x is maximized.

xo is a stationary point of y = f(x) g) Vf(xzg) =0.

(2) Hessian matrix

" 1
fz% e fr
Hy(x) = : : storing all second order derivatives of f(z) is called the
" . £
Tl x2

. . 0 02 0? 9
Hessian matrix of y. Hy(x) = %V(w) = 8% gg) = 8me(§;) = 3;;(193) =£ 3];5?)-

Comments: Both Vf(z) and Hy(,) appear in Taylor expansion at xg

f(x) = f(zo) + (x — 20) "V f(w0) + %@ — 20)" H () (x — m0)

where £ = ax + (1 — a)xg for some « € [0, 1].
If Hpzy > 0 for all x, then f(z) is minimized at z¢ if and only if V f(z) = 0, i.e.,
xg is stationary point.

(3) Jacobian matrix
Suppose y = hi(z) € R" <= x = ha(y) € R" and € D, <= y € D,. In the definite
integral by substitution y = hq(z),

/Dx f(x)dxy,..dx, = //Dy f(ha(y)) abs|J| dy1, .., dyn

Here J is Jacobian matrix of the transformation.

(@1)y, - (21)y, 1)y, - (wn)y,
Comments: J = : : or J = : : , le.,
(Tn)y, - (Tn)y, (x1)y, - (Tn)y,
T
J = 387? or J = 8axy . Thus notation J = gﬁ%zz is utilized.

2. Chain rules

(1) Three vectors
For z € R™, y € R" and = € RP, aazT = 0z Oy
T

For example 81(49(;3; L) R % = 24z _ 4 can also be explained as

OA(x—b) _ OA(x—b) 9x—b __ oxr __ _
dzT 7 9(z—b)T 92T AaacT =Al=A




Ex1: For y = f(z) = ||Az — b||? = (Az — b)T(Az — b), find Vf(z) and Hy ).

x z—b)T(Az— x T(Ax— T
B - DU _ AU bt (42— T2 4
So Vf(x) = L& — 94T (Az — b) = 2(AT Az — ATh).

Hpwy = OVHE — 0 9(AT Ax — ATb) = 24T A.

(2) One function and two matrices
For z€ R, Y € R™*" and X € RP*4,

8yst ayst
5 -Z T (5%) -2 (), (5%)
Ex2 : With A€ R"*P X € RP*? and B € R?*",
otr(AXB) _ Otr(AXB) 9 (AXB),
2B — v v () | (25

= Zs IZt 1( )st [A Enxn(s, t)BT} AL, BT = (BA) .

3. A example
Find minimizer of y = f(z) = ||Az — b||?> = (Az — b)T(Ax — b).

(1) Linear algebra approach
|Az — b||? is minimized at Z <= AZ = 7(b | R(A) <= AZ = AA™D.

(2) Calculus approach
By Ex1, Vf(z) = 2(AT Az — ATb) and Hy(,) = 2AT A > 0 for all . Thus

| Az — b||? is minimized at T <= 7 is a stationary point <= Vf(Z) = 0
= 2(ATA7 — ATb) = 0 <= AT Az = AT,

(3) Equivalency
AT = AATD < AT Az = A"
=: AT = AATh = AT A7 = AT(AAT)b = AT(AAT)Th = (AATA)Th = AT,

e ATAT = ATh = (AT)T(ATA)F = (AT)T A = (AAH)T AT = (AAT)Th
— AATAT = AATD = AT = AA*D.



