
L25 Matrices that store all derivatives

1. One function with a matrix of arguments

(1) Definition

For y = f(X) ∈ R where X = (xij)p×q, define matrix ∂ y
∂ X =

(
y′xij

)
p×q

. Then this matrix

stores all partial derivatives of y to xij , i = 1, ..., p; j = 1, ..., q.(
∂ y
∂ X

)T def
== ∂ yT

∂ XT = ∂ y
∂ XT .

(2) Formula 1: For X ∈ Rp×p, ∂ tr(X)
∂ X = Ip.

Proof ∂ tr(X)
∂ X =

∂ (x11+x22+···+xpp)
∂ X = Ip.

(3) Formula 2: For X ∈ Rp×p, ∂ |X|
∂ X = |X|

(
XT

)−1
.

Proof Let C = (cij)p×p be the cofactor matrix of X. Then XCT = |X| Ip.
So |X| = xi1ci1 + · · ·+ xijcij + · · ·+ xipcip =⇒ ∂ |X|

∂ xij
= cij =⇒ ∂ |X|

∂ X = C.

But XCT = |X|I =⇒ CT = X−1|X| =⇒ C = |X|
(
XT

)−1
.

Thus ∂ |X|
∂ X = |X|

(
XT

)−1
.

(4) Formula 3: For α ∈ Rp, β ∈ Rq and X = (xij)p×q,
∂ αTXβ

∂ X = αβT .

Proof αTXβ =
∑p

i=1

∑q
j=1 xijαiβj =⇒ ∂ αTXβ

∂ xij
= αiβj .

So ∂ αTXβ
∂ X = (αiβj)p×q = αβT .

(5) Formula 4: For x ∈ Rp, A ∈ Rp×p, ∂ xTAx
∂ x = (A+AT )x.

Ex1: With x =

(
x1
x2

)
and A =

(
1 2
3 4

)
, xTAx = x21 + 5x1x2 + 4x22.

So ∂ xTAx
∂ x =

(
2x1 + 5x2
5x1 + 8x2

)
and

(A+AT )x =

[(
1 2
3 4

)
+

(
1 3
3 4

)](
x1
x2

)
=

(
2 5
5 8

)(
x1
x2

)
=

(
2x1 + 5x2
5x1 + 8x2

)
= ∂ xTAt

∂ x .

Comments: ∂ xTAx
∂ xT = xT (A+AT ). If AT = A, then ∂ xTAx

∂ x = 2Ax.

Ex2: For Y = AXB where A ∈ Rm×p and B ∈ Rq×n, ∂ (AXB)st
∂ X = ATEm×n(s, t)B

T .

Proof Let Im = (e1m, ..., emm) and In = (e1n, ..., enn).
Then (AXB)st = eTsmAXBetn. By Formula 3,

∂ (AXB)st
∂ X

=
∂ eTsmAXBetn

∂ X
= AT esmeTtnB

T = ATEm×n(s, t)B
T .

2. A matrix of functions with one argument

(1) Definition

For Y = (yst(x))m×n define matrix ∂ Y
∂ x =

(
∂ yst
∂ x

)
m×n

. Then this matrix stores all

derivatives of yst to x, s = 1, ...,m; t = 1, ..., n.(
∂ Y
∂ x

)T def
== ∂ Y T

∂ xT = ∂ Y T

∂ x .
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(2) Examples

Ex3: For Y = (2x, x2 − 1), ∂ Y
∂ x = (2, 2x) and ∂ Y T

∂ x =

(
2
2x

)
.

Ex4: For Y = AXB where A ∈ Rm×p and B ∈ Rq×n, ∂ AXB
∂ xij

= AEp×q(i, j)B.

Proof Write A = (A1, .., Ap), Ai = Aeip, B
T = (B(1), .., B(q)) and B(j) = BT ejq. Then

AXB = (A1, .., Ap)

x11 · · · x1q
...

. . .
...

xp1 · · · xpq


BT

(1)
...

BT
(q)

 =
∑

i

∑
j xijAiB

T
(j). So

∂ AXB

∂ xij
= AiB

T
(j) = Aeip

(
BT ejq

)T
= Aeipe

T
jqB = AEp×q(i, j)B.

3. A vector of functions with a vector of arguments

(1) Definition

For y =

 y1(x)
...

ym(x)

 ∈ Rm and x =

x1
...
xp

 ∈ Rp, matrix ∂ y
∂ xT =

 (y1)
′
x1

· · · (y1)
′
xp

...
. . .

...
(ym)′x1

· · · (ym)′xp

 ∈

Rm×p stores all partial derivatives of (yi)
′
xj
, i = 1, ...,m; j = 1, ..., p.(

∂ y
∂ xT

)T def
== ∂ yT

∂ x ∈ Rp×m.

Ex5: For A =

1 2
3 4
5 6

, x =

(
x1
x2

)
and y = Ax, ∂ y

∂ xT = ∂
∂ xT Ax = ∂

∂ xT

 x1 + 2x2
3x1 + 4x2
5x1 + 6x2

 =1 2
3 4
5 6

 = A.

(2) Formula 5: ∂ Ax
∂ xT = A. ∂ (Ax)T

∂ x = AT .

(3) A matrix of functions with a matrix of arguments
For Y = (yst(X))m×n and X = (xij)p×q there are three ways to store all partial deriva-
tives of (yst)

′
xij

.

(i) Matrix ∂ vec(Y )
∂ [vec(X)]T

∈ Rmn×pq stores all partial derivatives.

(ii) Matrices ∂ Y
∂ xij

∈ Rm×n, i = 1, ..., p; j = 1, ..., q store all partial derivatives.

(iii) Matrices ∂ yst
∂ X ∈ Rp×q, s = 1, ...,m; t = 1, .., n store all partial derivatives.

Ex6: For Y = AXB ∈ Rm×n and X ∈ Rp×q,

(i) ∂ vec(AXB)
∂ [vec(X)]T

= ∂ (BT⊗A)vec(X)
∂ [vec(X)]T

= BT ⊗A.

(ii) By Ex1 ∂ (AXB)st
∂ X = ATEm×n(s, t)B

T , s = 1, ..,m; t = 1, .., n.

(iii) By Ex4 ∂ AXB
∂ xij

= AEp×q(i, j)B, i = 1, .., p; j = 1, .., q.
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L26: Chain rules

1. Derivative matrices in calculus

(1) Gradient vector

With x =

x1
...
xn

 and y = f(x1, .., xn) = f(x), ∇f(x1, .., xn) = ∇f(x) =

f ′
x1
(x)
...

f ′
xn
(x)

 is

called the gradient vector of y at x. ∇f(x) = ∂ f(x)
∂ x ∈ Rn.

Comments: The gradient vector points to the direction along which the directional
derivative of y at x is maximized.

x0 is a stationary point of y = f(x)
def⇐⇒ ∇f(x0) = 0.

(2) Hessian matrix

Hf (x) =


f ′′
x2
1

· · · f ′′
x1xn

...
. . .

...
f ′′
xnx1

· · · f ′′
x2
n

 storing all second order derivatives of f(x) is called the

Hessian matrix of y. Hf (x) =
∂

∂ xT ∇(x) = ∂
∂ xT

∂ f(x)
∂ x = ∂2 f(x)

∂ xT x
= ∂2 f(x)

∂ xxT = ∂
∂ x

∂ f(x)
∂ xT .

Comments: Both ∇f(x) and Hf(x) appear in Taylor expansion at x0

f(x) = f(x0) + (x− x0)
T∇f(x0) +

1

2
(x− x0)

THf(ξ)(x− x0)

where ξ = αx+ (1− α)x0 for some α ∈ [0, 1].
If Hf(x) ≥ 0 for all x, then f(x) is minimized at x0 if and only if ∇f(x0) = 0, i.e.,
x0 is stationary point.

(3) Jacobian matrix
Suppose y = h1(x) ∈ Rn ⇐⇒ x = h2(y) ∈ Rn and x ∈ Dx ⇐⇒ y ∈ Dy. In the definite
integral by substitution y = h1(x),∫∫

Dx

f(x)dx1, ..dxn =

∫∫
Dy

f(h2(y)) abs|J | dy1, .., dyn

Here J is Jacobian matrix of the transformation.

Comments: J =

(x1)
′
y1 · · · (x1)

′
yn

...
. . .

...
(xn)

′
y1 · · · (xn)

′
yn

 or J =

(x1)
′
y1 · · · (xn)

′
y1

...
. . .

...
(x1)

′
yn · · · (xn)

′
yn

, i.e.,

J = ∂ x
∂ yT

or J = ∂ xT

∂ y . Thus notation J = ∂ x1,..,xn

∂ y1,..,yn
is utilized.

2. Chain rules

(1) Three vectors
For z ∈ Rm, y ∈ Rn and x ∈ Rp, ∂ z

∂ xT = ∂ z
∂ yT

∂ y
∂ xT .

For example ∂ A(x−b)
∂ xT = ∂ Ax−Ab

∂ xT = ∂ Ax
∂ xT = A can also be explained as

∂ A(x−b)
∂ xT = ∂ A(x−b)

∂ (x−b)T
∂ x−b
∂ xT = A ∂ x

∂ xT = AI = A.

3



Ex1: For y = f(x) = ∥Ax− b∥2 = (Ax− b)T (Ax− b), find ∇f(x) and Hf(x).
∂ f(x)
∂ xT = ∂ (Ax−b)T (Ax−b)

∂ xT = ∂ (Ax−b)T (Ax−b)
∂ (Ax−b)T

∂ Ax−b
xT = (Ax− b)T 2A.

So ∇f(x) = ∂ f(x)
∂ x = 2AT (Ax− b) = 2(ATAx−AT b).

Hf(x) =
∂∇f(x)
∂ xT = ∂

∂ xT 2(A
TAx−AT b) = 2ATA.

(2) One function and two matrices
For z ∈ R, Y ∈ Rm×n and X ∈ Rp×q,

∂ z

∂ X
=

∑
s

∑
t

∂ z

∂ yst

(
∂ yst
∂ X

)
=

∑
s

∑
t

(
∂ z

∂ Y

)
s,t

(
∂ yst
∂ X

)
.

Ex2 : With A ∈ Rn×p, X ∈ Rp×q and B ∈ Rq×n,

∂ tr(AXB)
∂ X =

∑n
s=1

∑n
t=1

(
∂ tr(AXB)
∂ (AXB)

)
s,t

(
∂ (AXB)st

∂ X

)
=

∑n
s=1

∑n
t=1 (In)s,t

[
ATEn×n(s, t)B

T
]
= AT InB

T = (BA)T .

3. A example
Find minimizer of y = f(x) = ∥Ax− b∥2 = (Ax− b)T (Ax− b).

(1) Linear algebra approach

∥Ax− b∥2 is minimized at x̂ ⇐⇒ Ax̂ = π(b | R(A) ⇐⇒ Ax̂ = AA+b.

(2) Calculus approach
By Ex1, ∇f(x) = 2(ATAx−AT b) and Hf(x) = 2ATA ≥ 0 for all x. Thus

∥Ax− b∥2 is minimized at x̂ ⇐⇒ x̂ is a stationary point ⇐⇒ ∇f(x̂) = 0
⇐⇒ 2(ATAx̂−AT b) = 0 ⇐⇒ ATAx̂ = AT b.

(3) Equivalency
Ax̂ = AA+b ⇐⇒ ATAx̂ = AT b.

⇒: Ax̂ = AA+b =⇒ ATAx̂ = AT (AA+)b = AT (AA+)T b = (AA+A)T b = AT b.

⇐: ATAx̂ = AT b =⇒ (A+)T (ATA)x̂ = (A+)TAtb =⇒ (AA+)TAx̂ = (AA+)T b
=⇒ AA+Ax̂ = AA+b =⇒ Ax̂ = AA+b.
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