L24 Vectorizing matrix product and commutation matrices

1. Vectorizing matrix product

(1) Tools

Recall: For x € C™ and y € C"

m@y/:y/(@x:xy’ andx@y*:y*@;p:xy*
VeC(% ® y,) = VeC(y/ & -T) == vec(g;y’) =y R x
and vec(z ® y*) = vec(y* ® z) = vec(zy*) =y @ @

(2) Vectorizing matrix product

vec(AXB) = (B' ® A) vec(X)

Proof Suppose X € RP*? and I, = (e1, ..., eq).
e, B
vec(AXB) = vec[A(X1,..,Xq)(e1,..,eq)'B] = vec | (AXy,...,AXy) |
ey B
= vee[(AX1)(B'er) + -+ + (AX,)(B'ey)]
= vec[(AX1)(B'e1)] + -+ vec[(AX,)(B'eq)’]
Bler) © (AX1) + (B'eq) ® (AX,)
B/®A)(€1®X1) +(B'® A)(eqg ® Xg)
A) vec(Xiey) + -+ (B ® A) vec(Xiey)
B'® A)vec(Xqie| + -+ Xyep)
B' @ A)vec(XI') = (B’ ® A) vec(X).
Ex1: For A€ C™*" and B € C™*?
vec(AB) = vec(Al,B) = (B'®A)vec(I,); vec(AB) = vec(I,, AB) = (B'®1,,) vec(A);
vec(AB) = vec(ABI,) = (I, ® A)vect(B).
Comment
Y = AXB is a linear transformation from CP*9 to C™*". CP*? and C"™*™ are iso-
morphic to CP? and C™" with isomorphism vec(-). Would vec(X) — vec(Y') be a linear
transformation? If so, then vec(Y) = D vec(X). Can we find matrix D? Those questions
are answered.
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2. Commutation matrices

(1)

(2)

Definition of K,
With I, = (e1,ms -, €m,m) and I, = (€1 n, ..., €n,n) define commutation matrix

m n
/ / X
Kmn = g E €im Q €5, ® € @ €jn € Rmmxmn
i=1 j=1

Comment: K, , is real, square and produced by I, and I,,.
/
K}, = Knm-
/
! _ m n . / / .
Proof Km,n - |:Zi:1 Zj:l €i,m ® ej,n ® 6i,m ® e]7n:|
_ m no_ . , /
= D il12 i 1Cim®ein®eim e,

- Z?:l 277111 €jn & e{i,m ® e;,n @ €im = Kn,m
Comment: Transposed K, , is a commutation matrix produced by I,, and I;,.



Proof K Knm
= [Z i © €0 ® €y ® i) | [T E (e © € © € ® €qam)

= Z;n Z? ZZ Zzn(eivm ® e;‘,n ® e;,m ® ejﬂl)(e:],m ® 6177” ® e‘lam ® e;;,n)
= E E E E (e, me m) ® (6},n€p,n) ® (eé,meq,m) ® (ej,ne;,n)
= 220" 25 (Eime ) @ (€] ) = 223" (Cimei 1) @ D25 (€5,n€] )

Comment: K,,, is an orthogonal matrix.
Ex2: K1 = Zm161m®ezm = Zznlelmezm =1,
Kl,n:Z? ) Jn®e]n —Z? 1e‘,ne = 1I,. SOK 1=1In =Kim.
3. An applications of commutation matrices
(1) Commutation matrix in vectorization

For A e C™" Ky, vec(A) = vec(A).
Proof For A = (aij)mxn,

A= Z Z< Aejn)(€jn€im) = Z (€1} ) A(€5n€ m)-
i=1j=1 i=1 j=1

= TS [(ej,ne;,my @ (ejn€ )| vee(A) = Ko vec(A).
(2) Commutation matrices in Kronecker product
For Ae C™*" and B € CP*, K1 (A® B) Ky, =B ® A.
Proof For all X € C7*™,
Kpm(A® B)vec(X) = Kp,mvec(BXA') =vec(AX'B’)
= (B®A)vec(X') = (B® A) Ky nvec(X).
So Kpm(A®B) =(B® A)Kypn. Thus Kgm(A® B)K, =B ® A.

Comment: For commutation of A and B in Kronecker product, one needs to use ma-
trices Ky, . These matrices are therefore called commutation matrices.

Ex3: With A e C"™ " and y € CP, Kp n(A®y)Kp1 =y®A, ie., Kpn(ARy) =y A.



