L19 Orthogonal complements of matrix spaces

1. Cross expressions

(1) Conditions for expressing ranges as null spaces
If D is idempotent, i.e., D? = D, then

R(D, I,) = N(I — D, I,,) and R(Ipm, D) = N(In, I — D)

Pf: Show the second equation.
C: IfY € R(In, D), then Y = I,,XD. So I,,Y(I — D) = XD — XD? = 0.
Thus Y € N (I, I — D).
O: Y eN(y, I —D), then Y(I — D) =0. Thus Y =YD € R(I, D).

(2) Conditions for expressing null spaces as ranges
If D is idempotent, then

N(D, 1) = R(I — D, I,) and N'(I,, D) = R(I,, I — D)

Pf: Show the second equation.
D is idempotent = I — D is idempotent. So by the second equation in (1) 1,
R(I,, I — D) = N(I,, I — (I — D)) = N(I,, D). So N(I,, D) = R(I,, I — D).
(3) Expressing the ranges as null spaces
R(A, I,) = R(AA™, I,) = NI, — AA, I,,).
R(Im, B) = R(In, B~B) = N(I,n, I, — B~B).
R(A, B) =R(A, I,) N R(I;,, By=N{ — AA~, I,)"N(I,,, I — B~ B).
(4) Expressing the null spaces as ranges
N(A, I,)=N(A=A, I,)=R(I — A=A, I,)
N(I,, B) =N(I,, BB™) = R(Ip, I, — BB™)
N(A, B)=R(I— A=A, I)+R(I, - BB™)

Ex1: R(A, I,) = R(AAT, I,) = N(I,, — AAT, I,)
R(In, B) = R(I;n, BYB) = N (I, I, — BT B)
R(A, B) = R(A, I,) N R(I,, B)=N(I — AAY, I,) "N (I,,, [ — BT B)
N(A, 1)) =N(ATA, I,) =R(I — AT A, 1)
N(1,, B) = N(I,, BBT) = R(I,, I, — BBY)
N(A, B)y=R(I—-ATA, I)+R(I, [ — BB™)
Ex2: Solutions to AXB = 0.

(i) Two-parameter version

AXB=0 <= X eN(A, B)=R(I,— ATA, I,) + R(I,, I, — BBY)
— X e{(l,— ATA)H, + Hy(I — BB") : Hy, Hy € CP*1}.

(ii) One-parameter version:
By the result in HW,

AXB=0+= X €N(A, B)={H - ATAHBB" : H € CP*9}.



2. Orthogonal complement

(1) Frobenius inner product for matrices
For X = (2ij)mxn and Y = (Yij)mxn, (X, Y) =", Zj r457;; = tr(Y* X)) satisfies
(i) (X, Y) = (Y, X)
(i) (aX +BY, Z) = a(X, Z) + BY, Z)

(i) (X, X) >0, (X, X)=0<—= X =0
and hence is an inner product called the Frobenius inner product.

(2) Induced norm and angle
With the inner product, the norm || X| = /(X, X) the angle formed by X and Y,
0 € (—m, 7| satisfying cos(6) = % are defined.

(3) Orthogonal complements
Suppose S is a subspace.
X1Y & x,v)=0
X118 x1viwalves st E(x . X 1S}={X: X LY forallY €S}
is called the orthogonal complement of S.

3. Orthogonal complements of ranges and null spaces

(1) RL(A7 B) :N(A*a *)

Pf: ZecR-(4, B) %L Z L R(A, B) <= Z L AXB for all X € CP*4
< 0= (Z, AXB) =tr(B*X*A*Z) for all X € CP*1

= 0 — tr(X*A*ZB*) = (A*ZB*, X) for all X € (P
& A*ZB* =0<= Z € N(A*, B").
—=: Take X = A*ZB*. <«<=: Trivial.
(2) N*(A, B) = R(A*, B¥)
Pf: In (1) replace A and B by A* and B*. R*+(A*, B*) = N (A, B).
Take the orthogonal complements of both sides. R(A*, B*) = N*-(A4, B).

Ex3: RY(A, I,) = N(A*, I,) = N(AAT, I,,). RY(A, I,) =R (AAY, I,,) = N(AA*, I,)
R (I, B) = N(I;m, B*) = N(I,,, B*B). R*(I,,, B) = R*(I;n, B¥B) = N(I,,,, B*B).
RY(A, B) = N(A*, B*) = N(AAY, B*B).
RY(A, B) = RY(AAT, BTB) = N(AAt, Bt B).

NE(A 1) = R(A*, 1)) = R(ATA, I). NHA, 1) = NHATA 1) =R(ATA, 1)
N=+(1,, B) :R(Ip, B*) R(I,, BB*) N*(I,, B) = N*(I,, BB*) = R(I,, BB!).
N+ (A, B) = R(A*, B*) = R(AtA, BB).

N+(A, B) :NL(A+A, BT)=R(A*A, BBY).



L20 Matrix projections

1. Projections

(1) More on orthogonal complement
Let S1, So and S be subspaces of finite dimensional V.
(i) (54)* = s.
(ii) S1 C S = Sy C St
Proof Z€ Sy = Z 1 So = 7 1 81 = Z € Si.
(iii) (S1 + S2)t = S{ NSy
Proof C: §5; C 51+ Sy = (S1—i—5’2)L CSZ-l, = (Sl—i-SQ)L CS%QSQL.
D2:Y eSS NSy =Y L S;=Y LS +S5=Yc(S+5)"
(iV) (51 N SQ)L = SIL + SQL
Proof In (iii) replacing S; by SZ-l and taking orthogonal complements of both sizes
lead to the result.
(2) Projections
V' is a space in which inner product and its induced norm are defined. S is a subspace
of V. For Y € V there exists a unique Y € S such that

Y —Y|2<||Y — Z|? for all Z € S.

This Y is called the projection of ¥ onto S and is denoted as m(Y|S).
(3) A sufficient condition _ R N R N
ForY €e VifY =Y +Y where Y € Sand Y € S*, then Y = 7(Y|S) and Y = n(Y|S4).
Proof YeSandy —~5A/ €St By (3) of 3in L16, Y = (Y |S).
YeStandY —Y €S =[St By (3) of 3in L16, Y = 7(Y | 7).
2. Projections onto R(4, B) and N(A, B)

(1) 7(Y|R(A, B)) = AAYYB*B and n(Y|R+(4, B)) =Y — AATYB*B.
Proof Y = AATYB*B+ (Y — AATY B'B) where AATYB'TB € R(A, B).
A*(Y — AATYB*B)B* = A*YB* — A*Y B* = 0.
SoY — AATYBTB € N(A*, B*) = R*+(4, B). Conclusion follows.
(2) 7(X|N(A, B)) = X — AYAXBB* and n(X|N*(A, B)) = ATAXBB™.
Proof X = (X — AYTAXBB™") + AT AXBB" where X — AT AXBB* € N(A, B).
But ATAXBB* € R(AtA, BBT) = R(A*, B*) = N1(A, B).
Conclusion follows.

Comments Two formulas
(Y mod R(A, B)) = AATY BT B and (X |N(4, B) =X — ATAXBBT.

The other two are by the relations 7(Y | R+(4, B)) = Y — 7(Y mod R(A, B)) and
(X mod Nt(4,)) =X —7(X mod N(4, B))
Exl: n(Y[R(A, I,)) = AA*YI+] = AA+Y
7(Y|R(Iy, B)) = [I"YB*B = YB*B
T(YIRY(A, 1)) =Y — AATY = (I — AAM)Y.
(YR (In, B)) =Y —~YB*B=Y(I, — BTB).



Ex2: 7(y|R(4)) = 7(y|R(A, 1)) = AATy and 7(y|R*(A)) = (I — AAT)y.
Ex3: 7(X|N (4, I,)) = X — ATAXITT = (I, - AtA)X
©(X|N(I,, B)) = X — ITIXBB* = X(I, — BBY)
T(X|NL(A)) = ATAX.
©(X|N*(I,, B)) = XBB*.
Ex4: m(z|N(A)) =7n(x|N(4, 1)) = (I - AT A)x
and m(z|NL(A)) = n(z|NL(4, 1)) = At Az

3. Projections onto R(A, I,) + R(Im, B) and N(4, I,) "N (I, B)

(1) 7(Y|R(A, I,) + R(Im, B)) = AATY + YB*B — AATYB*'B
Proof: Note that
R(A, In) + R(Im, B) R(AAT, I) + R(Im, B*B)
N (I, — AA*, I,) + N(I,, I, — BTB)
N(I — AA*, I — B™B)
So (Y | R(A, I) +R(I, B)) oY | N(I — AA*, I — BTB))
Y - (I-AAT)Y(I -B*B) .
AAYY +YBYB - AAYYBTB
(2) m(X|N(A, I,) "N (I,, B)) = (I, - ATA)X (I, — BBT)
and m(X|[N(A4, I,) NN (I,, B)]*)=ATAX + XBB* — AYAXBB™.
Proof: Note that

N(A, I)NN(Iy, B) = N(ATA, I,) N N(I,, BBY)
= R(I,— At A, I,)NR(I,, I, — BBY)
= R(I,— A*A, I, — BBY).
)

So m(X|N(A, I) "N (I,, B) 7(X|R(I, — A*A, I, — BB*))

(I, — ATA)X (I, — BB").

Comr??;rT:RT(X?Ifﬁ):r—n%?;, B)) AATY +YBB*T — AATYB'™B
(Y | R(A, I)+7n(Y | R, B)) —n(Y | R(A, B))
and (X | N(A, )NN(I, B)) = (I — ATA)X(I — BB™).
The other two are by the relation
(Y | [R(A, )+ R(I, B)J") =Y —a(Y | R(4, I) + R(I, B)).
m(X|N(A, I)NN(IT, B)]L) =X -—7n(X|N(A, I)nN(I, B))
Ex5: Find 7T(X|RJ‘(A* ¢) NN (I, (B))).
RE(A*, 1) NN (I b (B*)T) = N(A, I,) NN (I, B).
So, W(X|RL(A* o) NN (I, (B)")) = (I, — ATA)X (I, — BBY).



