L15: R(A), N(A) and their relations

1. R(A)

(1) Definition and notations
For A € C"*", {Az:zeC”}cC™
is a linear space in C"™ denoted as L(A); It is the range of the linear transformation (LT)
y = Az and is denoted as R(A); It is the column space of A and is denoted as C(A); As
the span of the columns of A it is also denoted as S(A).
dim[R(A)] = rank(A).
Ex1: In linear regression y = X + € with E(e) =0, E(y) = X3. So E(y) € R(X).
(2) A lemma: R(AB) C R(A).
Proof: y € R(AB) = y = ABx = A(Bz) € R(A). So R(AB) C R(A). O
(3) Expressions
R(A) = R(AA") = R(AA*) = R(AA") = R((A°)*).
Proof: R(AA™) C R(A) = R(AA™A) C R(AA™) = R(A) = R(AA™);
R(4) = R(AA") — R(4) = R(AA");
RUAAY) CR() = R(A4'4) = RUA(4)) € RIALY) = RA) = R(AL')
R(A) = R(AATA) =R((AT)"A"A) C R((A")") = R((ATAAT)")
= R(AAT(AT)*) C R(A). = R(A) = R((A1)*).
So R(A) = R(AA™) = R(AAT) = R(AA*) = R((A")1).O
Comment: AA* is Hermitian; AA™ is idempotent; AA™ is Hermitian and idempotent.
Ex2: R(A*) = R(A*(A*)T) = R(ATA); R(A*) = R(A*(A*)*) = R(A*A);
R(A*) = R(A*)T) = R(AT). So R(A*) = R(A1) = R(ATA).
But R(A*) # R(A™A).

2. N(A)

(1) Definition and notation
For A € C"™*", {reC™: Az =0} CcC"
is a subspace of C™. This space is the Kernel of the LT y = Ax, the solution space for the
equation Az = 0 called the null space of A denoted as N'(A). dim[N (A)] = n—rank(A).

(2) A lemma: N(A) c N(BA).
Proof: x e N(A) = Az =0=—= BAz =0= z € N(BA). U
(3) Expressions
N(A)=N(A"A) = N(ATA) = N(A*A) = N((45)T).
Proof: N(A7A) CN(AA=A) =N(A) CN(A"A) = N(A) = N(A"A);
N(A)=N(A~A) = N(A) = N(ATA);
N(A*A) CN((AT)*A*A) = N(AATA) = N(A) CN(A*A) = N (A) = N(4*A)
N((AT)*) C N(AA*(AHT) = N(AATA) = N(A) CN((AT)*ATA)
= N((A)TAY(A")F) = N((AT)") = N(4) = N((4)F).
SoN(A)=N(A"A) =N(ATA) = N(A*A) = N((A*)1). O
Comment: A*A is Hermitian; A~ A is idempotent; AT A is Hermitian and idempotent.
Ex3: N(A*) = N((A*)TA*) = N(AAT); N(A*) = N((A*)*A*) = N(AA*);
N(A*) = N((A*)T) = N(AT. So N(A*) = N (A1) = N(AAT).
But N (A*) # N(AA7).



3. Cross expressions

(1) A lemma
Suppose D is idempotent. Then (i) R(D) =N (I — D), (ii)) N(D)=R(I — D).
Proof: (i) ye R(D) —=y=Dxr— (I-D)y=0=—=y e NI — D).
xeN(I—-D)= (I —D)x=0= 2= Dx € R(D).
So R(D) =N(I — D).
(i) When D is idempotent, I — D is idempotent. By (i)
R(I—-D)=N({I-(I—-D))=N(D),ie, N(D)=R(I—-D). O

(2) Express R(:) by N(+)
R(A) =R(AA™) =N, — AA™)  R(A) =R(AAT) = N(I,, — AA™).

(3) Express N(-) by R(:)
N(A)=N(A"A) =R(I,— A"A) N(A) =N(ATA) =R(I, — AT A).
Ex4: R(A*) =R(AT) =R(ATA) =N(I, — AT A).
N(A*) = N(AT) = N(AAT) = R(I,,, — AA™).
Ex5: Find all solutions to Az =0
Ar=0<=2eN(A)=RUI-ATA) ={(I—-ATA)u: ue "}
Thus {(I — AT A)u: u € C™} is the collection of all solutions to Az = 0.



