
L08: Eigenvalues and eigenvectors

1. Eigenvalues

(1) Eigenvalue and eigenvector

x ∈ Cn is an eigenvector wrt the eigenvalue λ ∈ C for A ∈ Cn×n def⇐⇒ Ax = λx, x ̸= 0.

Comments: If x = 0 is allowed to be an eigenvector, all λ would have been eigenvalues.
When λ = 0, Ax = 0, x ̸= 0 ⇐⇒ 0 ̸= x ∈ N (A) gives all eigenvectors for λ = 0.

(2) Distinct eigenvalues and multiplicity
λ is an eigenvalue for A ⇐⇒ Ax = λx, x ̸= 0 ⇐⇒ (A− λI)x = 0, x ̸= 0

⇐⇒ rank(A− λI) < n ⇐⇒ |A− λI| = 0
⇐⇒ λ is a solution to the equation |A− λI| = 0.

p(λ) = |A− λI| = (−λ)n + cn−1(−λ)n−1 + · · ·+ c1(−λ) + c0 = (λ1 − λ) · · · (λn − λ)
= (λ1 − λ)r1 · · · (λk − λ)rk

is the characteristic polynomial, and P (λ) = 0 is characteristic equation.
λ1, ..., λk are distinct eigenvalues with multiplicity r1, ..., rk. r1 + · · ·+ rk = n.
An eigenvalue is a simple one if its multiplicity is 1.

(3) Coefficients of characteristic polynomial
For A with n eigenvalues λ1, ..., λn, (may not be distinct), in

p(λ) = |A− λI| = (−λ)n + cn−1(−λ)n−1 + · · ·+ c1(−λ) + c0 = (λ1 − λ) · · · (λn − λ),

c0 = |A| = λ1 · · ·λn and cn−1 = tr(A) = λ1 + · · ·+ λn.

Pf: P (0) = |A| = c0 = λ1 · · ·λn.
The term (−λ)n−1 in |A− λI| is from (a11 − λ) · · · (ann − λ) with coefficient tr(A).
The term (−λ)n−1 in p(λ) has coefficient cn−1.
The term (−λ)n−1 in (λ1 − λ) · · · (λn − λ) has coefficient λ1 + · · ·+ λn.
So tr(A) = cn−1 =

∑
i λi.

Ex1: A =

(
0 −1
4 0

)
, |A − λI| =

∣∣∣∣−λ −1
4 −λ

∣∣∣∣ = λ2 + 4 = (λ − 2i)(λ + 2i)
set
== 0 ⇒ λ1,2 = ±2i

are two simple eigenvalues. λ1 + λ2 = 0 = tr(A) and λ1λ2 = 4 = |A|.
Comment: The eigenvalues of a real matrix might be complex numbers.

2. Eigenvectors

(1) Eigenspace
x is an eigenvector of A wrt λi ⇐⇒ Ax = λix, x ̸= 0 ⇐⇒ (A− λiI)x = 0, x ̸= 0

⇐⇒ 0 ̸= x ∈ N (A− λiI)
def
=== SA(λi).

Every vector but 0 in the eigenspace SA(λi) = N (A−λiI) is an eigenvector of A wrt λi.

(2) Dimension of eigenspace
Let di = dim[SA(λi)] = dim[N (A− λiI)] = n− rank(A− λiI) ≥ 1.
A has di LI eigenvectors wrt λi. It has di orthogonal eigenvectors wrt λi.
It has di orthonormal eigenvectors wrt λi.
So there exists Pi ∈ Cn×di with P ∗

i Pi = Idi and APi = λiPi.
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(3) 1 ≤ di ≤ ri.

Proof A ∈ Cn×n has eigenvalue λi with multiplicity ri and di = dim[SA(λi)] ≥ 1.
Let PI ∈ Cn×di with P ∗

I PI = Idi and API = λiPI . Non-singular P = (PI , PII) has

P−1 = (QI , QII)
′. So

(
Idi 0
0 I

)
= Q′P =

(
Q′

IPI Q′
IPII

Q′
IIPI Q′

IIPII

)
.

|A− λI| =
∣∣P−1

∣∣ |A− λI| |P | =
∣∣P−1 (API , APII)− λIn

∣∣
=

∣∣∣∣(Q′
I

Q′
II

)
(λiPI , APII)− λIn

∣∣∣∣ = ∣∣∣∣(λi − λ)Idi Q′
IAPII

0 Q′
IIAPII − λI

∣∣∣∣
= (λi − λ)di |Q′

IIAPII − λIn−di | . So, di ≤ ri.

Comment: k ≤
∑k

i=1 di ≤ n.

Ex2: For A =

(
0 1
0 0

)
, |A− λI| = λ2 So λ = 0 with r = 2.

d = dim[N (A− λI)] = dim[N (A)] = 2− rank(A) = 2− 1 = 1 < 2 = r.

3. Total number of LI eigenvectors

(1) Vectors from different eigenspaces
λ1, .., λk are distinct eigenvalues for A ∈ Cn×n. Let xi ∈ SA(λi) = N (A− λiI).
Then x1 + · · ·+ xk = 0 =⇒ x1 = · · · = xk = 0.

Proof We show by induction. x1 = 0 =⇒ x1 = 0. So the statement holds for k = 1.
Assuming that the statement holds for k = t− 1, now consider k = t.

x1 + · · ·+ xt−1 + xt = 0 =⇒
{

λtx1 + · · ·+ λtxt−1 + λtxt = 0
λ1x1 + · · ·+ λt−1xt−1 + λtxt = 0

=⇒ (λt − λ1)x1 + · · ·+ (λt − λt−1)xt−1 = 0
=⇒ (λt − λ1)x1 = · · · = (λt − λt−1)xt−1 = 0
=⇒ x1 = · · · = xt−1 = 0 =⇒ x1 = · · · = xt−1 = xt = 0

(2) If A has distinct eigenvalues λ1, ..., λk, then A has d1 + · · ·+ dk LI eigenvectors.

Proof A has di LI eigenvectors xi1, .., xidi in SA(λi) wrt to λi.
We show d1 + · · ·+ dk eigenvectors x11, ..., dkdk are LI.∑

ij αijxij = 0 =⇒ y1 + · · ·+ yk = 0 where yi =
∑

j αijxij ∈ SA(λi)

=⇒ yi = 0 for all i by (1)
=⇒ αij = 0 for all i, j since in yi is a LC of LI vectors.

(3) Conditions for A ∈ Cn×n to have n LI eigenvectors.
A ∈ Cn×n has n LI eigenvectors ⇐⇒ d1 + · · ·+ dk = n ⇐⇒ di = ri for all i

⇐⇒ di = ri for all ri > 1.
If all eigenvalues for A are simple ones, then A has n LI eigenvectors.

Ex3: A ∈ C2×2 in Ex1 has 2 LI eigenvectors since it has two simple eigenvalues.
A ∈ C2×2 in Ex2 does not have 2 LI eigenvectors since d = 1 < 2 = r.

Comment: A may not have d1 + · · · + dk orthogonal eigenvectors since even if x11, ..., x1d1
are orthogonal eigenvector wrt to λ1, and x21, ..., x2d2 are orthogonal eigenvectors wrt
to λ2, but x11, ..., x2d2 may not be orthogonal.
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