L08: Eigenvalues and eigenvectors

1. Eigenvalues

(1)

Eigenvalue and eigenvector
. . . d
x € C™ is an eigenvector wrt the eigenvalue A € C for A € C™*" L py = Az, x # 0.

Comments: If z = 0 is allowed to be an eigenvector, all A would have been eigenvalues.
When A\ =0, Az =0, x # 0 <= 0 # 2 € N(A) gives all eigenvectors for A\ = 0.

Distinct eigenvalues and multiplicity
A is an eigenvalue for A <= Ar=Mr,2#0<= (A—-AN)z=0,2#0

< rank(A— M) <n<=|A-X|=0
<=\ is a solution to the equation |A — X\I| = 0.

PO) = A= M| = (S + et (A (=N + g = (a = A On = )

= M =N (A=A

is the characteristic polynomial, and P(\) = 0 is characteristic equation.

A1, ..., A are distinct eigenvalues with multiplicity rq,...,7%. 714+ -+ 1 = n.

An eigenvalue is a simple one if its multiplicity is 1.

Coefficients of characteristic polynomial
For A with n eigenvalues A1, ..., \,,, (may not be distinct), in

P =A== (=A)"+ a1 (=N)""+ - Fea(=A)+ao= =N (A = N),

co=|Al=XM-Apand ¢ =tr(A) = A1 + -+ A\
Pf: P(O) = |A| = Cy) = )\1"')\n-
The term (—A)""! in |4 — M| is from (a3 — ) - - - (@nn — A) with coefficient tr(A).
The term (—A)""! in p(\) has coefficient ¢,_1.
The term (—A)""!in (A\; — A) - -+ (A, — A) has coefficient A\ + - -+ + \,,.
So tr(A) = cp—1 =, \i.
0 - -1

set

Ex1:A:<4 01>,|A—)\I\:'4 _)\’:)\2—|—4:()\—21')()\4—22'):0:)\1,2:121'

are two simple eigenvalues. A\; + Ao = 0 = tr(A4) and My =4 = |4|.

Comment: The eigenvalues of a real matrix might be complex numbers.

2. Eigenvectors

(1) Eigenspace

x is an eigenvector of A wrt \; <= Az =Nz, 2 #0<= (A- Nz =0, 2 #0

— 0#zeNA-NI) def Sa(\i).
Every vector but 0 in the eigenspace Sa(\;) = N (A —\;I) is an eigenvector of A wrt ;.

(2) Dimension of eigenspace

Let d; = dim[S4(\;)] = Aim[N (A — \;I)] = n —rank(A — \; 1) > 1.
A has d; LI eigenvectors wrt A;. It has d; orthogonal eigenvectors wrt A;.

It has d; orthonormal eigenvectors wrt A;.
So there exists P; € C™*% with P*P; = I, and AP; = \;P;.



(3) 1 S di S .
Proof A € C™ " has eigenvalue \; with multiplicity r; and d; = dim[S4()\;)] > 1.
Let Pr € C™*% with Py Pr = Ig, and APy = \;Py. Non-singular P = (Pr, Prr) has

-1 _ / Iy, O\ _ v  (QrF1 Q/[PH>
P ={Qn Quy'- 8o <0 I> —@P= <Q/HPI Q1 Prir)

A= M| = |P7Y A= )\||P|=|P7' (AP}, APr) — Al |

_ (9 -
= ) (NP1, APrp) — AL,
11

(Ai =M, QpAPn
0 Q) AP — AT

= (N — )\)di |Q/HAPH — )\In—di| . So, d; <rj.
Comment: k < Zle d; <n.

Ex2: For A = <8 [1)), |A— M| = )? So A =0 with r = 2.

d=dimN(A—-A)] =dimN(A)] =2 —rank(A) =2—-1=1<2=r.
3. Total number of LI eigenvectors

(1) Vectors from different eigenspaces
A1, .., A, are distinct eigenvalues for A € C™*™. Let x; € Sa(\;) = N (A — N ]I).
Thenx1 4+ 4+, =0=x1=--- =123 =0.
Proof We show by induction. 1 = 0 = 1 = 0. So the statement holds for k£ = 1.
Assuming that the statement holds for k = ¢ — 1, now consider k = t.

AT+ Ao + Ay =0
xl+.ﬂ+xt_1+xt_0:>{>\1$1+~-+)\t—13€t—1+>\t1’t =0
= M—=A)r1+-+NM—=N-1)ri-1 =0
— (>\t — /\1):1:1 == ()\t — )\t—l)mt—l =0
— 1= =4 1=0—=2x1=---=x4_1=2: =0

(2) If A has distinct eigenvalues Ai, ..., A, then A has d; + - - - + dj LI eigenvectors.
Proof A has d; LI eigenvectors x1, .., g, in Sa(N\;) wrt to A;.
We show di + - - - + dj, eigenvectors 11, ..., diq, are LI
Zij QL5 = 0 = wy1+ -+ yr =0 where y; = Zj Qi Tij € SA(/\Z)
= y; =0 for all i by (1)
= oy = 0 for all 4, j since in y; is a LC of LI vectors.
(3) Conditions for A € C™*™ to have n LI eigenvectors.
A e C™™ has n LI eigenvectors <= dy+---+dy=n <= d; =r; foralli
<— d;=r; for all r; > 1.
If all eigenvalues for A are simple ones, then A has n LI eigenvectors.

Ex3: A € 0?*? in Ex1 has 2 LI eigenvectors since it has two simple eigenvalues.
A € C?*? in Ex2 does not have 2 LI eigenvectors since d =1 < 2 = r.

Comment: A may not have d; + - - - 4 dj, orthogonal eigenvectors since even if xi1, ..., 214,
are orthogonal eigenvector wrt to A1, and w91, ..., 2294, are orthogonal eigenvectors wrt
to A2, but z11, ..., 24, may not be orthogonal.



