Math 511: Linear Algebra
Good Problems 2

Due: Thursday, 24 April 2014

LATE SUBMISSIONS WILL NOT BE ACCEPTED

Name: K EY

Instructions: Complete all 5 problems. Each problem is worth 20 points.

Show enough work on the paper provided (this paper), and follow all instructions
carefully. Write your name on each page.

You may use any electronic (or other) aids that you wish, but you are expected
to show all relevant details of any calculations. A correct “answer” is not good
enough; I want to see how you got it!

Good Luck!



Name:

. Let L : V — V be a linear operator on a vector space V. Define L™, n > 1, recursively
by

I'=1L
LFti(v) = L(L*(v)) VveV.

Show that L™ is a linear operator on V for each n > 1.
[Hint: Use Mathematical Induction.]

If A is the matrix representing L, what is the matrix representing L™? Justify your
answer.
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2. a.) Let L:V — W be a linear transformation, and let T' be a subspace of W. The
inverse image (or preimage) of T, denoted by L™'(T) is defined by

LYT):={veV|Lv) eT}
Show that L~Y(T) is a subspace of V.

b.) Let L : R® — R? be given on the standard basis {ei,es, es} by L(e;) = 2ey,
L(e;) = —ey, and L(es) = e; + 2e;. Find LY(T), where T = span{(1,—-1)"}.
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3. Let S be the subspace of C[a,b] spanned by sinz and cosz. Let D : S — S be the
differentiation operator, Df = f’. Find the matrix representing D with respect to
this basis for S.

Let J : § — S be the integration operator, Jf = [ f dz. Find the matrix representing
J in this basis for S.

Show that DJ =JD = 1.

You just proved a special case of the Fundamental Theorem of Calculus! Word!

D(sime) = WX e (o -l)
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j(m,c): Stn X
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4. Let A, B € R™", Show that if A is similar to B, then there exist n X n matrices S
and T', with S nonsingular, such that

A=S8T and B=TS.

Let A and B be similar matrices, and let A € R. Show that
1. A— M and B — A are similar.

2. det(A — X\I) = det(B — XI).
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5. The trace of an n x n matrix A, denoted by tr(A), is the sum of its diagonal entries.

That is,
tr(A) = a;1 +ap+ -+ Gnn.

Show that
1. tr(AB) = tr(BA);
2. if A is similar to B, then tr(A) = tr(B).
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