13.4: Green’s Theorem

In this section we will study the relationship between path integrals around a simple closed path C
and double integrals over the simply connected domain D that C encloses. We'll start by stating
the (in)famous Jordan Curve Theorem.

Theorem 19 Every simple closed curve in R? divides the plane into exactly two connected regions,
one that is bounded (the interior), and one that is not bounded (the exterior).

This theorem is “infamous” because, although it seems obvious, it turned out to be extremely hard
to prove. In fact the original proof that was presented by Camille Jordan (whom the theorem is
named after) turned out to be flawed. Eventually, after many others had tried and failed, Oswald
Veblen was able to finally give a rigorous proof. Even today, some mathematicians disagree over
who should get credit for the first correct proof. Don’t worry, we won't try to prove it here. In
honor of this theorem, we frequently call simple closed curves Jordan curves.

Let C be a Jordan curve that encloses a domain D. By convention, we will say that C' has
positive orientation, or C is positively oriented, if we traverse C' in the counter-clockwise direction.
Therefore, the domain D is always on the left hand side, or driver’s side (in the US, at least), of
the path.

Draw some pictures here:
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Theorem 20 (Green’s Theorem.) Let C be a positively oriented, piecewise smooth Jordan curve in
the plane, and D the domain enclosed by it. If F(z,y) = (P(z,y), Q(z,y)) has continuous partial
derivatives on an open region containing D, then
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A notation frequently used in physics and applied math to denote the boundary of a domain D is
dD. In this case 0D = C, so we could rewrite the equation in the theorem as
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to emphasize the relationship that this theorem provides between a domain and its boundary.

RE 21 Read through the proof on p. 752f carefully, then do exercise 28, p. 757.

Ex 22 Evaluate [,z dz + 2y dy, where C is the triangular region with vertices (0,0), (1,0), and
(0,1).
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Ex 23 Let F = (3y—e®) i+ (7z+/y* + 1) j. Evaluate [, F-dr, where C is the circleicf—l—y2 =9.

Cirole w/ indiws 3,

B = PR g
Ro7 573 LRl [(y 0 S d < ¥ (rp)

D D
= (‘31)
TL\,* (WS eat7! W[Atn(' '\1[ yom '}‘wa/(%v u& :E} y
T

e f:«h«» \h“fffﬂ[ Al-nc'H\/,?

Both of these examples use Green’s Theorem to convert a path integral to a double integral, but
sometimes it’s useful to use Green’s Theorem in the other direction.

Ex 24 The area of a domain D is given by [f p dA. Use Green’s Theorem to find at least 3
different path integral formulas for the area of D.
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Ex 25 Find the area enclosed by the ellipse: % + % = 1.
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Ex 26 Let

F = .
<$2+y2’x2+y2>

Show that | o ¥ - dr = 2r for every positively oriented Jordan curve that encloses the origin.
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RE 27 Use Green’s Theorem to prove Theorem 13 when C' is a Jordan curve. Can you think of a
way to prove it for any closed curve?
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