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These notes are a Calculus II level introduction to the key
ideas of Einstein’s special theory of relativity. In particular,
we will study Minkowski spacetime, compare it to Newto-
nian spacetime, and look at some interesting features of the
theory.



Newton’s laws of motion and theory of gravity were devised to model the
physical observations that could be made at the time (c.1687). His theory is
a very good model for objects moving at low speeds over very small spacetime
intervals. Thus it is a good model of physical reality on Earth and in the solar
system, which is why it is still taught as “Elementary Physics” today.

It is now known that Newtonian physics breaks down when objects move at
high speeds (close to the speed of light), or when we consider very large regions
of spacetime. This is where the general theory of relativity takes over.

Nevertheless, we begin our study by considering Newtonian spacetime to de-
velop our intuition and define some key terms that will carry through to special
relativity. We will then list a few major problems with Newton’s theory. Finally,
we introduce Einstein’s special relativity via Minkowski space, and study some of
the main differences between it and Newton’s theory.

1 Newtonian Spacetime

Newtonian space is three-dimensional real space R? with the usual dot product
to measure distances. If P and @ are two points in R3, and @ = PQ, then the
distance (squared) between them is ||@]|? = @ - @, usually written (@, ).

Put a diagram here
In other words, if @ = (1,72, x3), then (@, @) = z} + x3 + 3.

Example 1 Find the distance between the points P(1,—2,5) and Q(7,0, —1).

Time is represented by another 1-dimensional copy of R. Orthogonally at-
taching space and time together (so that the time direction is perpendicular to all
space directions), we obtain Newtonian spacetime N = R*. The four-dimensional
analog of the dot product (simply called an inner product) is defined as follows.

Definition 2 Let P = (t, 21,22, z3) and Q = (¢, 2], %, 2%4) be points in N. Then
the inner product is given

(@) = (t =) + (x1 — 21)* + (22 — 23)° + (3 — 2h)*



Only time differences s — t are significant, not the actual numerical values s
and t assigned to certain moments in time. If we consider ourselves as an observer,
we usually put ourselves at the origin (0,0,0,0). Then the past is all points with
negative t coordinates, and the future is all points with positive ¢ coordinates.

Example 3 Find the Newtonian spacetime distance between P(0,1,4,6) and
Q(3,1,4,8).

This idea of Newtonian “spacetime distance” makes perfect mathematical
sense, but it doesn’t make much sense physically. Time and distance are measured
in different units, so the units of spacetime distance must be some combination
of length and time. This is not the case in special relativity, as we will see. In
particular, there are geometric units (see the project on geometric units).

We now define some terms that we will carry through to special relativity.
We write N = T @& §, where T is the one-dimensional time direction and § is the
3-dimensional space directions. We call T the universal Newtonian clock of the
spacetime N.

Put a diagram here

Definition 4 A Newtonian particle is a parametrized curve « : I — 8, where
I = [a,b] is a Newtonian time interval. We can write the particle in vector form
as

a(t) = (z1(t), z2(t), 23(1))-
Put a diagram here

Definition 5 A wector field along a curve « is an assignment of a vector to every
point of c.

Put a diagram here

The velocity of « at a time ¢ is &(t) = (&1(t),22(t), £3(t)). As t varies, &
determines a wvelocity vector at every point of «, called the welocity field of «
along a. The speed of a particle is defined to be v(t) = ||&(t)||. Similarly, a(t) =
(Z1(t), 22(t), 3(t)) is the acceleration of « at a time ¢, and determines a vector
field along «, called the acceleration field of a along «.



Put a diagram here

Example 6 Show that straight lines have zero acceleration in 8. Particles with
zero acceleration are said to be freely falling or in free fall.

The length of a particle curve is just as we learned in Chapter 9, but with an
added dimension. The formula is

b
Lo | [ab]) = / VE)T T (@)? T (@) dt.

The length of a particle « represents the distance that the particle travels in 8
over the time interval I C 7.

Example 7 Find the length of the particle a(t) = (sint¢,/8¢,1 — cost) from 0
to m.

Definition 8 Let o : I — 8 be a Newtonian particle with mass m = m(t). Then

1. The momentum of « is the vector field mca along c; scalar momentum is the
function m||&(t)|| on I.

2. The force on « is the vector field %(md) along «.

3. The kinetic energy of a is the function 2mv? on I, where v = ||d/.
Example 9 If m(t) = m is constant, deduce that number 2 above is Newton’s

ond Taw: F = ma.



Definition 10 A point in (¢,21,22,23) in N = T @ § is called an event. A
worldline is the graph of a particle o : I — § in N. That is, a worldline W is a
collection of events W = {(t,x1(t), z2(t), z3(t)) | t € I} such that for every ¢ there
is exactly one corresponding (z1,x2,z3) € 8.

Put a diagram here

Given a worldline W, the associated particle « is given by the projection map
(t,z1,z2,23) — (21, T2, x3) of N onto 8.

As mentioned in the introduction, Newtonian spacetime is a simple and in-
tuitive model of the (local) universe that we live in. It gives accurate results for
applications on Earth, and provides an accurate model of the solar system. How-
ever, the theory gives some disconcerting results that were known before Einstein
developed his theory of relativity.

One problem that we will not address in these notes is that “Newtonian rela-
tivity” does not agree with Maxwell’s theory of electrodynamics. Maxwell’s theory
was shown to agree with experiments more accurately than Newton’s. Therefore
Newtonian mechanics are not correct for this context.

Here are some other problems that require less background knowledge in
physics. These are due to O’Neill [1].

1. The speed of light ¢ plays no role in Newtonian physics. In particular, it is
theoretically possible to build a spaceship that could travel from one point
in the universe to any other point in an arbitrarily small amount of time;
e.g., from Wichita to the sun in 5 seconds. We know that it takes light
from the sun approximately 8 minutes to reach the earth, and we have yet
to observe anything moving at a speed faster than the speed of light, so this
should be impossible.

2. Newtonian physics also fails to model another property of light: that its
speed is constant to all observers, no matter how fast one is moving toward
or away from it.

For example, suppose a spaceship is moving toward you, a fixed observer,
at a constant speed of ¢/10. Both you and the spaceship shine lights at one
another. According to Newtonian vector addition, the light from the space
ship should be traveling at a speed of ¢ + ¢/10 according to the observer.
Similarly, the light from the observer should be traveling at a speed of
¢ — ¢/10 according to the spaceship. However, observations of the light
from stars in our night sky indicate that the speed of light should always be
constant c.

Put a diagram here



3. In Newtonian physics, a particle is either at rest or it is not. However, if
a spaceship is far off in space, away from any outside influences, and has
zero acceleration, then it is impossible to tell if the spaceship is actually at
rest or not. One can only determine whether or not the spaceship is at rest
relative to other objects (like the earth, sun, moon, stars, etc.).

We can sum up all of these problems by saying that Newtonian physics treats
light relatively when it should be treated absolutely, and treats motion absolutely
when it should be treated relatively.

2 Minkowski Spacetime

To remedy problem 1, consider a fixed event (¢g,a(tp)) of any particle « in N.
The tangent line to the world line W of @ makes an angle 6 with the time axis 7.
The speed of « can be related to 6.

In particular, any particle moving at the speed of light forms an angle of 7 /4
with the time axis. The tangent directions of light then form a cone about T in
T & S. To ensure that no particle travels faster than the speed of light, we thus
require that the worldline of every material particle (see infra) stays within this
light cone.

Put a diagram here

The light cone arises naturally by making a simple change to our Newtonian
space time.

Definition 11 Minkowski spacetime is the space M = T @ § together with a
Minkowski inner product (metric) defined by

(T, 1) = —t* + 2% + 23 + 23,
where 4 = (t, z1,z2, x3).

Just like Newtonian spacetime, Minkowski spacetime looks like four-dimensional
space R* = V4 as a vector space. However, this simple change in the inner product
has a profound effect on the geometry of the space.

Remark 12 The Minkowski inner product is traditionally written as
(il,7) = —*t* + 2% + 23 + 23,

where @ = (t, x1, x9,x3) and c is the speed of light. We will always use geometric
units (see the project), so we set ¢ = 1. Thus our definition agrees with this
traditional one.



Example 13 Consider the equation —t? + 2% + 22 + 23 = 1. Solutions @ =
(t,z1,z2,23) of this equation are the unit vectors of M. Find the traces of this
equation and determine that the “unit sphere” of M is actually two hyperboloids
(one of one sheet, and one of two sheets) that are asymptotic to the light cone.
Sketch a graph.

It turns out that a reasonable attempt to recover Newtonian mechanics in
this space also solves the other two problems outlined at the end of the previous
section, thus producing special relativity.

There is a light cone at every point in M. The nappe in the positive time
direction is called the future, while the negative time-nappe is called the past.
The particles of interest to us will be those whose worldlines have tangent vectors
inside of the future time cone at every point. We call these particles timelike
future-pointing.

Put a diagram here

Unlike on N, there is no canonical time function on M. However, there are
many times.

Definition 14 A material particle in M is a timelike future-pointing parametrized
curve a : I — M such that [|&(7)|| = 1 for all 7 € I. The parameter 7 is called
the proper time of the particle.

This means that every particle in M measures time differently. The proper
times of two different particles can be compared via the Lorentz transformation,
as we will see later.

Definition 15 A lightlike particle is a freely falling future-pointing curve « :
I — M with ||&(t)|| = 0 for all ¢ € I. Recall that a particle is in free fall if and
only if d(t) =0 for all ¢t € I.



In contemporary physics there are three types of lightlike particles: photons
(light itself), neutrinos (not perfectly lightlike), and “confidently conjectured”
gravitons, which are outside of the special relativity framework [1].

As in the Newtonian case, we can assign mass to particles. The mass of a
material particle is positive, and the mass of a lightlike particle is necessarily
Zero.

The Fundamental Hypothesis of special relativity is that light moves geodesi-
cally; i.e., light is in free fall. Since (&,&) = 0 for a lightlike particle, then
parametrization by proper time is out of the question (this is the reason for using
t rather than 7 in definition 15). Being massless, light cannot carry a clock!

Definition 16 Let p and ¢ be points in M. The separation of p and ¢ is
S (p,q) := |{pg; pg)| = 0.

Example 17 Write a formula for .%(p, q) is coordinates.

The separation of two points p and ¢ in M has physical significance.

1. If pg is timelike and future-pointing, then there is a unique freely falling,
timelike future-pointing curve o connecting them. Then .¥(p,q) = L(o) is
the ellapsed proper time of the freely falling material particle ¢ from the
event p to the event q.

Put a diagram here

2. There is a lightlike particle through p and ¢ if and only if .#(p, ¢) = 0 if and
only if pg is lightlike.
3. If pq is spacelike (i.e., outside the light cone), then .#(p,q) > 0 is the

distance measured by any freely falling observer orthogonal to pg.

Put a diagram here



Lemma 18 Let o,p, q be points in M. If op is spacelike and oq is timelike, then
any two of the following imply the third:

1. pq is lightlike;
2. op is orthogonal to oq;
3. S (op,0p) = L (0q,0q) = 0.
Put a diagram here

One of Einstein’s most important contributions to special relativity was his
insistence that any physical equation must be invariant of coordinates. If two
people go into two different rooms and calculate the same physical quantity, each
choosing their own coordinates, then they should get the same answer regardless
of their choice of coordinates.

Need some discussion and hypotheses here...
This leads us to the Lorentz transformation. It says that, if we choose two

different reference frames E and E’ with coordinates (¢, z,y,z) and (¢',2/,y'2’),
respectively, then these coordinates are related by the following equations

Remark 19 The factor

is called the Lorentz factor. We've left out the ¢? in our formulas since we are
using geometric units. (Yet another reason why geometric units are awesome:
they simplify equations.)

Final version will be on my web page, eventually...
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