Direct Numerical Simulation of Bubbly Flows

and Interfacial Dynamics of Phase Transitions

A Dissertation Presented

by

Tianshi Lu

to
The Graduate School in Partial Fulfillment of the Requirements for the
Degree of

Doctor of Philosophy

n

Applied Mathematics and Statistics

Stony Brook University

August 2005



Stony Brook University
The Graduate School

Tianshi Lu

We, the dissertation committee for the above candidate for the Doctor of
Philosophy degree, hereby recommend acceptance of this dissertation.

James Glimm
Advisor
Department of Applied Mathematics and Statistics

Xiaolin Li
Chairman
Department of Applied Mathematics and Statistics

Yongmin Zhang
Member
Department of Applied Mathematics and Statistics

Roman Samulyak
Outside Member
Brookhaven National Laboratory
Center for Scientific Computing

This dissertation is accepted by the Graduate School.

Graduate School

1



Abstract of the Dissertation

Direct Numerical Simulation of Bubbly Flows
and Interfacial Dynamics of Phase Transitions

by

Tianshi Lu

Doctor of Philosophy
in

Applied Mathematics and Statistics
Stony Brook University

2005

We studied the propagation of acoustic and shock waves in bubbly fluids
using the Front Tracking hydrodynamic simulation code FronTier for axisym-
metric flows. We compared the simulation results with the theoretical predic-
tions and the experimental data. The method was applied to an engineering
problem on the mitigation of cavitation erosion in the container of the Spal-
lation Neutron Source liquid mercury target. The simulation of the pressure
wave in the container and the subsequent analysis on the collapse of the cavi-
tation bubbles confirmed the effectiveness of the non-condensable gas bubble

injection method on reducing cavitation damage.
Then we analyzed the interfacial dynamics of liquid-vapor phase transi-
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tions and the wave equations for immiscible thermal conductive fluids. The
phase transition rate is associated by the kinetic theory with the deviation of
the vapor pressure from the saturated pressure. Analytical solutions to the
linearized equations have been explored. The adiabatic and the isothermal
limits have been investigated for both the linearized and the nonlinear equa-
tions, for latter the method of travelling wave solutions has been used. The
wave structure of the solution to the problem with Riemann data has been
discussed.

We also implemented a numerical scheme for solving the Euler equations
with thermal conduction and phase transitions in the frame of front tracking.
Heat conduction has been added to the interior state update with second order
accuracy. Phase boundary propagation has been handled according to the
interfacial dynamics. A numerical technique has been introduced to account
for the thermal layer thinner than a grid cell. The scheme has been validated,
extended to multi-dimension, adapted for cylindrical and spherical symmetry,
and applied to the simulation of condensing and cavitating processes.

Key Words: bubbly flow, cavitation mitigation, phase transition, Rie-

mann problem.
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Chapter 1

Introduction

1.1 Direct Numerical Simulation of Bubbly Flows

Wave propagation in bubbly fluids has attracted investigators for many
decades because of its special properties. Bubbly fluids have the unique fea-
ture that even a minute bubble concentration (volume fraction less than one
percent) increases the compressibility of the system drastically. The system
transports energy at a speed considerably lower than the sound speeds in both
phases as a result of the energy exchange between the liquid and the bubbles.
When additional effects such as vaporization and condensation play a role,
e.g. in cavitating flows, further phenomena, still little understood, are super-
imposed upon the basic behavior of bubbly flows. The rich internal structure
of bubbly flows endows the medium strikingly complex behavior.

One of the reasons for the study of bubbly flows is their wide applications
ranging from hydraulic engineering to high energy physics experiments. In
particular, we are interested in a recent application of bubbly fluids in the

mitigation of cavitation damages in the Spallation Neutron Source (SNS)[1],
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which will be discussed in details in Chapter 3. Another important moti-
vation is to connect the microscopic behavior of individual bubbles to the
macroscopic behavior of the mixed medium that one directly observes. Since
the microstructure in this case is made up of a complex substructure, the task

is much more complicated than that of classical kinetic theory.

The wave propagation in bubbly fluids has been studied using a variety
of methods. Extensive investigation has been done on the subject based on
various mathematical models. Significant progress has been achieved on the
study of systems consisting of non-condensable gas bubbles (see for example
46, 6, 4, 44]) and of vapor bubbles (see for example [15, 24]). The treatment
of the kinetic and thermal properties of the medium, e.g. the compressibility
of the liquid and the thermal conduction, by different authors varies. But they
shared a common feature that the two phases were not separated explicitly,
i.e. the bubble radius and concentration were considered as functions of time
and space. The Rayleigh-Plesset equation or the Keller equation governing
the evolution of spherical bubbles has been used as the kinetic connection be-
tween the bubbles and fluid. These models include many important physical
effects in bubbly systems such as the viscosity, the surface tension and thermal
conduction. Numerical simulations of such systems requires relatively sim-
ple algorithms and are computational inexpensive. Nevertheless, such models
treat the system as a pseudo-fluid and cannot capture all features of the rich
internal structure of the bubbles. They exhibit sometimes large discrepancies
with experiments [44] even for systems of non-condensable gas bubbles. These

models are also not suitable if the bubbles are distorted severely by the flow or



even fission into smaller bubbles, as it may happen in cavitating and boiling

flows [7, 13].

A powerful method for the multiphase problem, direct numerical simula-
tion (DNS), is based on techniques developed for free surface flows. Welch [45]
investigated numerically the evolution of a single vapor bubble using interface
tracking method. Juric and Tryggvason [29] simulated the boiling flows using
the incompressible flow approximation for both liquid and vapor and a sim-
plified version of interface tracking. In the thesis, we describe a DNS method
for the simulation of bubbly fluid using front tracking. Our FronTier code is
capable of tracking and resolving topological changes of a large number of in-
terfaces in two- and three-dimensional spaces. Both the bubbles and the fluid
are compressible in the simulation because we are interested in the speed of
wave propagations. We simulated the propagation of acoustic and shock waves
in bubbly fluids and compared them with the theory and the experiments in

Chapter 2.

After the validation of the FronTier code on the bubbly flows, it was
applied to the engineering problem of cavitation mitigation in the Spallation
Neutron Source. In Chapter 3, after the description of SNS and the related
bubble injection technique for the mitigation of the cavitation, the problem was
tackled in two steps. First, the pressure wave propagation in the container of
the mercury target for the SNS was simulated using the front tracking method.
Then the collapse pressure of cavitation bubbles was calculated by solving
the Keller equation under the ambient pressure whose profile was obtained

in the first step. Finally the efficiency of the cavitation damage mitigation



was estimated by comparing the average collapse pressure with and without

injected bubbles.

1.2 Interfacial Dynamics of Phase Transitions

The dynamics of gas bubbles and the wave propagation in fluid filled with
non-condensable bubbles have been investigated theoretically and experimen-
tally for many decades, but the research on the corresponding problem for
vapor bubbles is relatively new and the understanding is less developed. The
interest on the dynamics of vapor bubbles is twofold.

Due to the large amount of energy absorbed or liberated in the form of
latent during phase transitions, boiling and condensation are key processes
in the extraction of energy from fuels for daily life. Heat exchanger equip-
ment and piping in power plants and oil refineries are examples of traditional
applications. A more recent issue coming from the space shuttles is the en-
hancement of heat transfer during boiling in microgravity. Another area that
phase transitions play an important role is the cavitating flows, e.g. in the jet
simulation in a diesel engine [22]. All these applications require detailed under-
standing of the phase transition process. Despite its importance and the vast
body of research on boiling, the fundamental physical mechanisms involved are
far from being understood, as pointed out by Juric et. al. [29] and Welch[45].
Not much experimental measurement on the dynamics of phase transitions is
available because of the small time and spatial scale of the process.

The dynamics of phase transitions is of great scientific interest too. An-

alytical and numerical efforts to understand the boiling have been focused

4



mainly on simple models of vapor bubble dynamics until recently. Rayleigh
[41] formulated a simplified equation of motion for inertia controlled growth
of a spherical vapor bubble. Plesset and Zwick [37] and later Prosperetti and
Plesset [40], among others, extended Rayleigh’s analysis. Most models have
been based on the Rayleigh-Plesset equation for incompressible liquid or the
Keller equation of first order in Cz_l for weakly compressible liquid. Phase tran-
sitions with full compressibility of both phases have been discussed by Menikoff
and Plohr [36] with the transition zone treated as the macroscopic mixture of
the two phases at equilibrium. More recently, Welch [45] studied the two-phase
flows including interface tracking with mass transfer while the phase interface
was assumed to exist in thermal and chemical (Gibbs potential) equilibrium.
Juric and Tryggvason [29] simulated the boiling flows in incompressible fluids
using the non-equilibrium phase transition model with a parameter called ki-
netic mobility whose value was measured experimentally. Hao and Prosperetti
[24] investigated the dynamics of bubbles in acoustic pressure fields assuming
the vapor was saturated. Matsumoto and Takemura [35] studied numerically
the influence of internal phenomena on gas bubble motion with complete mass,
momentum and energy conservation laws for compressible fluids and the in-
terfacial dynamics of phase transitions, in which they referred to the value
0.4 for the evaporation coefficient measured by Hatamiya and Tanaka [25].
Later Preston, Colonius and Brennen [2], in the development of simpler and
more efficient bubble dynamic models that capture the important aspects of
the diffusion precesses, computed the growth and collapse of a vapor bubble

under pressure waves in incompressible liquid with the interfacial dynamics of



phase transitions using a Chebychev spectral method to solve the temperature

equation for the bubble.

The equations of the conservation laws and the interfacial dynamics of
phase transitions have been studied numerically by the authors listed above.
Hao and Prosperetti also investigated the linear theory of bubble oscillation
in acoustic waves. However, the system of non-equilibrium phase transitions,
as far as we know, has not been studied as a problem with Riemann data.
As a contrast, the Riemann problem for reacting gas has been studied exten-
sively [43]. For combustion flows, the energy difference between the phases
(burnt and unburnt) is a fixed constant, namely, the heat released or absorbed
in the chemical reaction, so the Riemann problem has not been changed by
much. While for phase transitions, there is complicated interfacial dynamics
involving the latent heat and Clausius-Clapeyron equation. Furthermore, the
heat conduction makes the conservational laws no longer purely hyperbolic,
thus the solution to the problem with Riemann data does not have the self
similarity in the classical Riemann solution. In the adiabatic limit (thermal
conductivity goes to zero), according to the theory of viscous profile, the so-
lution should approach the Riemann solution, which we will show is correct
for nonlinear equations but not for linearized equations. The theory of viscous
profile usually deals with a hyperbolic field coupled to its own parabolic equa-
tion, while for Euler equations with thermal conduction the hyperbolic fields
(pressure and velocity) are coupled to a different parabolic field (temperature),
which complicates the problem by allowing jump discontinuity in certain fields

while disallowing in others. The qualitative and quantitative properties of the



solution to the phase transition problem with Riemann data are our main sub-
jects. The simpler case of two immiscible thermal conductive fluids was also
investigated, in which the interface between the two fluids was a contact with
thermal flux, or the so called thermal contact.

In Chapter 4 we analyzed the interfacial dynamics of phase transitions
and the wave equations for immiscible fluids. The phase transition rate is
associated by the kinetic theory with the deviation of the vapor pressure from
the saturated pressure. Analytical solutions to the linearized equations have
been explored. The adiabatic and the isothermal limits have been investigated
for both the linearized and the nonlinear equations, for latter the method of
travelling wave solutions has been used. The wave structure of the solution to
the problem with Riemann data has been discussed.

In Chapter 5 we implemented a numerical scheme for solving the Euler
equations with thermal conduction and phase transitions in the frame of front
tracking. Heat conduction has been added to the interior state update with
second order accuracy. Phase boundary propagation has been handled accord-
ing to the interfacial dynamics. A numerical technique has been introduced
to account for the thermal layer thinner than a grid cell. The algorithm has

been validated and applied to sample physical problems.



Chapter 2

Direct Numerical Simulation of Bubbly Flows

In Section 2.1, we give a brief review of the theory and the experiments on
bubbly flows. Section 2.2 is the description of the numerical method. Section
2.3 lists the results of the direct numerical simulations on linear and shock
wave propagations in bubbly fluids along with the comparison to the theory

and the experiments.

2.1 Theory and Experiments on Bubbly Flows

2.1.1 Wave Equations

The theory on bubbly flows is based on the homogenized model, in which
the fluid and the bubbles are treated a single mixed phase, as opposed to
the two separated phases in the direct numerical simulations. In compressible

fluids with gas bubbles, the conservation of mass and momentum in one spatial

8



dimension give
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where 3 is the bubble volume fraction, and p is the averaged density of the
mixed phase that equals ps(1 — 3) + p,8. The bubble oscillation in weakly
compressible fluids is governed by the Keller equation [31, 32, 39],
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The bubble pressure p, is approximately uniform except for sound waves of
frequency far above the resonance. For bubbles of diameter 0.1mm and above,
the thermal diffusivity v << wR? except for sound waves of frequency far
below resonance. Therefore the bubbles are almost adiabatic for near-resonant

sound waves. For bubbles consisting of vy-law gases,
pyR* = constant.
Neglecting the viscosity, the difference between p, and pg, the liquid pressure

at the bubble surface, is from the surface tension,
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2.1.2 Linear Waves

The following dispersion relation for linear sound waves in bubbly fluids

was derived from the wave equations [46].

k2 1 1 1

Z = = , 2.2

w2 C? 021_25é_:}_22 ( )
B

where wp is the resonant frequency of single bubble oscillation, ¢ is the damp-
ing coefficient accounting for the various dissipation mechanisms. c¢; is the
sound speed in bubble free fluid and c is the sound speed in the low-frequency
limit, which is given by

g 1-p

PeCs  PyC

),

= (8o, + (L= By

where p, and p; are the densities of the gas and the fluid, ¢, and ¢y are the

sound speeds of the two phases. For adiabatic bubbles,

S 7
Bps’
1 [3vyp
wp = —, 2L 2.3)
R\ py (

Chapman and Plesset [8] formulated § as the sum of the acoustic, viscous
and thermal contributions. It has been pointed out by Prosperetti et. al.
[38, 12] that ¢ depends on the frequency of the sound wave. Nevertheless, Eq.
(2.2) has been widely used for the dispersion relation. The dispersion relation

for near-resonant sound waves measured in different experiments [16, 34, 42]
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agreed with the theoretical predictions.

2.1.3 Shock Waves

The shock profile in the bubbly fluid evolves into a smooth steady form in
contrast to the sharp discontinuity in the pure fluid. The steady state shock

speed was obtained from the Rankine-Hugoniot relation [44],

i:i‘i‘ 51)_5@
0z~ 2 P h

where subscripts a and b stand for ahead and behind the shock front. The
steady state reaches thermal equilibrium, so for ideal gas bubbles with surface

tension neglected, P,3, = P,3,. Therefore

1 1 Ba
Y ol 2.4
lfg c? prb ( )

The evolution into a steady wave can take very long time and distance, and
the unsteady waves move at higher velocities [44]. The shock profiles were

measured for various gas bubbles by Beylich and Giilhan [4].

2.2 Numerical Method

We have been studying bubbly fluids as a system of one-phase domains
separated by free interfaces using FronTier, a front tracking compressible hy-
drodynamics code. Front tracking is an adaptive computational method in

which a lower dimensional moving grid is fit to and follows distinguished waves
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in a flow. The front propagates according to the dynamics around it (i.e. La-
grangian) while the regular spatial grid is fixed in time (i.e. Eulerian). The
discontinuities across the interfaces are kept sharp so as to eliminate the inter-

facial numerical diffusion which plagues traditional finite difference schemes.

In each time step, the front is first propagated then the interior states are
updated. For the front propagation, the interfaces are first propagated in the
normal direction for each point on the fronts and the states on either side evolve
according to the solution of non-local Riemann problems. The hyperbolic
solver has three steps: slope reconstruction, prediction using local Riemann
solver, and correction by nonlocal solver. Then the states on the propagated
fronts are updated in the tangential direction while the fronts are fixed. After
that the fronts are tested for intersection and then untangled or redistributed
if necessary to resolve the topological change or the clustering/sparsity of grid

points on the interfaces due to front contract/expand.

For the subsequent interior state update, FronTier uses high resolution
shock-capturing hyperbolic schemes on a spatial grid. Among the various
shock capturing methods currently implemented in FronTier, a second order
monotone upwind scheme for conservation laws (MUSCL) scheme developed
by Van Leer and adapted for FronTier by I-L. Chern was used for the sim-
ulation here. MUSCL scheme is similar to the piecewise parabolic method
described in [11], and a detailed description can be found in [10]. The two-
pass implementation currently being used in FronTier, namely, first reqular
cells then irregular cells update, is well documented in [21]. Different equation

of state models are used for gas/vapor bubbles and the ambient fluid.
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Figure 2.1: Schematic of the numerical experiments on the propagation of
linear and shock waves in bubbly fluids.

FronTier can handle multidimensional wave interactions in both two- [20]
and three- [19] dimensional spaces. Although computationally intensive, front
tracking is potentially very accurate in treating many physical effects in bubbly
flows, such as the compressibility of the fluid, surface tension and viscosity.
Since the FronTier code is capable of tracking simultaneously a large num-
ber of interfaces and resolving their topological changes, many effects that
are difficult to handle in mathematical models for bubbly flows are now nat-
urally included in the simulations, e.g. the bubbles’ deviation from spheric-
ity, bubble-fluid relative motion, bubble merge/fissure and bubble size/spatial
distribution. This approach has numerous potential advantages for modelling
the phase transitions in boiling and cavitation flows. We have implemented
a model for the phase transitions induced mass transfer across free interfaces

[22]. FronTier is implemented for distributed memory parallel computers.

For the application of FronTier to the simulation of bubbly flows, the
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region around a long column of bubbles (tens to hundreds) has been chosen as
the computational domain, as shown in Figure 2.1. Two approximations were
used in the simulations. The flow inside the column was assumed to be ax-
isymmetric and the influence from the neighboring bubbles was approximated
by the Neumann boundary condition on the domain wall. Thus the wave
propagation in bubbly flows was reduced to an axisymmetric two-dimensional
problem. An extensive introduction to the FronTier code for axisymmetric
flows can be found in [21].

The axisymmetric flow approximation is crude although it is exact for
the scattering of the planar wave by an isolated column of bubbles that are
initially spherical. The Neumann boundary condition between adjacent bub-
bles is also too strong because the scattered pressure wave is only partially
reflected. As a contrast, the scattering theory, on which the Keller equation is
based, completely neglects the reflection between bubbles and the secondary
scattering. Therefore the scattering theory only holds for the case of small 3
such that bubble interaction is negligible. For moderate 3, the secondary scat-
tering can not be neglected, and the Neumann boundary condition between

adjacent bubbles is a better approximation.

2.3 Simulation Results on Bubbly Flows

In this section, we present the results of the DNS on the linear and shock
wave propagations in bubbly fluids. The dispersion relation measured from the
simulations were compared to the theory in Section 2.3.1. The shock speeds

measured from the simulations were compared to the steady-state values, and
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the shock profiles for various gas bubbles were compared to the experiments

[4] in Section 2.3.2.

2.3.1 Linear Waves

To compare the simulation results with the theory we measured the dis-
persion relation. Writing down the complex wave number &k in Eq. (2.2) as

k = ki1 4+ iky, we have

ei(k’x—wt) —kox _i(k1x—wt)

=e e ,

from which the phase velocity of the sound wave is defined as

V== 2.5
P (25)

and the attenuation coefficient o in dB per unit length defined as

The bubble radius in the simulation was R = 0.06mm. From Eq. (2.3), we
have
w1 3Yp

= = ——/— = 54.4 KHz.
27 2R Pf z

[
We simulated the sound waves of frequencies ranging from 30 to 300 KHz.
The volume fraction f = 0.02%. The amplitude of the pressure wave was
chosen to be 0.1 bar, one tenth of the ambient pressure. The linearity was

ensured by comparison with sound waves of half amplitude, from which the

dispersion relation measured was virtually the same. For each frequency, the
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Acem) | f(KHz) | V(em/ms) | Vip(cm/ms) | a(dB/cm) | oy (dB/cm)

0.5 290 155 153 2.2 0.9

1.0 145 183 194 5.7 5.0

1.5 96.7 220 274 18.4 20.7

2.0 72.5 160 173 28.5 30.9

2.5 58.0 100 100 21.8 29.4
2.75 52.7 75 84 18.9 25.2

3.0 48.3 68 5 17.8 20.4

4.0 36.3 62 68 10.7 8.5

5.0 29.0 66 69 3.9 4.4

Table 2.1: Phase velocities(V') and attenuation coefficients(a) from the sim-
ulation and the theory. A is the wavelength in pure water. V and « are the
simulation results, Vj;, and «y, are the theoretical predictions from Eq. (2.2)
with § = 0.7. R = 0.06mm, 3 = 0.02%.

sound wave of up to 8 wavelengths was propagated from the pure fluid into the
bubbly region. The cross sectional averaged pressure in the bubbly region was
recorded at selected times and positions, from which the phase velocity and
the attenuation coefficient were measured. The phase velocity was obtained
by measuring the propagation speed of the first pressure node in the bubbly
region. The envelope of the oscillating pressure wave was plotted and the
attenuation coefficient was measured in the 1em-long bubbly fluid region next
to the incident plane by fitting the envelope to an exponential curve. A shorter

region was used for the frequency with the strongest attenuation (A = 2cm).

The phase velocities and attenuation coefficients measured from the simu-
lations were listed in Table 2.1 along with the theoretical predictions. For the
theoretical prediction 0.7 was used for the damping coefficient 6 in Eq. (2.2).
The measured dispersion relation was compared to the theoretical curves in

Figure 2.2. It can be seen that the simulation agrees well with the theory.
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Figure 2.2: Comparison of the dispersion relation between the simulation and
the theory. R = 0.06mm, § = 0.02%. (a) is the phase velocity, (b) is the
attenuation coefficient. In both figures, the crosses are the simulation data
and the solid line is the theoretical prediction from Eq. (2.2) with 6 = 0.7.
The horizontal line in figure (a) is the sound speed in pure water.
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Figure 2.3: The pressure profile in bubbly water 23 us after the incidence
of the sound wave with wavelength 1 cm in pure water. The default res-
olution used in the simulations was 100 grid/mm, under which the bubble
radius R = 0.06mm corresponds to 6 grids. Symbols: solid line is the default
resolution 100 grid/mm, dash-dotted line is 50 grid/mm, dashed line is 200
grid /mm.

However, the point in Figure 2.2(a) with frequency about 100 KHz has large
deviation from the theoretical value. Most likely it is because the measure-
ment of the sound speed was inaccurate in the presence of strong attenuation,

which is a phenomenon also observed in the experiment [16].

The grid resolution for most of our simulations on linear wave propaga-
tions was 100 grids per millimeter. To ensure the accuracy of the simulation

results, a mesh refinement check has been carried out. Figure 2.3 shows a
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typical result. It can be seen that the results were reasonably accurate at the
default grid resolution (100 grid/mm). It has also been noticed that near the
resonant frequency fp the resolution requirement is higher. More specifically,
higher resolution would give larger attenuation coefficients, which explains in
part why the points in the Figure 2.2(b) are all below the theoretical curve
near the peak. Another important reason for the deviation is, as pointed out
by Prosperetti et. al. [38, 12], the dependence of § on the frequency. The sim-
plification used in the simulation, such as axisymmetric approximation and

Neumann boundary condition, also contributed to the error.

2.3.2 Shock Waves

Beylich and Giilhan [4] studied the propagation of shock waves in glycerol
filled with bubbles of various gases. We carried out the numerical simulations
using their experimental settings. We have also varied the sound speed in the
pure fluid to measure the corresponding shock speeds and compares them to
the steady-state values given by Eq. (2.4). In the simulations, the pressure
behind the shock was either fixed at the boundary or set as the initial pressure
in an air layer next to the bubbly fluid. The results from the two methods
have been compared and found to be very close.

The measured shock speeds are listed in Table 2.2. The speeds were
measured about 10 cm away from the shock incident plane. It is seen from the
table that the measured shock speeds differ from the steady state values by
no more than 10% and in general the measured values are larger. The reason

for the deviation is that the shock waves in the simulations had not reached
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gas(y) | cr(m/s) | Ba(%) | Py(bar) | U(m/s) | Up(m/s)
SF5(1.09) | 1450 | 0.25 | 1.9 | 2620 | 24.60
SF5(1.09) | 458 | 025 | 1.9 | 2252 | 21.02
SF5(1.09) | 145 | 025 | 1.9 1347 | 1254
Ny(14) | 1450 | 025 | 1.7 | 2556 | 23.30
Ny(L4) | 458 | 025 | 1.7 | 2221 | 20.98
No(1.4) 145 | 025 | 1.7 | 1229 | 12.36
He(1.67) | 1450 | 025 | 1.9 | 25.68 | 24.60
He(167) | 458 | 025 | 1.9 | 2269 | 21.92
He(167) | 145 | 025 | 1.9 1352 | 1254
SF5(1.09) | 1450 | 2.17 | 1.8 8.72 8.23
SF5(1.09) | 458 | 2.17 | 1.8 8.04 8.12
SFs(1.09) | 145 | 217 | 138 7.10 717
No(L4) | 1312 | 217 | 138 8.60 8.23
No(14) | 458 | 217 | 138 9.09 8.12
No(1.4) 145 | 217 | 138 7.80 717
He(1.67) | 1450 | 1.04 | 1.9 13.92 | 1219

(
He(167) | 458 | 1.04 | 1.9 1270 | 11.82
He(167) | 145 | 1.04 | 1.9 9.70 9.35

Table 2.2: Shock speeds measured from the simulations are compared to the
steady state values. (3, is the bubble volume fraction ahead of the shock, P,
is the pressure behind the shock, U and Uy, are the measured shock speed
and corresponding steady-state value given by Eq. (2.4). p, = 1.11bar,
pr = 1.22g/cm?, R, = 1.15mm.
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the steady state, and the unsteady shock speeds were higher than the steady
state values (c¢f. Section 2.1.3).

We have also plotted the shock profiles with bubbles of different content
in Figure 2.4. The results were compared to those measured in the experiment
of Beylich et. al. [4]. The profiles were measured at 50 cm away from the
shock incident plane. From the figures we noticed the pressure in the bubbly
fluid oscillates after the passage of the shock front. The oscillation amplitude
was smaller for gas with larger polytropic index -, which agrees with the
experiment. The period of the oscillation differed from experimental data by
10 to 20 percent, while the amplitude was much smaller in the simulations.

There were several sources of error that could be responsible for the devi-
ation. The main source of error is numerical dissipation at the bubble surface.
The default grid resolution for the simulations on shock wave propagation was
50 grids per centimeter, the bubble radius was also 6-grid wide. It has been
found that increasing resolution did increase the oscillation amplitude but not
drastically. Other sources of error include the axisymmetric approximation
and the Neumann boundary condition on the domain wall. As a summary,
the shock velocity measurement agreed well with the theory, while the shock

profiles agreed with the experiment qualitatively and partly quantitatively.
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Figure 2.4: The shock profiles in bubbly glycerol. The parameters in the
simulations were from the experiments [4]. p, = 1.11 bar, p; = 1.22 g/cm?,
R, = 1.15mm. Left figures are from the simulations, right ones are from the
experiments. (a) He(y = 1.67), 5 = 0.27%, P, = 1.9bar. (b) Na(y = 1.4),
8 = 0.25%, P, = 1.7bar. (c) SF¢(y = 1.09), 5 = 0.25%, P, = 1.9bar. The
curves in the experimental figures are the author’s original fitting with artificial
turbulent viscosity.
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Chapter 3

Application of Bubbly Flows to Cavitation

Mitigation

Having validated to some extent the FronTier code for the direct nu-
merical simulation of bubbly flows, we applied it to the cavitation mitigation
problem in the Spallation Neutron Source. In Section 3.1 the design of the SNS
target and associated fluid dynamical issue were described. The description
of the method we used to estimate the collapse pressure of cavitation bubbles
was given in Section 3.2. Section 3.3 listed the results of the simulations using
the front tracking method on the pressure wave propagation in the pure mer-
cury and the mercury injected with non-condensable gas bubbles. In Section
3.4 the collapse pressure of cavitation bubbles was calculated by solving the
Keller equation in the ambient pressure whose profile was obtained from the
simulations. Finally, in Section 3.5 the average collapse pressure with and
without injected bubbles were compared to estimate the cavitation mitigation

efficiency.

23



3.1 Spallation Neutron Source

The Spallation Neutron Source (SNS) is an accelerator-based neutron
source being built at Oak Ridge National Lab. The SNS will provide the most
intense pulsed neutron beam in the world for scientific research and industrial
development. In SNS, 800MeV proton beams bombarding the mercury target
in a steel container deposit totally 2.1 kJ of energy per pulse in less than
300ns which results in the rapid pressure increase in the mercury (see Figure
3.1). The peak deposited energy density is 19 J/cc, corresponding to 500 bar
in mercury. The subsequent pressure waves induces severe cavitation on the
container, so much so that the lifetime of the container was only two weeks
with IMW proton pulses at the frequency of 60Hz [1]. In order to mitigate
the cavitation erosion, research is being done on the evaluation of cavitation-
resistant materials and coatings. It has also been suggested that the injection
of non-dissolvable gas bubbles into the container could absorb the energy of
the pressure wave. Our goal is to estimate the efficiency of the cavitation

mitigation by the bubble injection method.

The SNS target prototype tested at the Los Alamos National Laboratory
was a cylinder of 10 cm diameter and 30 cm length [1]. The initial pressure rise
occurred essentially instantaneously compared to acoustic time scales. The
pressure distribution, as shown in Figure 3.1, has a Gaussian profile in the
transverse direction with ¢ = 1.0 cm and an exponential attenuation along

the axis. The pressure profile can be described by

Py(r, z) = 500e"""%1% bar, (3.1)
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Figure 3.1: The pressure distribution right after a pulse of proton beams
in the mercury target of the Spallation Neutron Source. Courtesy of SNS
experimental facilities, Oak Ridge National Lab.
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where r and z are in ¢m, and the origin of z axis is the window where proton

beams enter.

3.2 Method of Approach

Before we compare the cavitation erosion in pure and bubbly mercury,
a brief introduction to the mechanism of cavitation damage and the method
we used to quantify it is given in this section. Cavitation is the process in
which a bubble, consisting of vapor and non-condensable gas, expands and
collapses according to the surrounding pressure which decreases and increases
rapidly. Vapor bubbles are formed in the fluid when the pressure falls below
the saturated vapor pressure of the fluid at the ambient temperature. They
implode when the fluid pressure rises back above the saturated vapor pressure
or when the bubbles move into a region with higher pressure. If the bubble is
close to the container wall, the shock wave from the rebound of the collapse
erodes the wall as in the SNS target container.

The attenuation of the pressure wave during the rebound phase of the
cavitation bubbles was studied carefully in [26]. The pressure of the rebounded
wave that hits the container wall is an indicator of the cavitation erosion. Since
it is proportional to the first collapse pressure of cavitation bubbles, for the
estimation of the cavitation mitigation efficiency we only need to compare the
average collapse pressure in the pure mercury and the bubbly mercury. In
order to calculate the collapse pressure, we need to know how the cavitation
bubbles grow and collapse under the pressure wave in the container. Since the

collapsed bubble size (< 0.1um) is less than a millionth of the container size
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(10em), it is difficult to simulate directly the evolution of cavitation bubbles

in the entire container. Instead we did it in two steps.

First, we simulated the propagation of the pressure wave in the container
with the initial distribution given by Eq. (3.1). The simulation was carried
out for both the pure mercury and the mercury injected with non-dissolvable
gas bubbles. For the simulation of the bubbly mercury, the bubble surfaces
were tracked explicitly via the front tracking method that we have described.
The pressure relaxation caused by the cavitation was ignored in the simulation
of pressure waves in the container. We assumed that the growth and collapse
of cavitation bubbles is uncorrelated, namely that the far field liquid pressure
for a cavitation bubble is not significantly perturbed by relaxation waves from
neighboring cavitation bubbles. Since the distribution of cavitation centers is
unknown for mercury under such conditions, accounting for pressure relaxation

processes would contain a large amount of uncertainty.

In the second step, the collapse pressure of cavitation bubbles was cal-
culated by solving the Keller equation (Eq. (2.1)) under the liquid pressure
whose profile was obtained in the first step. A cavitation bubble consists of
vapor and non-condensable gas. The partial pressure of the vapor in the bub-
bles remains negligible compared to the pressure wave in the SNS, while the
partial pressure of the gas (typically air) changes violently. As a result, for
the estimation of the collapse pressure it suffices to calculate the growth and

collapse of the cavitation bubbles that consist of air only.
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3.3 Pressure Wave Propagation in the Container

Inferred from Eq. (3.1) for the initial pressure distribution, the strongest
pressure oscillation and consequently the most severe cavitation might be lo-
cated at the center of the entrance window, which was confirmed by the sim-
ulation. Therefore we compared the pressure profile at the spot in the pure
and the bubbly mercury. The pressure profile in the pure mercury is shown in
Figure 3.2, while the pressure profile in the mercury filled with air bubbles is
shown in Figure 3.3. It is readily seen that the pressure decayed much faster
with bubble injected as expected, since the bubbles absorbed the energy from
the pressure wave and spread it away from the entrance window. The pres-
sure oscillation in bubbly mercury was also more rapid due to the reflections

between bubbles. Both profiles can be approximately described by the formula

¢ 2rt
P,(t) = Pyoe - cos(%), (3.2)

where P,y is the pressure oscillation amplitude on the window right after
the bombard of the proton pulse, 7 is the inverse of the attenuation rate,
and T is the oscillation period. From Figure 3.2 we found P,o = 500 bar,
7 =10.94ms, T = T0us for pure mercury. From Figure 3.3 we found P,y = 600
bar, 7 = 50us, T' = 12us for mercury filled with air bubbles of radius 1.0mm

and volume fraction 2.5%.
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Figure 3.2: The pressure profile at the center of the entrance window in the
pure mercury.
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Figure 3.3: The pressure profile at the center of the entrance window in the
mercury filled with air bubbles. Bubble radii are 1.0mm and the volume
fraction is 2.5%.
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3.4 Collapse Pressure of Cavitation Bubbles

The second step is the calculation of the collapse pressure of cavitation
bubbles. The Keller equation for the bubble growth and collapse in the weakly
compressible liquid was used for that purpose. With the ambient liquid pres-

sure obtained in the first step, the closed system of equations is

1dR. _d*R 3 1 dR. dR 1 1dR R d
11— —— VR— 4+ (1 — —— (=P = —(1+—— == -
-C e U s o)) = 0w g
20
pg:pB—i_E?
pgR?’:pgoRg.

The p in the equation above is the difference between the ambient pressure
and the vapor pressure of mercury in the bubble, however the latter is much
smaller in our case and can be neglected. In the last equation, the gas pressure
in the bubble is associated with the bubble radius by the isothermal relation,

which is valid for the cavitation bubbles in SNS with Ry < 1um.

To verify that Ry < 1um for the majority of the cavitation bubbles, recall
that the cavitation bubble grows from a nucleus whose radius is bounded below

by the surface tension condition

For liquid mercury, o = 0.48kg/s?, in SNS a typical tension of 100 bar gives
Ry > 0.1um. So it is reasonable to assume the Ry of most cavitation bubbles

are between 0.1pym and 1um.
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The pressure waves in both the pure mercury and the bubbly mercury
take on an attenuating sinusoidal form. Since the attenuation is slower than
the oscillation, to obtain the overall collapse pressure of cavitation bubbles we
could calculate it in the purely sinusoidal pressure wave and add it up over the
periods with an attenuating amplitude. The purely sinusoidal pressure wave

has the following form,

21t

p(t) = Psin(— + ¢o), (3:3)

where ¢q is the initial phase angle when the cavitation bubble starts to grow
from a nucleus. ¢y must be within [-7,0] because for the bubbles to grow
the initial pressure must be below the saturated pressure of mercury, which is

almost 0 compared the the pressure wave in the SNS.

The typical bubble size evolutions with various ¢y are shown in Figure
3.4. It’s interesting to notice that the bubble does not always collapse — the
bubbles beginning to grow at ¢, < —0.87 continues to grow after a period.
Although they may collapse after two or more periods according to the Keller
equation, the associated collapse pressure is smaller since the ambient pressure
has attenuated. On the other hand, for ¢ within [-0.87,0] the bubble collapses
to a small bubble within about a period. We are only interested in the first
collapse because it has the largest pressure and after that the bubble often
fissures into a cloud of tiny bubbles (¢f. [5]) and the Keller equation no longer
applies. Figure 3.5 shows the dependence of the first collapse pressure P,

on ¢g. It is seen that the collapse pressure is highest for ¢y around —0.63,
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Figure 3.4: Bubble size evolution with different ¢o. Ry = 1.0pm, py,o = 0.01
bar, P = 100 bar, T' = 20us.
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Figure 3.5: The first collapse pressure P, vs. ¢ under the sinusoidal pressure
waves with different amplitude P and period T'. The solid line and the dashed
line correspond to the pure mercury, the dotted line and the dash-dotted line
correspond to the mercury filled with air bubbles of radii 1.0mm and volume
fraction 2.5%.

and the average collapse pressure P, is roughly one half of the peak value at

Qb() = —0.637.

Neglecting the surface tension and the viscosity, which is justified by the
high pressure wave in the liquid, the Keller equation becomes a purely acoustic
equation so that P. is a function of Ry/c;T. On the other hand, so long
as pgo < |p|, the bubble grows before the first collapse to a maximum size
that depends only on the gas content p,oRj and the ambient pressure wave.

Therefore P, is determined by the gas content pyRj of the cavitation bubble
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rather than by Ry and p, independently. Combining the two observations,
we see that P, is a function of P and py(Ro/c;T)3. In fact, in the range of
P < 10 Kbar and T' < 1ms, an empirical formula for P, with P, T as variables

and pg, %y as parameters was obtained,

_ 1
P.AP.T) = SP.P.T.¢y = —0.63)

93.0/ P 1125 Lo Bo ysy050 ey (3.4)
2 “psei’ sy ol | |

with error less than 1%. The result agreed with the fact that the higher the
rate of stressing the fluid is experiencing, the higher tension can be sustained.
In the bubble injection regime, the period of pressure oscillation T decreases

which in turn reduces the cavitation bubble collapse pressure.

3.5 Efficiency of Cavitation Damage Mitigation

Our goal was to evaluate the mitigation of the cavitation damage by
the bubble injection, i.e. to find the ratio between the overall impact on
the container from the collapses of cavitation bubbles in the pure mercury
and the mercury with non-dissolvable gas bubbles. As mentioned in Section
3.2, we needed only to compare the average collapse pressure P,. It’s worth
pointing out that, according to Eq. (3.4), P, can be factored into two parts,
one depending on P and T, and the other one on py, Ry. This implies that the
ratio between the two cases (with and without bubble injection) is independent
of the size of the initial nucleus and amount of gas in it as long as p,0 < P.

To estimate quantitatively the efficiency of the cavitation mitigation on
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the entrance window by bubble injection, we found the average collapse pres-
sure in each period and took the sum over all the periods of the attenuating

sinusoidal pressure wave given in Eq. (3.2). In other words, we defined

S = iFC(Pw(nT),T) = iE(Pwoe‘"rT,T), (3.5)

where the summand is the average collapse pressure in the n’th period. The
overall cavitation damage is proportional to S. The ratio of S in pure mercury

and S in bubbly mercury was defined to be the mitigation efficiency, i.e.

S(6=0)

B3 R) = 55

(3.6)

where # and R are the volume fraction and mean radius of the injected bubbles.

Combining Eqgs. (3.4) and (3.5), we obtain

1.25771.50
P.°T

T
1— 671.25;

S = KPLPTYO N 1B = |

n=0

(3.7)

where K is a coefficient depending only on the cavitation nucleus and cancels

in F.

Using the data in the paragraph following Eq. (3.2), we found that
E(B = 2.5%, R = 1.0mm) = 32.7, which means the overall cavitation bub-
ble collapse pressure is reduced by more than 32 times. Varying # and R in
the simulation of pressure wave propagation we can easily measure the cor-
responding efficiency. For example, when 5 = 0.53% and R = 0.5mm, we

found P,y = 450 bar, 7 = 44 pus, T = 16 us. From Egs. (3.6) and (3.7),
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E(0.53%,0.5mm) = 42.9.

As a conclusion, we have confirmed the mitigation of cavitation by the
injection of non-dissolvable bubbles. More specifically, we have found that
the injection of bubbles with the volume fraction of order 1% reduces the
cavitation erosion by more than order of magnitude. At the same time, bubbles
absorb/disperse the energy and rapidly attenuate the pressure on the entrance

window of the SNS target so that the cavitation lasts for much shorter time.
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Chapter 4

Interfacial Dynamics of Phase Transitions

In Section 4.1 the governing equations and boundary conditions are listed.
Section 4.2 gives the alternative forms of the equations. In Section 4.3 and
Section 4.4 we present the analytical solutions to the problem with Riemann
data for the linearized equations with the temperature field decoupled, for
immiscible fluids and phase transitions respectively. In Section 4.5 we explored
the linearized equations with the pressure field decoupled. For both cases, the
solutions to the problem with Riemann data in the two limits k — 0 and t — 0
are discussed. In Section 4.6 the problem with Riemann data for the nonlinear
equations are solved in both limits. The convergence of the solution to the
classical Riemann solution are analyzed using the method of travelling wave

solutions. Finally the wave structure of the solution are discussed.

4.1 Governing Equations and Boundary Conditions

The governing equations and boundary conditions at the vapor-liquid or

gas-liquid interface are described in detail in [27] and [35]. Away from the in-
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terface the governing equation is the Navier-Stokes equations for compressible
fluids with body force term. Since the thermal effect is normally dominant
over the viscous effect in bubbly flows [12] and phase transitions [29], viscosity
is neglected in our equations and the numerical algorithm. In the following

equations subscript ¢+ = v stands for vapor phase and ¢ = [ for liquid phase.

4.1.1 Governing Equations

The conservation equation of mass is

L4V (paw;) = 0, (4.1)

where p; is the density and u; is the velocity. The conservation equation of

momentum is

a(piui)
ot

+ V- (pillz‘lli) + Vpi = —inng, (42)

where p; is the pressure, ¢ the time-independent specific potential of conserv-
ative force, e.g. ¢ = —g - r for constant gravitational force. The conservation
equation of energy is

d(p:E;)
ot

+ V- ((piEi + pi)wi) = =V - qi, (4.3)

where Fj; is the specific total energy

2

u
E = 5 + ¢ + specific internal energy,
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and q; is the heat flux, which satisfies Fourier’s law of thermal conduction,
q=—kVT,

where T’ is the temperature and « is the thermal conductivity.

The gas is considered as the ideal gas with «-law property. The equation
of state for the liquid is of the stiffened polytropic (SPOLY) type, whose
parameters are chosen to fit the thermodynamical quantities at the specific

temperature and pressure. More details are given in Appendix A.

4.1.2 Boundary Conditions at Material Interface

Denote the mass flux across the interface from left to right by M and the
flux from liquid to vapor by M,,. M., > 0 means evaporation and M., < 0
means condensation. If the liquid is on the left side then M = M,,, otherwise
M = —M,,. In the following equations subscript n and 7 stands for normal
and tangential respectively, A denotes right side minus left side, bar stands

for arithmetic average between the two sides.

The boundary conditions for mass conservation is

Auy, = MAL = mAvV, (4.4)
p

where the positive direction of u, points from left to right, and V' stands for

the specific volume, i.e. the reciprocal of p. For the momentum conservation
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at boundary, Eq. (4.2) should be modified to include the surface tension

0 (piui)
ot

+ V- (piwug) + Vp; + /psé(r —15)nds = —p;V,
r

where I' is the interface and p, is the pressure jump due to surface tension
that equals

Ds = U("il + 52)7

where o is the surface tension, while x; and ky are the principal curvatures of
the interface, which are positive when interface is convex toward the positive
n direction. Integrating the equation in an infinitesimally thin slice co-moving
with the interface, we can find the boundary condition for the momentum

conservation to be

Ap+ps + MAu,, = 0, (4.5)

MAu, = 0, (4.6)

The energy conservation at boundary should also contain the surface energy

as following

d(piE;)
ot

+ V- ((pEi + pi)w;) + / UppsO(r —r5)ds =V - (k;VT;).
r

Integrating again, we have the boundary condition for the energy conservation

M(AH — VAp)+ Aq, =0, (4.7)

41



where H stands for the specific enthalpy

H = specific internal energy + pV.

Due to the thermal conduction, the temperature is continuous across the in-

terface, so

AT = 0. (4.8)

Thermal contact

If the interface is the contact between two immiscible fluids, then by
definition there is no mass flux across the interface (yet the thermal conduction

is allowed, hence the name ”thermal contact”).

M =0, (4.9)

so the quantity AH — VAp on the left side of Eq. (4.7) is arbitrary. The
governing equations combined with the boundary conditions listed above Egs.
(4.1)-(4.9) are closed. The normal velocity of the two phases are equal at the

contact, and also equal to the normal velocity of the interface.

Uph = Up,.

The interface is propagated at such velocity in the computation.
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Phase boundary

In case of phase transitions, M # 0 so the value of AH — V Ap plays an
important role in the interfacial dynamics. At equilibrium AH is defined as the
latent heat L. In some literatures, e.g. [35], AH is fixed to a constant, though
in reality L is not a constant. A better approximation of AH is obtained by

linearization near the ambient temperature as in [29], which gives

AH<T) - L(Tamb) + (T - Tamb)ACp(Tamb)7

where ¢,(Tymp) is evaluated at ambient temperature on the phase coexistence
curve. In fact, when the mass flux M is nonzero, the states on both sides of the
phase boundary are not on the phase coexistence curve simultaneously, and so
AH deviates from the value at equilibrium. Strictly speaking, the value of AH
should be calculated from the EOS of the medium. Since our implementation
has complete EOS’s, specifically the SPOLY EOS for the liquid, we can embed
the latent heat into the EOS parameters such that AH can be evaluated during
phase transition at the correct pressure and temperature rather than on phase
coexistence curve. The details are given in Appendix A. The correction over
a constant AH may be small, but the energy is conserved exactly at least
formally. In practice if the variation of interface temperature is so large that
the latent heat cannot be regarded as a constant or directly embedded into the
EOS parameters, both the latent heat and the phase coexistence curve should

be tabulated and coded into the EOS as extra parameters.
Since the value of M is unknown, we need one more equation to close the
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system. The kinetic theory of evaporation gives the evaporation rate with a
coefficient determined experimentally. The derivation below follows Alty and

Mackay [3].

Under certain temperature T" and pressure p, the molecular velocity of the
vapor, which is treated as ideal gas, has Maxwell distribution. So the number

density

mu?

2kBT>’

n(u) o< exp(—

where m is the molecular mass and kg the Boltzman constant. The total mass

flux of vapor molecules hitting an interface is

m/// dugdu,dun(a)u,
ugy >0
mN _ mN

_ _ p

2 4 V2rRT’

where N is the total number of molecules per unit volume and R = kg/m.
Not all molecules hitting the phase boundary condense into liquid. The ratio
of molecules condensing into liquid over the total number hitting the phase
boundary is called evaporation coefficient or sometimes condensation coeffi-
ctent and denoted by «, which is a number between 0 and 1. Then the mass

flux of the condensing vapor is

p

a—
V2rRT

at equilibrium. Since the net mass flux cancels at equilibrium, so the mass

flux of evaporating liquid is the same as that of condensing vapor. Denote
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the equilibrium pressure at temperature T by ps:(T'), then the mass flux of

evaporating liquid is
a psat (T)
V2mRT

If the temperature is sufficiently lower than the critical temperature of the
material, the rate at which molecules leave the liquid is not affected appreciably
by the presence of surrounding vapor, so that the mass flux of evaporating
liquid is still as above even when the liquid is not at equilibrium with the

vapor. Therefore, the net mass flux of evaporation is

o PeatlT) = o

Mev =
V2rRT

(4.10)

The measurement of « is difficult and values ranges from 0.04 [3] and
below [9, 17] to 0.4 [35] and above [23]. A nice review on the experiments and

theories on the evaporation coefficient can be found in [23].

To implement Eq. (4.10) in the computation we need to know the func-
tion psat(7T"), which can be derived from the well-known Clausius-Clapeyron

equation
dP  AS L
dr AV - TV, -V)’

where S stands for specific entropy. Provided the exact EOS for both phases
with latent heat embedded, the phase coexistence curve can be determined
exactly from the EOS’s as the (p, T') pairs at which the specific Gibbs energy
G = H — TS of both phases equal. In practice, the phase coexistence curve is

often tabulated. For temperature outside the tabulated range, we can extrap-
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olate the curve by integrating the Clausius-Clapeyron equation with a fixed
L, which gives

L, 1 1

Psat(T) = psar(To) eXp(E(TTo - f))~

Eqgs. (4.1)—(4.10) is a closed system of equations. The normal velocity of
two phases are not equal at the phase boundary. An equivalent form of the
boundary condition for mass conservation Eq. (4.4) gives the normal velocity

of the phase boundary,

A(puy,)
Ap

Uy =

The interface is propagated at such velocity in the computation.

4.2 Alternative Forms of the Conservation Laws

4.2.1 Conservation Laws with Rotational Symmetry

When the physical problem has geometrical symmetry it is often more
efficient to reduce the dimension of the system by working in cylindrical or
spherical geometry. The conservation laws Eqs. (4.1)—(4.3) in planar or rota-

tional symmetric coordinates are

dp  Opu U

a + oz, + Oéix—i = 0,
dpu  O(pu® + p) put F3L0)
ot + o, t o r, pal“z"

opu’  Jpuu’ puu

[ = 07
OpE  O(pE+pu  (pE+pu dq q
PRUGEELID 2/ . R 4.11
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where v and u’ are the velocities along x; and perpendicular to x; respectively,
q is the heat flux along x;. «; is the geometrical constant, which is nonzero only
in rotational symmetry and when z; is the first coordinate, 7.e. r in cylindrical
or spherical coordinates. In those two cases, a = 1 for cylindrical geometry
while o = 2 for spherical geometry. Please be aware that this geometrical
constant a has nothing to do with the evaporation coefficient in Eq. (4.10),

which is usually also denoted by a.

4.2.2 Conservation Laws on the Interface

The conservation laws projected into the normal direction of the interface

are

dp  Opu U
9P LY AN = 0
ot om0y ’
dpu  I(pu® + p) Np_u2 09
ot on T P
dpu’  Opuu’ puun’
N _
ot + on o, 0
opE  O0(pE E 0
pE | 9lp +p)u+aN0(p tpu _Og 4

ot on

where n is the normal direction of the interface, u and u’ the normal and
tangential velocity respectively, ¢ is the normal heat flux. Ny is the x compo-
nent of the n. % is the directional derivative in the direction n. The above

equations are similar to those given in [21] except for the thermal conduction
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terms. The noncharacteristic version of the above equations is

Dp ou U
— — No—) = 0
Dt+p(8n+a Or) ’
Du N 10p _8¢
Dt pon  On’
Du'
=0
Dt ’
De DV 1,0q q
- - - _- (4 N, 2L
Dt +th p(6n+a Or)’
where e and V' are the specific internal energy and specific volume, while D%

is the Lagrangian derivative

A convenient form of the conservation laws at the interface for numerical

algorithms is the characteristic form.

;%+aNopf“ +pc;T“+ — —pcg—i—r(g—i+a%g), (4.12)
dd% + aNOpC;u - pc;Tu_ = pcg—ﬁ - F(g—i + aNO%)? (4.13)
j;‘; __— (4.14)

(f_;wj_;/o _ —%(%—i—a]\fog). (4.15)

where

is the sound speed and S is the specific entropy. I' is the Gruneisen coefficient
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36
v (&), -7 (55),

For both POLY and SPOLY EOS’s, I' = v—1, where 7 is the polytropic index.

The characteristic derivatives Ay and A\g are defined by

a4 9 9
= _Z + o)
Do o T wEg.
a9 9

_o0. 9 41

Dy ot “onm (4.16)

Notice the important difference in the characteristic equations that the entropy

S is no longer conserved.

From the second law of thermodynamics, TdS = de + pdV, Eqs. (4.12)

and (4.13) can be verified as following,

dp pcu du
Dy N E ey
_ Dp, op pcu Du = Ou
= ﬁicﬁ_n+aN0 . ipc(ﬁic%)
~ Dp 5, 0u u Du  Op
= D re (8—n+OéNo—)iC(Pﬁ 8_11)
_ Dp B 2 Dp ¢
= Dt ‘Dt "om
_ Dp_(op\ Dp_ 00
Dt \9p/4Dt %)
_ () DS 00
-~ \oS , Dt 0
B dp V' 0q q 0¢
B (85)V T(an aNOr):':pc@n
B dq q ¢
= _F(8n+aN0 ):chan.



An equivalent form of Eq. (4.15) is

(P any) = P +p)
DH Dp
= "B " Dr
DT OH Dp
= PcpﬁﬂL(P (8_P>T_ )ﬁ
DT Dp
— o,k T2 (4.17)

where (3 is the coefficient of thermal expansion [36],

1 [oV
=y (8_T> |
p
For ideal gas T = 1. For liquid, e.g. water in room temperature, 7T < 1.

If the heat flux satisfies Fourier’s law of thermal conduction, i.e. q =
—kVT, then the Eqgs. (4.12)—(4.15) is a parabolic system. The problem with

Riemann data does not have the classical self-similar solution.

To have a flavor of the solution, let us investigate the linearized equations
without gravity in one-dimensional planar geometry. For clarity the equations

are listed below, in which Eq. (4.17) has been substituted for Eq. (4.15).

dp+mu) Op+mu) 0T
% T ax - e
op—mu)  O(p—mu) 0T
ot “or e

or o 92T

ogr ~Mor T Mo

where m = pc and all other coefficients ¢, s, I, pc, and BT are taken to be
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constants. If BT # 0 and ' # 0, the equations above are coupled and hard to
solve analytically. On the other hand, if 57" is neglected, which is justified for
most liquids, the system is decoupled. We can solve the temperature equation
analytically and substitute the solution for the right-hand-side of the other two
equations. In this case the parabolic (temperature) field revises the hyperbolic
(pressure and velocity) fields. On the other hand, if T" is taken to be zero, then
the pressure and velocity can be solved directly and substituted for the % term
in the thermal equation. Here the hyperbolic fields revise the parabolic field. If
neither G717 nor I" vanishes, the two types of fields closely interact. Closed form
solution hasn’t been derived even for linearized equations. However, from the
observation on the solution in the two special cases mentioned above, aspects

of the solution in certain limits can be derived. The following is the detail.

4.3 Analytical Solution for Immiscible Fluids: Temper-

ature Field Decoupled

First let us consider the case that B7 vanishes. The temperature field
is decoupled from the hyperbolic fields, and the isentropes coincide with the
isotherms. Since the thermal contact is simpler than phase boundary, we will
begin with thermal contact. Assume the two phases to the left and right of
the origin satisfy the linearized equations with different coefficients, and the

Cauchy data in each phase is constant as in the Riemann problem. More

o1



clearly,

A(p1 + myuy) opr +myuy) Ty
ot T Ox = L Ox?’
Op —myw)  Op—mw) Ty
ot T o = Dikig
oT; 0*T;
(Pcp)lg = Mg
a(pr + mr”r) a(pr + mrur) o aZTT
ot tor ox = L 0x?’
8(pr - mrur) 8(pr - mrur) o 82Tr
ot — o Ox = b Ox?’
(vc) or, 0T,
Pl gy = Friggz
with Cauchy data
(pr,u, T1)(t = 0) = (pio, w0, Tio)

(pra Ups Tr)(t = 0)

The condition at the interface is

x
oy _ (o
"\ or =0 "\ oz

= (pr07 UrQ, Tr )

o2

(4.18)
(4.19)
(4.20)
(4.21)
(4.22)

(4.23)

(4.24)
(4.25)
(4.26)

(4.27)



4.3.1 Analytical Solution

Temperature

From Eqs. (4.20), (4.23), (4.26), (4.27) and the Cauchy data we can derive

the analytical solution for the temperature field.

Ty(t,x) = Ton — (Tio — T Jerf( m)
xXr
T.(t,z) =T + (Tro — Tm)erf(\/m),

where

T :TIOW—FTTO\/W
" \/m‘i‘ (pcpk), ’

and v = r/(pcy). Erf is the error function defined as

2 x
erf(x) = ﬁ/@ eV dy.

From Eqgs. (4.28) and (4.29) we know

627} 2

xr _ oz
—(t, = (T —T))———e i,
0x? (t,) (Tio )ylt\/47wlt€ l
aQTr T z?
t? = - TT - Tm T dupt
ox? (t,2) (Tro )I/Tt\/4ﬂ'l/rte

23

(4.28)

(4.29)

(4.30)



Figure 4.1: The characteristics of the linearized equations for two-phase flows.

Incoming waves

Substituting the equations into the right-hand-side of Eq. (4.18), integra-

tion along the characteristic \;; as shown in Figure 4.1, we have

(pr + myuy)(t, x)
t 02Tl
= (p+muw) 0,z —qt) + Fl/ﬂ/o W(T, x4 q(r—1t))dr

b+ a(r—1t) - (e (r=)?

——e T,
o wut\AmyT

= o+ muu + Uix(To — Ton)

which is valid for z < 0.

Similarly, integrating Eq. (4.22) along the characteristic A, in Figure
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4.1, we have

(pr - mrur)(tu I)
t aQT
= =m0+ 6t) + oy [ S (ra = el — 0)r
0

t 2
T — (T —1) _G@—crlz=t)
— p’rO - mru’r‘O - F”"/{/T'(TT‘O - Tm) / —6 dvrr d7—7
0o UrTNATu,.T

which is valid for = > 0.

Outgoing waves

For points below the left dashed line in Figure 4.1, i.e. x < —¢t, we can

integrate Eq. (4.19) along the characteristic A;— to obtain

(P — M) (¢, )

t 82Tl
o 0x?
o —q(r—t) _@-ac-0?

——e o drT.
o UTAmyT

= (n— mlul)(07 r+ ct) + Ik (TwT - CZ(T —t))dr

= pio — myugo + Lk (Tio — Thpn)
On the other hand, for points in the left half space and above the left dashed
line, i.e. —¢t < x < 0, we need to integrate from the interface, where the

state is determined by the information coming along characteristics A;; and

A~ and boundary conditions Eqgs. (4.24) and (4.25). At the interface z = 0,

m,(pr + myu)(t,0) + my(pr — meu,)(t,0)

t,0
p(t,0) p— ;
t — — t
U(t,O) _ (pl +mlul)( 70) (pT’ mrur)( 70)
my + my
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So for —¢it < x < 0 we have

(pl - mlul)(ta I‘)

toT
— (- mu)(t+ 20+ Ty [ (e a(r— 0)dr
l

T T
= p(t+ —,0) —myu(t+ —,0) +
a &)

Pr—q(r—t) eoacon)?

ywi(Tyo — T, —"¢ T dr.
l l( 10 m) iy Vﬂ'\/w
cl

Similarly for points below the right dashed line in Figure 4.1, i.e. x > c¢,t,

we can integrate Eq. (4.21) along the characteristic A, to obtain

(pr + mrur) (t7 x)

2
N

Pt (m—1) _Gre—n?

——e wrr T
0o UprTNATu,.T

t
= (pr +myu,.)(0,2 — c.t) + Fmr/
0

= DPro + myUrog — FTK'T‘(TTO - Tm)

And for 0 < z < ¢,t,

(pr + mT‘uT)(t7 33')

t 2
T,
= (pr + mrur)(t - 270) + F'r"i'r/ a ”'(7_71, + CT(T - t))dT
t

Cr _ o Ox?
Ccr

= p(t—=,0) + meu(t — —,0) —

Cr Cr

t

T+ (T —t) _Gterr-n)?
Lk (T — T, —e¢ wrr (T,
rhir(Tro m) iz VTN ATu,T '

From p; &= myu; and p, £ m,u, we can readily calculate p;, u;, p. and wu,, thus

the analytic solution of the state has been given for all space-time points.
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4.3.2 Example

To visualize the pressure and velocity distribution let us consider the

following special case.

(pl(),Ulo,Tlo) = (O, 0, 1)7

(pTO? u’V‘O? T’V‘O) == (O’ 07 0) (431)
and
(T, k, pcy,c,m); = (1,1,1,1,1),
1111
r s = (=,=,=,=,1). 4.32
( 7/£7pcpvcam) (2 2 2 2 ) ( 3)

Figure 4.2 shows the plots of pressure and velocity at specific times. The
pressure and velocity waves propagates at sound speed ¢; to the left and ¢, to
the right. The wave is purely due to thermal conduction because initially the
left and right side have the same pressure and are both at rest. The physical
explanation for the pressure wave is simple — Tjg > T, so there is heat flux from
left to right, the pressure on the right side rises along with the temperature
while the pressure on the left side decreases, which in turn induces a leftward

flow. It agrees with the common sense that heat difference causes the air flow.

From Figure 4.2(a) and Figure 4.2(b) we can see that the solution is
nowhere constant as contrast to the classical Riemann solution. Since the
wave is propagating leftward, the left wave is shock while the right one is

rarefaction. At the contact, which is fixed at origin in this case, T, p and u
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Figure 4.2: Pressure and velocity fields with initial conditions and parameters
given in Eqs. (4.31) and (4.32). (a) is p(z), (b) is u(z). In both figures, dotted
line is for ¢ = 0+, dashed line is for ¢ = 0.1, solid line is for t = 1.
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are all conserved, though density and energy can have discontinuity as usual.
The "mid state” is varying with both time and space, so it is not well-defined
in the classical sense. However, we can investigate two limit cases, namely,

t— ooandt— 0.

4.3.3 Asymptotic Solution in the Adiabatic Limit

First let us consider the case that t — oco. By scaling the conservation
laws, it is easy to see that the limit K — 0 is equivalent to the limit that ¢ — oo
and x — oo simultaneously while keeping z/t unchanged. Therefore this is
the limit of vanishing thermal conductivity, in other words, the adiabatic limit.
We might expect the problem to be reduced to the classical Riemann problem
in this limit, however it is not quite true due to the condition of temperature
continuity that is absent in the classical Riemann problem. Figure 4.3 shows
the plots of pressure and velocity with decreasing thermal conductivity . It
is seen that the amplitude of the pressure and velocity wave does not vanish in
the limit of kK — 0, yet the width of the pressure and velocity peak approaches
0. Next we will prove it rigorously and derive the limit peak values of the

pressure and velocity waves.

Thermal effect

The effect of the thermal conduction can be understood as a linear su-
perposition onto the classical Riemann solution. If the thermal conduction
is absent, then the characteristics \;; and \,_ intersect at the interface and

determine the mid state and thus the global piecewise constant solution struc-
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Figure 4.3: Pressure and velocity fields with various thermal conductivity.
(pl07 U0, T‘lo) = (O, 07 1)7 (pr07 Uro, TTO) = (Oa 07 0) (Fv PCp; Cs m)l = (17 17 17 1)7
(T, pcy, c,m), = (0.5,0.5,0.5,1). (a)is p(x) at t =1, (b) is u(z) at t = 1. In
both figures, dotted line is for x; = 1 and &, = 0.5, dashed line is for x; = 0.1
and k, = 0.05, solid line is for x; = 0.01 and «, = 0.005.
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ture. Here we are interested in the addition to the pressure and velocity waves

from the effect of thermal conduction, denoted by Apy,. For example,

t 2
T+ o(r —t) _Grat—n7

A +muu)(t,z) =ik (T — 1 ——e mT T,
Th(P1 ) (t, o) 1k1(Tho m) . AT

and

T‘A t,o A r Uy t’O
Agap(t,0) = my Arn (pr + myug)( 77317:; a(pr — My, ( )

Limit solution

First we prove the thermal conduction has no effect away from the shock
front or rarefaction in the limit of vanishing thermal conductivity. For the
waves outside the fronts (|z| > ct), two lemmas are proven below for the left

and right going characteristics.

Lemma 4.3.1 If x > 0 then

t .. . _ 2
im [ 2 ot —1t) exp(— (x —c(T — 1))
v—=0 Jo  TATvT dvt
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Proof:

t 2
_ x—c(r —1t) (x —c(r —1))
lim —— 2 exp(— dr
)y e 0 )ar
t 2
r+ct T
< lim ————exp(———)dr
=y e P nr)
(z + ct) I Y ds 2
= (x+ct)lim e s
v=0 Jo  s+v/4ms
t 2 ° 2
— rte hn’é T e_y dy
v v g 2\27
T +ct T
= lim(1 — erf
= tim (1 rf(5 =)
= 0.
Lemma 4.3.2 Ife =x —ct > 0, then
t —t —t 2
lim zhelr—t) exp(— (z+c(r = 1)) )dr =0
v=0Jg  Tv4dmvT dvT
Proof:
t —t —t 2
lim lim rrar—t) or Y exp(— (z+c(r—1)) )dT
v—0e—0+ [ ™ 4mvT 4vT
Y etoer (g + c1)?
= lim lim exp(— dr
v—=0e—0+ Jo T 4T p( 4ut )
booe (g + c1)?
= lim lim exp(— dr
v—0 €H0+/O' T 4mvT p( 4ut )
t 2
+lim lim ¢ w)dT

v—0e—0+ [y AmvT eXp(— 4vT
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The first term

t 2
lim (eter)”

€

v=0 Jo Tv4TUvT p( vt
2 ce & 2

= —lim e_zv/ e ¥ exp(—( e ))dy

ﬁ v—0 \/4% 4Vy
= 0,

YdT

since the last integral s bounded and

. _ce
lime 2v = 0.

v—0
Similarly, the second term

i boe (e + c7)?

exp(—
) el STy

2 e [2V7¥
= ﬁyi%@_”/; eV eXP(_(%)Q)d?J

= 0.

YdT

For x > ¢,t, from Lemma 4.3.1

lim ATh(pr - mrur) =0,

v—0

and from Lemma 4.3.2

hl% ATh(pr + mrur> = 07
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so lim, o Arp(p,) = 0 and lim, o Arp(u,) = 0. The case of < ¢t is similar.

For the waves inside the fronts (|z| < c¢t), two more lemmas are needed.

Lemma 4.3.3 For x =0,

5 o —clr—1t) (
1m ——————— eXPl—
t—o0 0 ™ A4rvT P 4duT

Proof:

bx—c(r —1t)

lim ——exp(— dr
t—oo fo TN 4mvT p( dvt )
Pe(t—1) At —1)?
= lim ———~ exp(——————)dr
t—oo Jo T/ 4dmvT ( dvt )
2 > At At
= —1i 1— —%(1 — 2)d
= lim ;\/T( or) exp(=y( 4yy2) )dy

- % azghnzl_m /:0(1 —_ (Q)Q) eXp(—y2(1 . (g)z)z)dy
9 [otVe

= JNm —= (1= (1) o=y (1= (0)?))dy

- Jm Oof L= () ep(—yA (1= ())dy

IA
S
=
4B
Q
T
+
Bl
Do
&
+
T~
2
N
D
g
|
S
|
Q
Bl
no
&

IA
E
|

2
!
8
=)

§'

Lemma 4.3.4 If 0 < z < ct, then

’ bate(r—t) (
1m —F——— eXpPl—
v—0 =2 TN /ATuT b 4t




Proof: Denote € = ¢t — x, we have

t 2
—1 —t
lim T+ c(r —1t) expl(— (x4 c(r — 1)) \dr
v=0Ji—z  TVATUT vt
2 WY ec 3 y?
= —1 dy(1 T2 e
V0 Jy Wt g ety Ty )

Obuviously it is nonnegative. Since y < %« /< 1+ 522 < 251+ 2), and so

dvy? — dvy?

1 cT
2 WY : 2
i [ dy(1+ S5y S

VT v=0 Jo

2 . 2V v gc _s Y
1 d ~2 exp(————).
7 | y(4yy2) exp( i(1+£))

e+x [ v ¢ x?
= lim (1 — exp(——
v—0 € 7'('80( exp! dy e + x))

= 0.

IN

For 0 < x < ¢, first applying Lemma 4.3.3 on both sides (along A,
and \,_) we see lim, o Ary(ppa) = 0 and lim, g App(upg) = 0, where pyg and
upq stand for the pressure and velocity on the interface. Then from Lemma
4.3.1 and Lemma 4.3.4 we draw the same conclusion as for z > ¢,t. The
case of —¢it < x < 0 is similar. As a summary, away from the shock front
or rarefaction, the thermal conduction has no effect in the limit of vanishing
thermal conductivity. However it is not so at the front. Again we consider

waves outside the fronts first.
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Lemma 4.3.5 If x = ct then

t —
im [ 2T c(t —1)

— X
v=0 Jo  Tv4TmvT

Proof:

t J—
i [T c(t —t)

——e
v=0Jo  TVATUT

t
c 2
= lim/ e whdr
v=0 Jo A4rmvT

2 . £VE vy
- ﬁyli%/o e

c |t
= ] f(—+/—
iy er <2ﬂ>

= 1.

Lemma 4.3.6 Define ¢ = x — ct, then

t —t —t 2
lim lim zhdr—t) exp(— (x+clr=t) YdT =2
v=0e=0+ o T4TUT dvt

Proof: As the proof of Lemma 4.5.2, the integral can be written as the sum of

66



two terms. Now the first term

boog (e +c7)?
lim lim ————exp(———)dr
v—0 g~>0+/0 T\/M p( 4t )
2 o CE |9
77 i | exp(=ly 4 ) )dy

4vt

2 ce o
— lim lim 621’/ eV exp(—( « )?)dy

/T v—=0e—0+ . dvy
2 o 2 ce

— lim i v —(—)}dy.
NZ3 v 0 504 < e expf (4yy) Jdy

It is bounded from above by erf(oo) = 1. We can show it is also bounded from

below by 1. Indeed,

v

v

> im i [ e exp(—(- )
— lim lim eV exp(—(— :

/T v—0e—0+ - p dvy Y

2 o 2 ce
— lim lim eV exp(—(—)Hdy
VI r=0e=0t (e /) dvy

2 ce e 2
— lim lim e_4v/ e Ydy

\/7_T v—0e—0+ max( imw ﬁ)

€ ce

lim lim e% (1 — erf(max(

v—0e—0+ A /4yt’ E))
1.

Comparing the second term with Lemma 4.3.5 we can see that it is bounded
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from above by 1. Similarly it is also bounded from below by 1. Indeed,

t 2
lim lim / ¢ exp(—w)dT
0

v—0 e—0+ NATuT 4ut
c t
2 . . 2 v ce 2
- ﬁzljl—r%ellgi 0 eXp(—(y+ M) )dy
c t
2 ce 2 v 2 ce
R —y (%2
\/E}}H(l)alig#e ’ /0 e exp( (41/y> Jdy
c t
9 Ve o, ce
> — lim lim eV exp(—(—)")dy
ﬁ v—0e—0+ \/% 4Vy
2 . . ce %\/% 2
> — lim lim e_4v/ e Ydy
/T v—=0e—0+ VE
. . _ce c |t ce
= i e EIGy D) ety )
= 1.

First let x — ¢,t — 0+ for the right wave. Lemma 4.3.1 gives

lim lim A —myu,) =0
D0 Tt 04 Th(pr T r)

as before. Yet Lemma 4.3.6 gives

lim lim  Agpy(pr + meu,) =20 (pcy)r (T — Tho)-

v—0 x—cpt—0+
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Therefore

lim lim +AThpr = T (pcp)r (T — Tho)

v—0x—cprt—0

PCpk
— T (pep)n(Tio — Tho) (pepr)
\/(pcp’{)l + \/(pcp’{)r
. . 1
zljlg(l) a:—(}rltm—>0+ Arnty = _,,FT(pcp%(Tm = T)
(/)Cp’f)l

1
= —I, Cp)r Tio —Tro .
Mr (i) )\/(pcp"{)l +/(pepr)s

Similarly for the left wave,

) . (pCpk)r

lim lim Appr = Ti(pc,)i(Tro — T,

y—0atot—0— Hpep(Tro = Tin) V(pcp)i + \/ (peypk)r
(pCpk)r

. . 1
lim lim Apuy = —EFl(pcp)l(Tm —T)
!

v—0 z+4c;t—0—

\/(pcp’i)l + \/(pcp"i)v"

For the height of waves inside the fronts, two more lemmas are needed.

Lemma 4.3.7 For 0 < x < ct, denote € = ct — x, we have

t —¢ —t 2
lim lim zhelr =t exp(— (4 clr = 1)) Ydr =1
v—0e—0+ -z ™ ArvT vt

69



Proof: Denote € = ¢t — x, we have

t 2
—¢ —t
T A . Gl VI o Gl i
v—0e—0+ tf% TV 47'”/7_ 41/7—
1 cx
2 2V v ec 3 y2
— = lim I dy(1+ ——) 73 exp(——>——
Nz i e 0 y(1+ 41/y2> exp( I+ o0 )
2 % i,i ec 3 y2
— % lm 1 dy(1 3
ﬁ uli%si%ir 0 y( - 4 2) p( 1+ 4uy )
WV ec >
v _3
+Tllir[l)al—l>%l+ 3/ dy(l + 41/y2) ’ eXp( 1+ 452 )

The first term vanishes since the integral domain width vanishes in the limit

e — 0. In the second term

8| m
I
<
<
S
<

so the second term equals

9 ERVAN
— lim lim dye ™ = 1.

/T v—0e—0+ =

4v

Lemma 4.3.8 For x =0,

e _ _ 2
i [ © c(t —1t) exp(— (x —c(r — 1))
=0 Jo  T4mvT dvt
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Proof:

to ol )2
lim [ & c(r —1) expl(— (x —c(r — 1))
=0 Jo  TA4mvT 4vt

2 . oo Qo o201 @2y
o m | 0= Cpena - Cppa

ydr

As we have done several times the domain of the integral can be divided into
two subdomains, namely, [a, /o] and [\/a, 00). The integral in the first sub-
domain vanishes in the limit of a« — 0, while the one in the second subdomain
approaches lim,_o 1 — erf(a) = 1 since (%)2 < « in the subdomain.

Note: In this lemma, the limit is taken at t — O unlike the limit of v — 0

i all previous lemmas.

Let © — ¢t — 0— for the right wave. Lemma 4.3.8 applied on the right

side along \,_ gives

lim Aqi (p, — myu ) (t,0) = T (pp)r (T = Tro),
and applied on the left side along A\, gives

i A (pr + myw ) (1, 0) = Ti(pcy )i (T = Tio)-

So
mrrl(pcp)l(Tm - TVIO) + mlrr(pcp)r(Tm - TTO)
my + my

Y

lll% AThp(ta O) =

and

Li(pep)i(Tn — Tho) — Tr(pey) e (T — TTO)'

lim A t,0) =
0 ot 0) m, + my
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Applying Lemma 4.3.7 we have

lim lim  Agu(p. + mou,)

v—0 x—cpt—0—
= lir%[}tir% Arpp(t,0) +m, Pr% Aqpu(t,0)] + Ty (pep)r (T — Tro)
m, Li(pcp)i(To — Tio) + mul'y(pey) (T — Tro)

m, + my
Ly(pcy) (T — Tho) — T (pep)r (T — Tro)
T Fr r Tm - TT’
+m n T, (o) (T~ Tho)
_ oLilpey)i(Ton = Tio) + 1l (py)r (T — Tio)
m, +my '

Using Lemma 4.3.1 again we have

rF Tm — T F’r -, Tm _ Tr
lim lim Agppp, = = (pep)i( o) + mul'y (pey)r( 0)
v—0x—crt— m, + m
_ Tro — Tio Ti(pep)imen/ (pepk)r — Tr(pep)rmun/(pepk)
My o+ 1y V (pepk)i + / (pepk)r
lim lim Agpyu, = Tro — Tio Fz(pcp)lmr (Pcp“)r - Fr(PCp)rml (Pcpﬁ)l‘
v—0 z—cprt— my (mr + ml) \/(pcp/q‘/)l —+ \/(pcpﬁ)r

Similarly for the left wave inside the front,

lim lim Appp, = lim lim Appp,

v—0 z——cyt+ v—0 z—cpt—
~ Too = Tio Ti(pep)ime/ (pepk)r — Di(pcp)rmun/ (pepk )i
Come+my V(pepk)i + \/ (peypk),
Tro — Tio  Tulpcp)imen/(pcpi)r =T (pcp)rmun/ (pepk)i

lim lim Apuy = —
p—0z—ctt my(m,. +my) V (pepr)i++/ (pepk),

For visualization the schematic of the eight lemmas is shown in Figure 4.4.

Each line corresponds to a lemma. The number on each line is the normalized
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94 | X

Figure 4.4: Schematic of the eight lemmas. Each line corresponds to a lemma.
The number on each line is the normalized integral of T, along the charac-
teristic, or equivalently, the normalized Az, of the Riemann invariants.

integral of T, along the line, representing the thermal contribution to the

change of the Riemann invariants.

We can compare the results listed above with the example given in Section
4.3.2. From Figure 4.3 it is clear that the width of the pressure and velocity

peaks approaches zero in the adiabatic limit. The peak values given in the
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previous formulas are

1 |

llfli% :cfclggm Arnpr = 6’ zlflg(ll x701:20+ Arntir = 6’

. . 1 ‘ ‘ .
Ilfli% m—cggo- Arnpr = 19’ Iljli% a:—clggo_ Arpu, = —E;

. . 1 ' _ .

g, dm, Amp = =3, i lim, An =g

1
11’11% x+lzltrgo+ Arapr = = 12 zlzlgtl) x+lllt@>0+ Aratn = 12°

They all agree with the solutions shown in Figure 4.3. The peak on the mid
side of the left shock front is invisible because it has the same sign as the peak

value on the other side of the front.

We can further investigate the profile of the pressure peak in the adi-
abatic limit. We prove below that the width of the pressure peaks in the
adiabatic limit is v/c rather than +/vt, which is the width of the thermal layer

at interface.

Lemma 4.3.9 Ifz > ct and e = x — ct = k%, then

t —t —t 2
lim phdr—t) exp(— (x+clr=t) )dr = 2e7*.
v=0 Jo  TV4mvT dvt
Proof: As in Lemma 4.3.6,
t —t —t 2
lim [ 2T Y telr— 1) exp(— (z+c(r—1)) )dT
v—=0 Jo  Tv4mvT vt
booe (e 4 c7)? Lo (g + c7)?
= lim ————exp(————)d7 + lim exp(————)dr
uﬂo/o ATvT p( 4vt ) v—=0 Jo VAmruT p( dvt )
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The first term

tooe (e + c7)?
lim exp(——————)dr
v=0Jo TVA4TUT p( vt )
ce & 2 ce
= —lime 2 eV exp(—(—)Hdy
/T v—0 - 4uy
= lime® h eV exp(—(ﬁ)z)dy
\/7_TV—>0 k 4% 4y
k2 [ k
= e 2 eV exp(—(—)}dy
=/ (=3
We can do the integration as following. Let
2 [ s k
Ik:—/ e ¥ exp(—(—)%)dy.
® == (=3
We know 1(0) = erf(co) =1, and
2 [ 5 k k
I'k) = — Y — ()2 (— d
®) = o= [ el g
2 e k 2 7Z2dZ
= s, ey
1
= —=I(k).
(k)

So I(k) = exp(—%) and the first term is e™".
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Similarly, the second term

boe (g + c7)?
lim exp(——2)dr
v=0 Jo AmuT p( dvt )
2 . [2V7
= ﬁyi%e_%/: eV’ exp(—(;—IZJ)Q)dy
= e 2 1(k)
= ek

From Lemma 4.3.1 and 4.3.9 we know for z > ¢,t and % fixed,

. Cr
11/11% AThpr<t7 ZE) = Fr(pcp>r(Tm - TTO) eXp(_—(l’ - Crt))a

r

. 1 .
ll/li% Arppy(t,x) = EFT(pcp)r(Tm — Tro) exp(——(x — ¢, t)).

s V’!‘

Similar formula can be written for the left waves. The profiles of pressure
and velocity peaks on the mid state side are more complicated integral forms
rather than exponential function, yet the width of the peaks are also of the

order of v/c.

To summarize it, in the limit of vanishing thermal conductivity, the pres-
sure and velocity waves are the same as in the classical Riemann solution
except near the wave fronts, where the peak values can be calculated directly
from the initial conditions and thermodynamic parameters for the linearized

system, and the widths of the peaks are of order v/c.
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4.3.4 Asymptotic Solution in the Isothermal Limit

Next let us investigate the asymptotic solution as ¢ — 0 while all para-
meters are fixed. It is equivalent to the limit of v — oo after certain scaling,
so it can also be called the isothermal limit. In our linearized system, we are
looking for lim; o 7'(¢,0), lim;_o p(t,0) and lim; o u(t,0) with piecewise con-
stant initial conditions. Although it seems like the classical Riemann problem,
the intrinsic non-localness of parabolic equation (propagation speed is infinity)
changes the solution quite a bit. Without heat conduction the mid state of
the Riemann problem gives continuous pressure and velocity but discontinu-
ous temperature at the contact, while with heat conduction the temperature is
forced to be continuous at the contact, whose value is given in Eq. (4.30). The
subsequent temperature wave shifts the contact pressure and velocity from the
classical mid state. The difference is the Az, of the corresponding quantity,

whose values are actually already given in the previous section.

: Tiov/ (pep)i + Tron/ (pCpt)r
lim7(t,0) = T, = ,
=0 0 \/(pCplﬁ)z + \/<pcp’§)r
mrrl(pcp>l(Tm - TZO) +myl, (pcp>r(Tm - TTO)
m, + my

m.Li(pep)i/ (pepi)r — mul's (pey)r/ (pepk)i

- TT‘O - EO )
e =S W s W rrova
Ly(pep)i(Trn — Tio) — Ur(pcy)r (T — Tho)
my + my
Ly(pep)i V (pepk)r + Tr(pcy), vV (pcpk)i

TTO - EO . .
T 1O o Y o S R

llj)% AThp(ta O) =

1{% AThu(t, O) =

We can compare these results with the example given in Section 4.3.2.
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The formulas above predicts

) 2

. 1
15% AThp(ta 0) - _Ev
. 1
lim Aqpu(t,0) = vk

which agree with the ¢ = 0 curves in Figure 4.2.

We can also investigate the profile of the pressure wave in the limit of
t — 0. At time t the width of the pressure and velocity waves at the origin is
of order v/vt, and the wave front has moved by ct < v/1t, so the wave profile
is dominated by the thermal conduction. We can derive the exact profile as

following.

Lemma 4.3.10 For z = k\/l/_t,

Pate(r—t) (x + c(r —t))? k
li _ — dr =1 —erf(=).
20 o TVATuT exp dvt Jdr o (2>

Proof: Denote x — ct by € as usual,

, to4ce(r—t x4 c(t —1))?
lli% T Z(lﬁm' ) exp(—( 4<VT )) )dT
0 Y%
t £ (e+c1)? toe (e + c7)?
= lim ———exp(————)d7 + lim exp(———)\dr
t~>0/0 T ATvT p( 4vt ) t—0 Jq dmvT p( vt )
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The first term

¢
lim

—hme ’w/
£

— X
t—0 Jq 7'\/47r1/7 p(=

(e + c7)?

d
4vt Jdr
e exp(~(

2
d
4yy) )dy

\/_ =0 4vt

il -y?
ﬁ/g e Vdy
k
1 —erf(=).
erf(5)

Similarly, the second term s zero.

Since the lemma is independent of ¢, for x = kv/vt we also have

Pz —clr —1t) (x —c(r —1))? k
lim [ ———Fexp(— dr =1 —erf(=).
Py vame ST ) 1
Therefore, as x//v,t is fixed,
, T
15% Arppe(t,x) = Tv(pcy)r (T — Too) (1 — erf(Q\/ﬂ)),

PL% Arpu,(t, )

The pressure and velocity between —¢;t and c¢,t are given in Eq. (4.33).

Figure 4.5 shows the plots of pressure and velocity as ¢ — 0. The initial
conditions and parameters are given in Eqgs. (4.31) and (4.32). In the figures v
is inversely proportional to ¢ such that the length scale of diffusion /vt is fixed
for direct comparison. As ¢t — 0, the pressure profile approaches the formulas

given above (the curve of the formulas, if plotted, would be indistinguishable
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0.3r

Figure 4.5: Pressure and velocity fields as ¢ — 0. Initial conditions and
parameters except x; and k, are given in Eqgs. (4.31) and (4.32). (a) is p(z),
(b) is u(x). In both figures, dotted line is at ¢t = 1 for x; = 1 and &, = 0.5,
dashed line is at t = 0.2 for k; = 5 and k, = 2.5, solid line is at ¢ = 0.01 for
k; = 100 and &, = 50.
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from the solid line). And the instantaneous mid state does agrees with Eq.

(4.33).

Finally, it should be pointed out that the contact is moving together with
the flow. In the linearized model, i.e. up to the first order of the perturbation,

the contact is moving with the velocity u(¢,0) obtained above.

4.4 Analytical Solution for Phase Transitions: Temper-

ature Field Decoupled

During phase transitions, the mass flux across the phase boundary de-
pends on the interface temperature and the vapor pressure, so the tempera-
ture is coupled to the pressure at the interface even though it is assumed to be
decoupled in both phases. Hence the linearized Euler equations are not readily
solvable as for the contact, yet with certain approximations we can still obtain

the analytical solutions for the special cases.

First, since the heat capacity of the liquid is much larger than that of
the vapor, the interfacial temperature is almost the same as the liquid tem-
perature, which is widely assumed in literatures on bubbly flows [12]. With
this assumption the equation on the temperature field in the vapor is sep-
arated from the pressure field and can be solved analytically. It is a good
approximation for short time, but not for longer time. As we will see later for
nonlinear equations, the interface temperature gradually approaches the sat-
uration temperature of the vapor pressure. Secondly, since the vapor velocity

relative to the phase boundary is much larger than the liquid velocity relative

81



to the boundary due to their large density ratio, we can approximately take
the velocity of the phase boundary, denoted by o, to be 0 if we only solve the

equations for the vapor.

Assume the vapor is on the right side. For clarity the equations for the
vapor in the characteristic form are rewritten below. Since the equations are
on the vapor side only, the subscripts have been dropped. All thermodynamic

parameters are for the vapor.

dp+mu)  I(p+ mu) 0T
= Th——
ot T o g
dp—mu)  I(p—mu) 0T
_ — T
ot Y " 0x?

or T

Poor = "ox

with Cauchy data

(p,u, T)(t = 0) = (po, uo, To)-

The condition at the phase boundary is

T(t,x=0)="1T,

and from Eq. (4.10),



or equivalently,

pmau(t, 0) = pp\/yRTu(t,0) = psar(T7) — p(¢,0), (4.34)

where 1 = é, /27” is a dimensionless constant.

4.4.1 Analytical Solution

Similarly we can write down the analytical solution.

X

vVA4avt

(p — mu)(t,r) = po — muy — I'r(Ty — T;)

T(t,z) =T, + (Ty — Ty)erf( )

br—co(t —t) _—cr—n)?

—"¢ wrdr,
o vTV4nvr

"o de(r —t) _Gree—n?
T\/—e dvT d7-_
o vTVamvT
x T
(p +mu)(t, z)|sce = pt — o 0) + mu(t — - 0)

t

(p + mu)(t> m)|ac>ct = po + mug — F/{(To — T‘l)

r+ce(T—1) _@ter-t?

—I'w(Ty — T, —¢ wrdr.
(Ty 2 -2 vV 4nvT
And
Ci t sa T
p(t,O) _ Hp t( )+p t( l)
w1
sa T - VMc t
u(t,0) = PeatlT) = Pall) (4.35)
(u+1)m
where

bee(T —1t) _(etr—1p?
() = pg — mug — I'e(Ty — T, ————Le  wr dr
pet(t) = Po 0 (T 1)/0 vrJAnor
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is the pressure on the phase boundary if it were a contact without mass flux.
The corresponding u.; would be 0 under the second approximation used for
the phase transitions. The solution depends on two more parameters than the

contact case, namely, psq:(7;) and p.

4.4.2 Example

Again for visualization let us consider the following special case.

(pOa Uo, TO) = (07 07 0)7
(ﬂ7psat<ﬂ)> - (171)7
(Fa "iapcpacam> = (171717171)7

po= 5 (4.36)

Figure 4.6 shows the temperature, pressure and velocity fields as functions

of the space and the time.

4.4.3 Asymptotic Solutions

Similar to the contact case, we can derive the states as t — 0,

Cpe, (1) — Tt sat(T)) — (po —
lim Apyp(t,0) = uLpey(Ti — To) + peat(T1) — (Po mu0)7
= p+1

sa 1) — — _— T — T
lim Appu(t,0) = 2 i(Th) = (po = muo) = T'pey (1) 0)'
0 (u+1)m

In the limit ¢ — 0, the pressure and velocity of the vapor at the interface differ

from the values in the contact case as shown in Eq. (4.35). Yet the pressure
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Figure 4.6: Analytical solution with initial condition and parameters given in
Eq. (4.36). (a) is T'(t,x), (b) is p(t,x), and (c) is u(t, x).
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has the same profile of width /vt as in the contact case. On the other hand,

in the adiabatic limit,

lim lim App = Tpe,(T) —Tp),

v—0 z—ct—0+

1
lim lim AT}LU = _chp(E_T0)7
m

v—0 z—ct—0+

Lpe,(Ty — T T)) — (po —
lim lim App = =L cp(Tt = To) + psar(Ti) — (P9 muo)’
v—0z—ct—0— o+ 1

r 1 - T sat(1]) — —
lim lim Apu = #Lpey(Th 0) + psat(T1) — (Po muo).
v—0z—crt—0— (,U T 1)m

For = > ct the Ary,p and Arpu vanish in the adiabatic limit as in the contact

case, but for 0 < x < ¢t it is not so. In particular, for x = 0,

sa 1)) — —
lim Agp(t,0) = © (T}) = (po = muo)

w+1
. paﬂ(ﬂ) - (p[) - muO)
lim A t = )
S rhu(t; 0) (u+1)m

Distinct from the contact case, the pressure and velocity on the phase bound-
ary do not reduce to the classical Riemann solution in the adiabatic limit. This
result is based on the assumption that the interface temperature is constant.
If the assumption is violated, the interface pressure in the adiabatic limit could
agree with the classical Riemann solution. All the states listed above in the
two limits have been verified for the given example as we did for the contact

case.

Now let us discuss the effect of the parameter . Since p is inversely pro-
portional to the evaporation coefficient, 1 — oo means no evaporation, thus

reduces to case of contact with thermal conduction, as reflected in Eq. (4.35).
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On the other hand, if 4 — 0, then the vapor pressure is forced to be at equi-
librium with the saturation pressure at the interfacial temperature to induce
a finite evaporation/condensation rate. It is a crude model of evaporation,
which is used literatures such as [24]. In reality, p is a finite number and its

effect is between these two limit cases.

4.5 Analytical Solutions: Hyperbolic Fields Decoupled

4.5.1 Immiscible Fluids

Next we consider the case that I' vanishes, again for contact with thermal

conduction first. The linearized equations are

O(pi + miu;) n d(pi + miu;)

ot “ ox =0
d(pi — mu;) _ C.a(pi — ;) -0
ot ’ or ’

(pcp>iﬁ — (BT); o Ki 92

where ¢ = [ or r. Initial conditions are

(pr,w, T1)(t=0) = (o, w0, T10)

(prauraTr)(t = 0) = (pr()aumaTr )

Analytical solution

The pressure and velocity fields are exactly the same as the classical Rie-

mann solution. For z > ¢,t, (p,u) = (pro, uro). Forx < —c,t, (p,u) = (pio, wp)-
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And for —¢t <z < ¢ t, (p,u) = (Pm, Um), Where

mMyPro + MyPio

mpmy

Pm = (UZO - UTO);
my; + m, my; + m,
myuy + MpUro . Plo — Pro
Uy = + .
my + my my + my

For the temperature field, we could only give the exact solution in the

special case that (pc,k); = (pc,k),, because then the continuity of temperature

and heat flux at the contact is easily satisfied. Indeed, the temperature field

satisfies the equations

e T8 — s 0T = (D0~ p)ile + ),
(e = . T = (Tl — pro)d(t — 2,
T(L0) = T(10)
m%(t,@) _ KT%@,O).
and the solution is
Tit,x) = TZO;TTO T’“O;%erf(\/iw)
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and

T T, Too— 1T,
To(t,z) — lO‘;‘ 0 r02 zoerf(\/%)
vy
(BT), /t dr (#ta —ar —t))?
+ (pcp)l (pm plO)cl o /—47TVZ7' exp( 4yt
(BT), /t dr (2 + ¢ (1 —1))?
+ (pcp)r (pm pTO)CT‘ 0 /—47_‘_er eXp( 4VTT )

Example

Take the following parameters as an example.

(pl07ul07ﬂ0) = (Oa 07 1)7

(pT07 Uro, TT‘O) = (1, O, O)

and

(6T7 "iapcp7c7m)l = (171717171>7

11
1o 0 ]-)
2°2

(ﬁT, K, pCp, C, m)r = (17 2

Figure 4.7(a) shows the plots of pressure and velocity at ¢ = 1, which is
independent of the temperature field. Figure 4.7(a) shows the temperature
field at the same time with different «’s. It is seen that in the adiabatic limit,

T becomes a step function. We can prove it using the following lemma.
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0.5r

-0.5,

-2 -1 0 1

Figure 4.7: Hyperbolic and parabolic fields with various thermal conductivity.
(plO» U0, T‘lo) = (07 07 1)7 (pr07 Uro, TT‘O) = (17 07 0) (ﬁTa PCp, C, m)l = (17 17 17 1)7
(BT, pcy, c,m), = (1,0.5,0.5,1). (a) is p(z) and u(x) at t = 1, independent of
k’s. Solid line is p, dashes line is u. (b) is T'(z) at t = 1. Dotted line is for
k; = 1 and k, = 2, dashed line is for for x; = 0.01 and &, = 0.02, solid line is
for for k;, = 0.0001 and k, = 0.0002.
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Lemma 4.5.1 For(0<a <1,

1 v 1 N?
]\}E{l}oﬁ/o dzexp(—é—l(z—aj H =1,

\_/

while for a <0 and a > 1,

N 2
lim %/0 dzexp(— i(z—ai) )=0.

N—oo z

Proof: For0<a <1, leta=Fk with0<k <1,

[ dzexp<—§<z RUAISE
= ]}iinooT/ dyexp (Z%i;) )
= ]}iinooT/ dy exp(— (Z%i;) )
+J}iinooﬁ/_w dy exp(—y (i%i;) )

1=k kN + 4
lim — d
+N1lnoo\/7—T/¢W y exp(—y (kN+y) )-

The first integral equals

1 o 2
_ dye ¥ =1
ﬁ/m ye 7

and the other two vanish.
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Fora <0,

N—oo \/7_1'

Fora>1,

N2
]\}1_1207/ dz exp( 4(z—a7))

1
< lim 7/ dz exp —Z((a—l)N) )

N—oo
N 1 )
= Jlim —=exp(=2((a-1)N))

Limit solutions

Using the lemma above with N? = % anda =1— %, it is straightforward

to show that in the adiabatic limit, the temperature field is

T(t,x < —qt) = Ty,

Tt,—qt<xz<0) = Tp+ %(pm 0),
Tt0<z<ct) = T+ Eﬁg}:;: (Pm — Pro),

T(t,e,t <x) = Ty



Compared with the equation on temperature, the formulas above indicate that
the entropy in each phase doesn’t change across the wavefront in the adiabatic
limit, which agree with the classical Riemann solution (for linearized EOS
the entropy jump across the shock front is 0 because the sound speed is a
constant). A refined version of Lemma 4.5.1 would reveal that the transition
layers in terms of a have width of order 1/N and 1/N? at a = 1 and a = 0,
respectively. For example, it can be proven that for k& — 1 while N(1 — k) is

fixed,

1 1 o 1
]\}er(lm—w i dzexp(—i(z—aj) )—5(1+erf(N(1—k))).

Transformed to the hyperbolic-parabolic system, it means the width of the
left and right propagating temperature jumps are of order v/c while the jump
width at contact is of order v/vt. This result is the same as the case where 5T
is neglected. It is also observed that in the adiabatic limit, the contribution to
the temperature field around the contact from the pressure field has the same

profile as that from the thermal diffusion, namely

X

T =Ty + ATerf(
Vvt

), (4.37)

where Ty, and AT are the contact temperature and temperature jump on

either side.

We can also check the isothermal limit, i.e. ¢ — 0. Figure 4.8 shows the

temperature field in the decreasing times with vt fixed. It is easy to see that
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151

Figure 4.8: Temperature field as t — 0. Parameters and initial conditions are
the same as in Figure 4.7. Dotted line is at ¢t = 2 for x; = 0.5 and K, = 1,
dashed line is at ¢ = 0.5 for k; = 2 and k, = 4, solid line is at ¢ = 0.1 for
k; = 10 and &, = 20.

the limit temperature field is

T T, Tro— 1,
limT(t,z) = —0F20  Zo=do e T
t—0 2 2 Ayt
. EO + TTO TrO - EO x
lim 7T).(¢, f )
tE% ( x) 2 + 2 er (\/m)

In other words, the hyperbolic fields does not affect the temperature field in

the isothermal limit.

4.5.2 Phase Transitions

As in Section 4.4 we need certain approximation to decouple the temper-

ature field from the hyperbolic fields in the boundary condition on the phase
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boundary. The equation is in the vapor side only, and the approximation is

T(t,0) =T, and o = 0. For clarity, we rewrite the equations here.

Ap+mu)  I(p+mu)

ot te Ox =0
Op —mu) _ Op—mu) _
ot ¢ oxr -

or _op 0T

Py ~ 5TE = Ko

with Cauchy data and boundary conditions

(p,u,T)(t:O) = (p()?u()?TO)?

T(t,x=0) = T,

,LLTTLU(t, O) - psat(ﬂ) - p(t7 0)7

where p = é, /27” is a dimensionless constant.

Analytical Solution

The hyperbolic fields are piecewise constant,

p(t,z >ct) = po,

u(t,z > ct) =y,

M(p() - muO) + psat<ﬂ>
[+ 1

o psat(ﬂ) - (pO - muO)

- (L+1)m

pt,r <ct) = pm=

Y

u(t,x < ct) = Uy

I
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which agree with Eq. (4.35) derived in the § = 0 case. The temperature is

x
4ut

T(t,x) = Ti+(To - Terf(—=)

:

BT todr (x4 (T —t))?
R B e e e
ﬁ_T (x —c(r—1))?

todr
(Pm — po)C/ exp(—
0

Ayt dvt

).

PCp
Limit solutions

The limit solutions are nothing but special cases of the previous section

on the contact. In the isothermal limit (¢ — 0),

lir%T(t,x) =T, + (Ty — Ty)erf( ).

T
VAavt

In the adiabatic limit,

T
T(t,x <ct) = To—i—ﬁ—(pm—po),
D

T(t,x>ct) = Tp.

As for the contact case, the formulas indicate that the entropy is continuous
across the wavefront. Notice that the parameters p and pyq(7]) play no role
in the T field in both limits, although they do affect the pressure and velocity.
Once again, the deviation of the pressure and velocity distributions from the
Riemann solution in the adiabatic limit comes from the assumption that 7} is

a constant.
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4.6 Full Nonlinear Equations

Having discussed the two exactly solvable cases of linearized equations,
we change gear to the nonlinear equations. The followings are the observations

from the linearized equations.

e In the isothermal limit for immiscible fluids, the thermal effect dom-
inates. The hyperbolic layer (c¢t) is much narrower than the thermal
layer (v/vt). The pressure has accumulated from the thermal wave an
instantaneous change at each side of the hyperbolic layer, and the mid
state is determined by these modified pressures. The velocity field has
not changed. Both the temperature and the pressure fields in the thermal

layer have width Vt.

e In the adiabatic limit for immiscible fluids, the solution to the problem
with Riemann data converges to the classical Riemann solution in gen-
eral. The temperature field has jump width of order v/vt at the material
interface and jump width of order v/c at the propagating shock fronts or
rarefactions. Pressure and velocity fields have spikes at the wave fronts

with width of order v/c.

e The behavior of the vapor in phase transitions in the isothermal limit
is similar to that for the immiscible fluids but the interface pressure
and velocity are different. At the early stage of phase transitions, the
interface temperature is close to the liquid temperature, but later it

changes slowly toward the saturated temperature at the vapor pressure.
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As we will see, the solution to the problem with Riemann data also

converges to the classical Riemann solution.

4.6.1 Local Riemann Problem

Next we will give the procedure to solve the full nonlinear local Riemann
problem, being full meaning neither 7" nor I' vanishes. For clearness we

rewrite the equations here.

dp du o*T

T R

e A M or

ar dp 82T

L e o 2 4
e T o2 (4.38)

For each phase there is different set of initial conditions and EOS. Subscript
will be added when necessary. Continuity of temperature at the interface
requires an interfacial temperature in the limit ¢ — 0, denoted by 7,,. The
procedure is to find the T,, first, then use it to determine the mid state.
The derivation in this section is more heuristic than rigorous compared to the

previous sections.

Temperature field

In the limit of ¢ — 0, the system is predominantly parabolic, so all the

first order spatial derivatives can be neglected. The conservation of mass and
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momentum gives

% = 0, (4.39)
d(pu)
5 =0 (4.40)

which indicates the density and velocity are unchanged. The energy conserva-
tion law gives
o*T

oT

Recalling the thermodynamic identity

where ¢, is the specific heat with constant volume, ¢ is the ”isothermal sound
speed”, Kr and Kg are the isothermal and isentropic compressibility. The
temperature equation can be simplified to

or 0T

pcva = :‘iw. (441)

With Eq. (4.39) in mind, the coefficients in Eq. (4.41) are evaluated
along the isovolumes and thus functions of the only variable T'. Therefore it is
a nonlinear equation of T'. At the interface T' is continuous, and the heat flux

satisfies
oT, o7,
— — K — =10 4.42
m ox & ox ( )
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for contact, and
oT, GTZ
Kp———
or 895

— M,,L (4.43)
for phase boundary. In case Ty = Ty, we would have T,, = T;y = T,
otherwise since the temperature gradient is infinite at the interface as ¢t — 0,
the left side of the Eqgs. (4.42) and (4.43) are actually co — oo, therefore the
limit temperature field with the boundary condition Eq. (4.43) would have
the same T, as that with boundary condition Eq. (4.42). In other words, for
the purpose of finding 7,, in the limit ¢ — 0, we can always use Eq. (4.42)

instead of Eq. (4.43).

If the coefficients in Eq. (4.41) do not vary much, it suffices to solve the

linearized version. The solution is

T o T 0V pcv _I_TT’O\/ pcv r (444)
\/(pcv l + \/ PCv

Ti(t,x) = T, + (T — Tip)erf(

),
),

41/l

3t

T.(t,x) = T+ (Tro— T)erf( =

i‘
~+

where v* = \/Kk/(pcy).

Pressure and velocity fields

From the temperature field and Eqs. (4.40) and (4.39), the pressure and

velocity fields outside the hyperbolic layer (z < —¢it and x > ¢,t) in the limit
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t — 0 are

pl(ta‘r) = B(E(taz)7pl0>7
p?“(tax) = PT(TT(tax)aplﬂ)7
w(t,r) = wo,

U’T(ta .[L') = Uro,

where P, and P, are thermodynamic functions depending on the EOS on each
side. Now let us find the mid state in the hyperbolic layer —¢;t < x < ¢,t. Since
hyperbolic system propagates at finite speed, the local initial value p;(0+, 0—),
u(04,0—-), p(04,0+) and wu,.(0+, 0+) solely determine the instantaneous mid
state. Since the thermal layer is much wider than the hyperbolic layer, the
temperature in the hyperbolic layer is T,,. Therefore the last step is to solve
a Riemann problem with the modification from isentropic to isothermal. The

equations are

Opi  Opiu; —

ot or
piv;  Opiui + p;

1 — O

ot * ox ’

E - Tma

where subscript ¢ is [ or r. The initial conditions are

(p,p,u)i(t =0) = (pwo, B(Ton, pro), wo),

(,O,p,u)r(t:()) = (pr0>Pr(Tmapr0)aur0)-
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T, is from the solution to Eq. (4.41) with boundary condition Eq. (4.42).

Approximate value of T, is given above.

The other conditions at the interface are the Rankine-Hugoniot conditions

for contact

Au = 0,

or Rankine-Hugoniot conditions plus the one from kinetic theory for phase

boundary

Ap = —MAu, (4.45)

Au = MAV, (4.46)
(6%

Mev - —<psat(Tm)_p’U)- (447>

V2w RT,,

Here A stands for the difference between left and right side.

Now that the equations are purely hyperbolic, we can find its character-
istics and corresponding ”Riemann” invariants. It it not difficult to show that
the 2 by 2 systems has two characteristics, namely, Ay = u & ¢r, where cr is
the isothermal sound speed. The corresponding invariants are du + pi—pT. The
solution has self-similarity as in the Riemann problem, so we can construct
the mid state analogously. In Figure 4.9, the curve for left shock wave and
rarefaction passes the (pj,, uy) point in the p —u plane, and the curve for right

shock wave and rarefaction passes the (pf, u.0) point. Here pj, and pj, are
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R:at

Figure 4.9: Construction of the mid state and the wave structure for the
isothermal Riemann problem. The curves passing point L is the left shock
curve (upper part) and rarefaction (lower part). The curves passing point R
is the right shock curve (upper part) and rarefaction (lower part). The inter-
section is the instantaneous mid state for contact with thermal conduction.

the initial pressures for the current isothermal Riemann problem. Along the

left(right) rarefaction, dT" = 0 and

du:l:d—p:().

per
Along the left(right) shock curve, u, < u; and

AVAp = —(Au)?,

AT = 0.

For the contact, all we need is to find the intersection of the two curves.

The mere existence of ¢y guarantee the monotonicity of the rarefaction and
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shock curves and thus the uniqueness of the intersection. The mid state is
then determined and the local wave has the same structure as in the Rie-
mann solution, namely, a left shock wave or rarefaction, a right shock wave or

rarefaction, and a contact in between.

Phase transition

For phase transitions, in order to find the left and right mid states we need
to go through the following procedure. For simplicity the vapor is assumed to

be on the right side, the opposite case can be treated similarly.

1. Find the intersection, which is shown as point I in Figure 4.9, of the
curves for left and right waves in p — u plane, just as for the contact.
Denote the mid state by (pf,,u,). If psat(Tm) = pf,, then from Eq.

(4.47) M., = 0 and it reduces to the contact without mass flux. If

Psat(Tw) # iy, then go to step 2.

2. We will treat the case psa(Trm) > pi,, the opposite case can be handled
similarly. For simplicity we will write ps instead of psu(75,) in this para-
graph. If p, = p* . then the vapor is unsaturated, and Eq. (4.47) also
indicates that M., > 0, so the vapor pressure will increases from the
evaporation. Therefore the actual p, should be between p? and p,. We
are going to show that there is a unique p, and associated mid state

satisfying Eqs. (4.45)—(4.47).

For each p, between p; and p, we can determine the M = M., by Eq.

(4.47). The p, also determines u, since (p,,u,), which is point A in
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Figure 4.9, in one the curve for right wave. Using Eq. (4.45) we can
draw a line with slope —M passing point A. The line would intersect the
curve for left wave so long as M is smaller than the absolute slope of the

curve. Since the latter is approximately p;¢;, it requires

(07

\/ﬁ (psat(

oy 5= (o) = 1) < prcica,
™

where 7 is the polytropic index of the vapor and ¢, is vapor sound speed

Tn) — Do) < pici,

or equivalently,

at temperature 7,,. In practice p, is of the same order as p,, and the
inequality above is always satisfied. For example, for water not too far
from saturation in temperature from 20°C' to 100°C, the left side of the
inequality is no more than 1 atmosphere, while the right side is more
than 5000 atmosphere. The intersection of the line with the curve is
denoted by point B in Figure 4.9. Now that we know the temporary mid
state on both sides, we can check the last jump condition Eq. (4.46).
Let

f(p.) = Du— MAV.

All quantities on the right side are continuous functions of p,. We need
to find the zero of f for p;, < p, < ps. Next we will prove the existence

of such a zero point. First, at p, = p:,, M > 0 by Eq. (4.47) and point
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A coincides with point B so Au = 0, therefore

flom) = —M(V, = V) <0,

where we have set the A to be right side minus left side. Second, at

Py = ps, M =0 by Eq. (4.47) and point B is to the left of point A, so

f(ps) = Au=wuy —up > 0.

From fundamental calculus we know f must have a zero between p;, and
ps. 1t is easy to verify that f is a monotonely increasing function of p,,
therefore the zero of f is unique. Similar conclusion can be drawn for the
case that ps < pjy,. In that case, M., < 0 and p; < p, < p;,. Numerically
the value of p, can be found by iteration. Upon linearization, the M.,

so obtained agrees with the results in Section 4.4.

4.6.2 Travelling Wave Solutions

We sought the solution in the adiabatic limit using the method of trav-
elling wave solutions. The travelling wave solution is a useful tool in the
investigation of nonlinear properties of hyperbolic systems with terms involv-
ing higher order spatial derivatives such as viscosity and thermal conduction
[14, 33]. In this section we studied the travelling wave solutions to the Euler
equations with heat conduction and phase transitions. The equations are Egs.

(4.1)—(4.3) and the interface conditions are Eqs. (4.4)—(4.10). We first found
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the travelling wave solutions with the discontinuity at the phase boundary,
then the solutions with the discontinuity in a single phase. Discontinuities
still exist as a contrast to usual travelling wave solutions because here only
the temperature is continuous everywhere while the pressure and velocity are

still allowed to be discontinuous.

Travelling waves across the phase boundary

In the reference frame of the phase boundary, the travelling wave solution
is a steady state. So we only need to find all the steady states. From FEgs.

(4.1)—(4.3), it is easy to write down the solution,

pu = M,
pu’+p = Mu+p=DB,

2

(0B +p)u — kT, = M(H+ %) KT, =C,

where M, B and C are three constants. The Rankine-Hugoniot conditions
dictates that M, B and C' are equal for both left and right states. Since the
interface is at rest, M coincides with the usual notation for mass flux. Using
the remaining two boundary conditions, namely, the continuity of temperature
and Eq. (4.10), the solution is uniquely determined by the pressure, tempera-
ture and temperature gradient of the vapor at the interface. The procedure is
as following. First the M is determined by Eq. (4.10), then the liquid state on

the interface is determined by the continuity of 7' and the Rankine-Hugoniot
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condition

Ap = —M?AV.

The liquid state is illustrated as the intersection of two curves in Figure 4.10.
The velocities of both phases at the interface are u; = MV, and u, = MV,. The
temperature gradient of the vapor at the interface determined the constant C'.
The state away from the interface on each side is determined by the EOS and

the following equations,

2

u M,

P—DPs = _M2(V_‘/s);

where p, and V; are from the state on the interface. Given the EOS, the ODE
can be integrated to find the thermodynamic state for all z, while the velocity

is again determined by u = MV.

With the EOS and the second equation above in mind, the term H + MTQV2
in Eq. (4.48) can be regarded as a function of 7. In general the function is
complicated, but we will show for slow phase transitions the term can be

approximated by ¢,T" up to a constant. Indeed, denote the mach number u/c
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Figure 4.10: Schematic of interface states for travelling wave solutions of the
Euler equations with phase transitions. The states stay on the line connecting
the liquid and vapor states at the interface.

by n, the differential of H + MTQVQ is

M2
d(H + 7\/2)
= ¢, dT + V(1 —BT)dp+ M*VdV
= ¢, dT + TM*VdV
Tdv

= ¢,dT(1+ n2FVﬁ)

= ¢, dT(1 +n*TBT(1 — n*y)),

where I' is the Gruneisen coefficient, v is the ratio of specific heat, and (3 is the
thermal expansion coefficient. For both POLY and SPOLY EOS’s, I' = v — 1.
BT = 1 for ideal gas, while it is much smaller than 1 for liquid. Since v and

I' are of order 1, it is clear H + M72V2 = ¢,1" up to a constant for small mach
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number.

With the approximation for slow phase transitions, Eq. (4.48) involves

temperature only, so it can be integrated to give

(kT,)s
cpM

Mcpx

T(x) =T, + ) —1).

(exp(

The equation above is unbounded for x — oo if M > 0 or for + — —o0
if M < 0, unless (kT,)s = 0. Therefore, if we require the temperature to
be bounded in the entire space, the "product” of phase transitions (vapor in
evaporation, liquid in condensation) must be constant state. On the other
hand, if the problem is on a finite domain with certain boundary conditions

to guarantee a steady state solution, both phases can be nonuniform.

To understand the solution, let us take the example of evaporation (M >
0) with constant vapor state. The latent heat for the phase transition is totally

provided by the liquid, i.e.

—(kT,)s = ML.

So the liquid temperature field is

T(x)="Ts+ C£(1 — exp(

P

). (4.49)

The temperature of the liquid at —oc is T, = T + é The interpretation is
clear — the heat released by the liquid whose temperature dropped from 77,

to Ty is ¢,(Tr, — Ts) = L, which is exact the latent heat needed for the phase
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transition. Nevertheless, this solution is not physical. The reason is that dur-
ing evaporation, the liquid state on the interface is metastable, and the liquid
state in the above solution has higher temperature but lower pressure than
interface state, which deviates further from the phase coexistence curve and is
metastable or unstable more strongly, so the solution cannot exist physically.
In other word, the physical travelling wave solution can only exist on finite
domain and the "product” phase cannot be uniform. On the contrary, it is
the "product” phase that provides the latent heat in evaporation and absorbs

the heat emitted in condensation.

Travelling waves in a single phase

In the reference frame of the pressure jump or equivalently the shock front,

the travelling wave solution is a steady state. The equations are still

pu = M,
pu+p = Mu+p=DB,

2

(pE+pu—rT, = M(H+ %) — kT, =C. (4.50)

But now the EOS on both sides of the shock front are the same, and the mach
numbers are bigger than 1 on one side and smaller than 1 on the other. Since
the mach numbers behind the shock is less than 1, the differential of the term
H + MTQVz has the same sign as c,d1’. Because the temperature is required
to be bounded in the entire space for a shock wave to exist in the adiabatic

limit, similar to the travelling wave solutions across the phase boundary, we
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Figure 4.11: Schematic of the travelling wave solution to the Euler equations
with heat conduction for the left shock wave.

conclude that the state behind the shock must be constant.

Let’s take the left shock (M > 0) to illustrate the travelling wave solution.
The schematic is shown in Figure 4.11. The right side is behind the shock so
it has to be a constant state. The temperature at the left side of the interface
equals Tg, so the left state at the shock front could be either R or L* in
the figure. However, the left front state must be L* unless L = R because
otherwise 7, = 0 by Eq. (4.50) which implies L = R. The states to the left of
the front stay on the segment connecting L and L* in the p — V diagram and
gradually changes from one end to the other. If T > T} as for the point L4,
then pp« > pr. If TR < T}, as for the point Lo, then py« < p; and the pressure
profile appears as a spike. In both cases, the decay length of the left pressure

profile is of order v/c.
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4.6.3 Adiabatic Limit

In the adiabatic limit, the hyperbolic layer is much wider than the thermal
layers and the solution to the problem with Riemann data essentially has the
same structure as the classical Riemann solution. First we consider the left
and right propagating waves, which are either rarefactions or shock waves. For
rarefactions, the perturbation from the thermal effect approaches zero in the
adiabatic limit because the width of the rarefactions is proportional to ¢ and
much wider than the thermal layers. However for shock waves the perturbation
from the thermal effect does not approach zero everywhere. In fact, from the
travelling wave solutions in a single phase, we see that the pressure wave
deviate from the classical Riemann solution in a region of width about v/c
and the amount of deviation is nonzero in the adiabatic limit. Next we turn

to the central wave which depends on the interfacial property.

Contact

First we consider the simpler case without phase transition. In the purely
hyperbolic system, the temperature is discontinuous at the contact and the
solution around the contact can be considered as the simplest travelling wave
that has no mass flux. With thermal conduction, however, the temperature
profile at contact is smoothed out to the width of order /vt, so that the
solution is not a travelling wave solution. The interfacial temperature is de-
termined by temperature on its two sides and the continuity condition of heat
flux. The following is the detail.

The left and right mid states have the same pressure and velocity but
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different temperature, denoted by T, and Th;r. Since the pressure around

the contact is not changing as ¢ — oo, the equations for the temperature are

oT, oT; 0*T,
erh(y +uugy) = g
or, 0T, O°T,

(pcp)r(ﬁ +u7" ax ) = kr axg .

And at contact

T'l = Tr:
on o,
Yor — oz’

Also, the temperature at the far left end and the far right end are T),;, and
Ty g respectively. Since the contact is moving together with the fluid, it is

straightforward to show that the temperature at the contact T, as t — oo is

T/ (pcpr)i + Trry/ (pepk):

V (pepi )i + / (pepk)y

Tct -

Phase transition

The interfacial temperature is more important for phase transitions be-
cause the transition rate is related to the saturation pressure at the interfacial
temperature. First we exclude the possibility in most cases that the solution
converges to a steady state solution across the phase boundary with nonzero
transition rate. Too see that we assume on the contrary that the solution

does converge to a steady state solution with nonzero mass flux, then as we
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have pointed out, the ”product” phase must be a constant state, and far from
the phase boundary the ”source” phase has temperature L/c, above/below
the interface temperature for evaporation/condensation, which is unphysical —
e.g. for the phase transition in room temperature between the water and the
water vapor, it requires the source phase to be either the water hotter than
500°C or the vapor colder than —1000°C'.

Then we demonstrate that the transition rate decreases to zero as t —
oo and thus the solution is not a travelling wave solution either. The limit

temperature at the phase boundary 7}, is determined by

psat(Tph) = Pv = PM,

where pjy is the pressure on the contact if there were no phase transition. Again
we assume the vapor is on the right side. Denote the interfacial temperature
by Ts (whose limit as ¢ — oo is T},,). The equations for temperature are the

same as for the contact, but the boundary conditions change to

ﬂ:TT7

oT, oT; al
o —k—=— = Moy L = ——e(Psar(Ts) — D). 4.51
" Ox & oz \/QWRTS(p (Ts) = po) ( )

For the moment we assume p, = pys to neglect the interference of the left and
right propagating hyperbolic waves with the thermal wave at phase boundary.

Then using the T}, defined above, the last equation can be rewritten as

oT, o1, al
g — T,) — | )
For ox & ox V2T RT, (Poar(T5) = Poat(Tyn))
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For the asymptotic analysis, we can linearize the equation to be

T, a1, al  dpsa

g = T, — T,
Ky O Ky B [\/TRTS a7 |Tph]( s ph)7

where the quantity in the square bracket can be regarded as a constant, which

we denote by K.

The linearized thermal equation

o7, 0°T,
(pep)i ot Fv’l—ax2 5
(o) or, 0?T,
Pl gy = gz

with boundary condition

(50— Tt = 0) = (L)~ Ty, (1.52)
and initial condition (7}, 7,)(t = 0) = (Tmr, Tmr) is solved numerically.
Figure 4.12 shows the solution to the normalized equation. All coefficients
— (pcp)is (pcp)r, ki, ke and K are set to 1. Ty =1, Tyyg = 0. For T, = 0.25
between T),;, and T)y,r, the interfacial temperature gradually decreases from
Tet = 0.5 to Ty, as shown in Figure 4.12(a). It is interesting to note that even
it T,h = —0.25 is outside the range between Ty, and Tyg, Ts still evolves
from T to T,,. It is also noted that the time needed for 7} to reach T, is
infinitely long.

This result can be understood as following. As ¢t — oo, the temperature
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Figure 4.12: Solution to the linearized equation for large-time temperature in
phase transitions. (pc,); = (pcp)r = 1, ki = K, = 1. K = 11in Eq. (4.52).
Ty =1, Tyyr = 0. (a) is the temperature distribution with 7, = 0.25, (b) is
the temperature with Ty, = —0.25. In both figures, dotted line is for t = 0.1,
dashes line is for ¢ = 10, and solid line is for ¢ = 1000. For both settings the
interfacial temperature 7 gradually approaches T, as time grows.
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gradient on both sides of the interface approaches zero because the width of the
thermal layer, v/vt, grows unbounded. Therefore, the left side of Eq. (4.52)
vanishes as t — oo, and so the right side vanishes, which means Ts(c0) =
T,n. It also agrees with the physical picture. In out example, T, < T,
which is equivalent to p, < psat(Tet). The vapor is unsaturated, so the the
liquid evaporates. The vapor pressure increases, meanwhile the interfacial
temperature decrease due to the absorption of latent heat. As we will soon
see, the change of vapor pressure doesn’t play a crucial role. It is the decreasing
interfacial temperature that slows down the evaporation. As t goes to infinity,

the evaporation rate goes to zero, though it is always positive.

Lastly we show that the change of vapor pressure does not change the
whole picture as we promised. Suppose the p, in Eq. (4.51) is varying due
to the interaction of the hyperbolic waves with the thermal wave at phase
boundary. Figure 4.13 is the visualization of the discussion below. In the
figure, points L and R are the left and right initial state. Vapor is supposed to
be on the right side. The curve passing either point is the isentrope connected
to the shock curve. The intersection point I is the mid state for contact.
Without interaction, p, stays at pp; and both left and right states stay at

point I.

To the maximum extent of interaction, the vapor pressure would follow
the mass flux to a new point on the curve passing R, for example, point A in
Figure 4.13. Accordingly, the state at the liquid side of the phase boundary
would shift to point B such that the pair (A,B) satisfies the Rankine-Hugoniot

condition with the mass flux due to the deviation from Clausius-Clapeyron
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P;;at(Tct)

Figure 4.13: Schematic of the interaction between hyperbolic waves and
the thermal wave at phase boundary. In the figure ps(7T.:) > pa, which
causes evaporation. The maximum hyperbolic effect would increase p, by
5pv ~ Mevcv-

curve. The difference of point A and B from I is denoted by dp and du in

Figure 4.13. Since the slope of the curve is approximately pc,

0Py R PyCyOlly,.

where ¢, is the vapor sound speed. Taking into account that (pc); > (pc).,

Rankine-Hugoniot condition Au = M AV gives

Iy = duy, + oup = M(V, = V) = MV,,.

Combine the two equations we have

opy = pyc, MV, = Me,.
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On the other hand, by Eq. (4.34)

MCvM = psat(Ts) —Dv = psat(Ts) —Pm — 5]71”

where p = %, /27“ is a dimensionless constant. The last two equation together

gives
_ psat<Ts) — Pm

coM
w41

Substituting the equation for M, Eq. (4.51) becomes

T, a1, L

- _:MevL:— sa Ts_ .
K <u+1)0v(p t( ) pM)

KT% Yox

The only difference from the original equation with p, fixed is that u is replaces
by 4+ 1. Therefore, the effect of hyperbolic waves is no more than a reduced
coefficient K. If the hyperbolic interaction is weaker, then the increment from
1 would be less than 1. All in all, a smaller K only slows down the evolution
of Ty to some extent, yet the conclusion that T, approaches T} steadily is
sustained. Furthermore, since dp, is proportional to M,,, it also goes to zero
as M., — 0, which means p, — py;. Therefore the limit state is the same as

without hyperbolic interaction too.

It is worth mentioning that this conclusion shows that the liquid temper-
ature cannot be held to be constant for all time as in Section 4.4. Finally it
should be pointed out that 7T}, is allowed to be outside the range from Ty,
to Thr because the waves are propagating in an infinite domain. If the liquid

and vapor, for example, are in an insulated container, then thermal equilibrium
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will be reached after certain time. In general, the thermal effect eventually

dominates over the hyperbolic effect in isolated systems.

4.6.4 Wave Structure

Now that we have investigated both the short time behavior (isothermal
limit) and the large time behavior(adiabatic limit) of the Euler equations with
thermal conduction, we will discuss the global wave structure at all times. For
t much smaller than the characteristic time v/c?, thermal effect dominates
and the system is essentially isothermal. For ¢t much larger than that, the
hyperbolic effect dominate and the system is essentially adiabatic. For time

in between, both effects are important.

e Fort < v/c?, ct < v/vt and the hyperbolic layer is an isothermal 3-wave
structure embedded in the much wider thermal layer. The left and right
waves propagate at the isothermal sound speeds, and they can be shocks
or rarefactions. The mid state depends on whether the interface is the
contact or the phase boundary. The isothermal waves propagate away
from the interface and determine the size of the spikes at the shock fronts

at later times.

e For t > v/c% ct > /vt > v/c and the hyperbolic layer evolves into
the 3-wave structure of the classical Riemann solution, left and right
waves propagating at the adiabatic sound speeds. If the wave is a shock,
there is a thermal layer of width about v/c around the shock front, in

which the deviation from the classical Riemann solution can be nonzero
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in the limit of ¢ — oo. If the wave is a rarefaction, the thermal layer
can cover the entire rarefaction and the deviation vanishes in the limit of
t — 00. There is no mass flux across the interface at large times for both
the immiscible fluids and the phase transitions, and the thermal layer
around the interface has the width of order v/vt. The only difference
between the two cases is in the interface temperature. For immiscible
fluids it is between the temperature on the two sides of the contact, for

phase transitions it is determined by the saturation condition.

For intermediate times, ct ~ /vt =~ v/c and the hyperbolic layer still
have the 3-wave structure but it is neither isothermal nor adiabatic.
The left and right waves propagate at varying speeds, which gradually
shift from isothermal to adiabatic. As shown in Figure 4.2, the spikes
at the left and right wave fronts overlap with each other and also with
the thermal layer at the interface. As a result, the solution is far from
being piecewise constant or rarefactions. It is not clear yet whether extra
shocks could exist, good numerical algorithms may help to capture the

detailed wave structure.
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Chapter 5

Numerical Algorithm for the Simulation of

Phase Transitions

The numerical algorithm for the heat conduction and phase transitions
is based on the front tracking method. A key feature of front tracking is the
avoidance of finite differencing across discontinuities fronts and thus the elim-
ination of interfacial numerical diffusion. Phase boundary is tracked explicitly
by a codimension one grid immersed in a regular spatial grid. The front prop-
agates according to the dynamics around it (i.e. Lagrangian) while the regular
spatial grid is fixed in time (i.e. Eulerian). In each time step, the front is first
propagated with states on its two sides updated, then the interior states are

updated using finite difference scheme.

Section 5.1 is the algorithm for interface propagation and front states up-
date, and Section 5.2 describes the 2nd order finite difference update of the
interior states. The numerical algorithm has been implemented into the Fron-
Tier hydro code. In Section 5.3 we validated the numerical scheme by verifying

the convergence of the simulation results to the analytical solution through
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mesh refinement, we also illustrated the effectiveness of the thin thermal layer
method. Lastly the numerical method was applied to the one dimensional

condensation problem in Section 5.4.

5.1 Propagation of Phase Boundary

5.1.1 Normal Propagation

The phase boundary is first propagated in the normal direction. The
characteristic form of the equations at the phase boundary has been given in
Egs. (4.12)—(4.15). Normal propagation solves a non-local Riemann problem.
The original hyperbolic solver has three steps: slope reconstruction, prediction
using a local Riemann solver, and correction by a nonlocal solver.

The first step in hyperbolic solver is kept. The second step has been
modified as following. At the very first time step (dt = 0) or the time step
when the phase boundary is dynamically created, the boundary states are set
as described in Section 4.6.1. If the temperature is continuous across the phase
boundary, nothing need to be done. Otherwise the interface temperature is
calculated by solving the nonlinear Eq. (4.41) or using the approximate value
in Eq. (4.44), while the density and velocity of the states on both sides of the
interface are kept unchanged (the pressure, from EOS, changes accordingly),
thus the left and right states become the point L. and R in Figure 4.9. We
could go further to solve the adiabatic Riemann problem exactly as described
in Section 4.6.1, which requires extra iteration for phase transition. However,

the lengthy procedure is skipped. The reason is that if the left and right
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states were initialized as mid states in Figure 4.9 rather than the L. and R
states, the exact value of L and R states wouldn’t be recovered in the finite
difference update in the subsequent time steps due to the singularity of the
temperature field at origin, thus the physical spikes at the shock fronts would
be severely reduced. In fact, the current implementation not only gives more
accurate height of the spikes, but also predicts the correct, though not exact,
mid states from the linearized solver in the subsequent time steps. For all
subsequent time steps, the interfacial pressure, velocity and temperature are
forced to satisfy the required boundary conditions such as Rankine-Hugoniot
condition and phase transition rate equation, so that the local Riemann solver
does not change the states on either side of the interface. Therefore, the normal
velocity of the phase boundary at the beginning of each time step is obtained
from the beginning states directly, and the sound speeds needed for the slopes
of characteristics are also directly from the beginning states on the two sides

of the interface.

In the step of nonlocal solver, a discrete version of the characteristic sys-
tem Eqs. (4.12)-(4.15) is solved. The phase boundary normal velocity ob-
tained at the end of the time step is averaged with the value at the beginning

of the time step and then used for the propagation of phase boundary.

To solve the characteristic system, the states at the feet of the traced back
characteristics are first obtained by interpolation, usually of the conservative
quantities, namely, mass, momentum and total energy density. The charac-
teristic A+ = v+ ¢ and A\g = u, while the material interface move at o = u for

contact and o0 = A(pu)/Ap for phase transition. For small time step At, the
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Figure 5.1: Five point stencil for the front normal propagation with thermal
conduction. In each time step, the new front states S; and S are calculated,
and the front propagates normally.

characteristics are approximated by straight lines. Figure 5.1 is the schematic
of the traced back characteristics. The left foot is (¢; + w;, — o)At away from
the interface, while the right foot is (¢, — u, + o)At away from the interface.
For contact the foot of characteristic Ag coincides with the interface. But for
phase transition it differs from the interface position, it could be on either side
of the interface depending on the mass flux. However, since in most cases the

phase transition rate is small enough such that

lu—o| < ¢

on both sides of the interface, it doesn’t make much difference to use ¢;At
and ¢, At as the distance from the left and right feet to the interface. In the
numerical implementation, the foot of )\ is also assumed to coincide with the
interface for phase transition. Once we obtained the states at the characteristic

feet by interpolation, we can integrate along the characteristics. Divided by
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pc and then integrated from ¢ to ¢ + At, Egs. (4.12) and (4.13) become

t+At d d)\ t+At
p + * cu
P 2A+ - N, “an
/t ax, pe Pt “/t P

t+At t—l—Atl—\
e [ b,
t t

on pc on r
t+At dn d\ t+AL
P aA- - cu
/t D e (uy — uyp) +04N0/t . d\_
t+ At 8¢ t+At r aq q
= —d\_ — —(=— No=)d_. 1
/t on /t pc(8n+a OT) (5:1)

Neglecting the distance between the foot of the characteristic Ay and the in-

terface, we have

lll - 110_,

_ /
u, = u0+,

where u’ is the tangential velocity. We can also integrate the energy equation,
however since it is a parabolic equation for temperature, the interface state
is preferably determined by boundary condition rather than integration along
Ao- The boundary conditions depends on the interfacial dynamics. The case

of contact is simpler, so we treat it first.
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Contact with thermal conduction

The boundary conditions are

Au = 0,
Ap+ps = 0,
AT = 0,
Aqg = 0,

where p, is the pressure jump due to surface tension, which is determined
by the surface tension coefficient and the local curvature on the interface.
The discrete characteristic equation along with the boundary condition can be
solved in several ways. There are three methods implemented for the nonlo-
cal hyperbolic Riemann solver, namely, RIEMANN, MOC+RH and CHEAP
MOC+RH methods [21]. The RIEMANN method exploits the similarity be-
tween Eq. (5.1) and the local Riemann problem. It uses a local Riemann
solver with S; and Sy as initial left and right states to solve for the mid state.
However it does not readily apply in our situation, because as pointed out in
Section 4.6.4 the nonlocal wave structure is much more complicated than the
local 3-wave structure. The other two methods approximate the the integrals
in Eq. (5.1) by finite differences in time. The only difference between the
them is that MOC+RH uses trapezoidal rule quadrature for the integration
while CHEAP MOC+RH uses backward difference quadrature. In view of
the various first order approximations already made at the interface, there

would be little difference between the two methods. The following procedure
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is analogous to the CHEAP MOC+RH method.

1. Starting from the usual five point stencil along the normal of the interface
as shown in Figure 5.1. Let the grid size be An. First we determine the

interfacial temperature. The boundary conditions

o= T
T =T T —Tr
K = Ky
T An An
give
T T
T, =T =T" = Fd -1+ Redy (5.2)
K+ Kr

2. Next we seek S/ and S;. The difference equations are

. Cru
PLZPE (g — )+ aNO%At +(¢),) At
f

Prcy
r T To- — 2T To- — T
= f /{,l( 2+ 0 D) ! + CYNQ¥)A15,
prCy An rrAn
Br=Po (= up) + aNg ™2 At — (), At
PuCo Tp
Iy T+ Toy — 2T Ty — Ty,
= , No———)At.
pbch ( An? + oo ryAn )

Combined with u; = u; and p; = p; + p;, the pressure and velocity of S
and S is readily solved. Finally the density of the states are determined

from their EOS’s with known pressure and temperature.
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Phase transition

Next we treat the interfacial propagation for phase transition. The bound-

ary conditions are

Au = MAV, (5.3)
Ap+p, = —M?AV, (5.4)
AT = 0, (5.5)
Ag = —M,L, (5.6)
My = —mm T.) = p). (5.7)

\/277:I~2TS (psat(

Since the interfacial temperature is coupled to the phase transition rate by
kinetic theory, the temperature cannot be determined directly. Iteration over
the vapor pressure p, and the difference of specific volumes AV has been used.

For clearness, we assume the vapor is on the right side.

1. Substituting the vapor pressure at Sy for the p, in Eq. (5.7) and dis-
cretizing Eq. (5.6), we have two equation for the two variable Ty and

M,,. The equations are

Ty — T T, —T4

An T AR
«
Mev = T ——=Wsa Ts — Pv)-

M., L = &,

The function p., is a nonlinear function, Newton’s iteration or similar
method is needed to solve the equations exactly. However, since this

step itself is in the iteration of p, and AV, we can linearize the Clausius-
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Clapeyron equation at a reference temperature 7, and solve for Ty and
M., while preserving the convergence of S and S through the iteration.
For the first iteration step, 7}. can be chosen to be the T at the beginning
of the time step if Ty = Tj, or their average, for example, (Ty_+Tp.)/2
if they are different. For subsequent iteration steps, 7T, is simply the T}

obtained in the last iteration. Upon linearization,

i B Wmn( — psar(T2) + G (T,)T,.) (5.8)
S kit ke + LAndpS‘“ (T}) .

and
[0 dpsat
Mev:— sa Tr — Dot Tr TS_T’I‘ 5
where %(Tr) is the slope of phase coexistence curve at T,, which by

Clausius-Clapeyron equation equals

dpsat (T ) o L
dar " (VAT psar(T))) = V(T peat(T1)))

. Having obtained the temperature and mass flux, we can solve the char-
acteristic Eq. (5.1) with the Rankine-Hugoniot conditions Egs. (5.3)
and (5.4). For the first iteration the AV in Eqs. (5.3) and (5.4) is set
to Vo — Vip. Then same as the last step for contact, the density p; and

p; are determined from their EOS’s with the pressure and temperature

obtained in the iteration.

. The last step in the iteration is to compare the newly obtained p, and

AV with the values used in the iteration. If the differences are within
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the preset tolerance, then the iteration is over, otherwise update the p,

and AV for next iteration and go back to step 1.

In practice it is found that p, and AV usually has relative error below 107°
after 4 iterations. The convergence of p, and AV guarantees the convergence
of T, thus justifies the linearization of the Clausius-Clapeyron equation used

in step 1.

5.1.2 Thin Thermal Layer Method

The method described above works well for fine grid, but when the grid is
coarse as required by the physical problem or the computational capability, we
have a numerical difficulty. For large An, the interface temperature given in
Eq. (5.8) is approximately Tsq(p,), while in reality it should change gradually
from the Ty given in Eq. (5.2) to Tyu(p,). The wrong interface temperature
would in turn gives wrong temperature and pressure fields, especially in the
liquid. To make it worse, even Eq. (5.2) gives wrong temperature if the
thermal layer is narrower than the grid size, for which the correct interface

temperature is close to

T _ T 1/ (pcpk)i + Tiy/ (pcp/i)r'
" e+ Ve,

To illustrate it, let us consider a practical situation. For two dimensional
simulation of bubbly water in a container of size 1cm, suppose the grid size is
dx = 1pm, which is already quite fine. The thermal layer in water is of width

Vvt where v = k/(pc,) = 1.5 x 107%cm? /ms, and the time step restricted by
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CFL condition is dt = dx/c = 6.7 x 10~"ms. So it requires

dx?
- =10
vdt

time steps for the thermal layer to expand to a grid cell. For all these time
steps, it is inappropriate to use simple finite difference for the temperature

gradient at the interface. More details are given in Section 5.3.

To solve the Euler equations with reasonable accuracy in a coarse grid,
we need to represent the thermal layer in certain way. A widely used method
is the spectral method [24, 30, 2|, where the temperature field is spanned by
Chebychev polynomials and the evolution is solved by Galerkin method or
collocation method. However, spectral method has several drawback. First,
it has been only used for spherical problems where the temperature field can
be spanned by single variable polynomials, while our goal is to develop direct
numerical simulation scheme in arbitrary geometry. Moreover, the coordinate
of vapor in (0, Rp) is normalized to (0, 1] for the variable in the polynomials,
while the coordinate of liquid is normalized from [Rpu, 00) to (0, 1], which
cannot be carried out for the multi bubble system we intend to simulate.
Secondly, for the spectral method the temperature field is always separated
from the pressure and velocity waves — in vapor uniform pressure is assumed,
and in liquid the thermal expansion coefficient is set to zero. The evolution
of the pressure field does not depend on temperature either — it is either the
Rayleigh-Plesset equation for incompressible fluid or the Keller equation for

weakly compressible fluid. So the temperature and pressure can be solved
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on different grids or in different solution spaces. As a contrast, for the fully
compressible fluid we simulate, they have to be solved simultaneously on a
common grid. Spectral method, even if it worked efficiently, would invoke
a difficult problem for mapping the temperature field from the polynomial

expansion form to the fixed grid while preserving the accuracy.

As a result, we hereby present a different method that incorporates the
thermal layer into the finite difference scheme when necessary. The idea is
simple. When the thermal layer is thinner than a grid cell, then the temper-
ature profile should take the form of Eq. (4.37). For clarity, we consider the
phase on the right side of the interface and rewrite the equation with slight

changes in notation,

z
4ut

j

Since the thermal layer is thinner than the grid size dz, the temperature T}
one grid cell away from the interface should be approximately Tx. Taking

derivative over x at the origin in the equation above, we have

2 1 T —Ty

(%>0: NG TR

Therefore the temperature gradient at the interface is better approximated by
(Ty — Ty)/v/7vt than (Ty — Tyy)/dz. Considering the approximate nature of
the argument, we used ev/vt instead of v/7vt in the implementation, where
€ is a number of order 1 to be optimized by numerical experiment. When

evvt is larger than dx, the thermal layer can be regarded as wider than a
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grid cell, so we can revert to the usual finite difference approximation for
the temperature gradient. As a summary, the temperature gradient at the

interface is approximated by

(8_T> NTl_TM_: Tl_TM (59)
or ), dz*  min(ev/ut,dz)’ '

where dz* is defined to min(e\/u_t, dx). Numerical experiment found € = 1 is a
good choice in general, so € is set to 1 by default. Admittedly the uncertainty
of € makes the method ad-hoc, however as we will see in Section 5.3 it works
quite well in spite of its simplicity. It should be emphasized that the ¢ in the
formulas is the time since the interface in created rather than the global time

if the bubbles are created dynamically as in [22].

When the thin layer modification is applied to the normal front propa-
gation, all interfacial heat flux in the form of kAT /An should be replaced
by kAT /An* with the v in the corresponding phase. For example, Eq. (5.2)

should be replaced by

Kl Ky
Anf T_l + Anj TI
Ky

T, = T A
Anf Ank

Y

where An} = min(ey/vt, An) and An* = min(ey/v,t, An). Eq. (5.8) changes
similarly, and so does the heat flux at interface in the characteristic equations.
Another point need to be mentioned is that throughout the analysis on thin
thermal layer, the temperature gradient away from the interface in either phase
has been assumed to be zero. In the general situation that the gradients don’t
vanish, the T} in Eq. (5.9) for thin thermal layer is not close to Tg (the

interface temperature with thermal conduction neglected). Rather, T} in Eq.
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(5.9) should be replaced by the appropriate approximation of Tg, which is
given by the extrapolation 277 — T5. The left side of the interface should
be handled accordingly to give the correct temperature and heat flux on the

interface. For example, the correct form of Eq. (5.2) is

- M (211 = Tog) + 5 (T — Toy) + 3 (211 = o) + 35(To — Th)

%} Rr
Anf + Anj

In the later sections, the numerical technique introduced here will be referred

to as the thin (thermal) layer method.

5.1.3 Tangential Propagation

The normal propagation of the front solves the Euler equations projected
onto the normal direction. After that the Euler equations projected onto the
tangent space are solved on both sides of the front. Along the tangential

direction(s),

dp  Opu U
R (=
ot + or Tl r ’
dpu  O(pu® + p) pu? 0o
N - %2
ot * or ol r Por
dpu’  Opud’ pua’
N- =
ot + or ol r 0
E E E
opE  0lp +p)u+aNl(p +pu _@_ang
ot orT r oT r

where 7 is the tangential direction of the interface in two-dimensional problem
or one of the tangential directions in three-dimensional problem. u and u’ are

the tangential velocity along 7 and the velocity components perpendicular to
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7. q is the tangential heat flux. N is the x component of the 7.

The tangential equations are solved using the finite difference scheme
described in the next section. The only difference between tangential state
update and interior state update is that the N; for interior update is either 0
or 1. After the tangential propagation, the states on the two sides of the front
are changed, so the Rankine-Hugoniot conditions, temperature continuity and
the equations about heat flux and phase transition rate could be violated. An
extra normal propagation with At = 0 after the tangential propagation solves

the problem.

5.2 Finite Difference Update of Interior States

After the front propagation and update of front states, the interior states
on the spatial grid need to be time updated. Since the heat conduction does
not involve cross derivatives in space, we can still use directional splitting as
in the current implementation. The advantage of weaving the parabolic terms
into the hyperbolic step rather than after it is that the accuracy of the scheme
is boosted from 1st order to 2nd order in time.

The shock capturing methods currently implemented in FronTier for one-
dimensional sweeps include Lax-Wendroff method, Lax-Friedrichs method,
Collela piecewise linear method and a second order monotone upwind scheme
for conservation laws (MUSCL) scheme developed by Van Leer and adapted
for FronTier by I-L. Chern. MUSCL scheme is similar to the piecewise par-
abolic method described in [11], and a detailed description can be found in

[10]. The two-pass implementation currently being used in FronTier, namely,
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Figure 5.2: Finite difference update of interior state with thermal conduction.

first regular cells then irregular cells update, is well documented in [21]. Here
we will use MUSCL as an example to demonstrate the addition of parabolic
corrections. The emphasis is on the change from the original scheme.

In MUSCL, the gas states are first linearly reconstructed then propagated
for half time step by characteristic method. With heat conduction added,
the linear reconstruction step is the same while the changes of the Riemann
invariants along the characteristics have additional source terms from heat

conduction. The explicit formulas are

dp pcu du ¢ dq q
— ta— - = - -T i)
d/\Jr ta €T; + pcd/\Jr pcaxl <(9xz ta l’l)
dp pcu du ¢ dq q
P e -7 4
dA_ T Z; pcd)\, pcal’l (8:171 + aZCCZ‘)’
d /
L 0.
dXg
de dV 1,0q q
o T ol )

To evaluate the thermal terms, centered finite difference scheme has been used
for the heat flux and its derivative.

As shown in Figure 5.2, during the half time step update of cell (n, j),
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the Riemann invariant along right-going characteristics to point (n+ 3,7 + 3)
and along left-going characteristics to point (n — %, 7+ %) both have thermal

source term proportional to

9q q

For medium satisfying Fourier’s Law of conductivity, ¢ = —/fg—g. We need
to estimate %@ and also g—; in cylindrical or spherical geometry. They are
simply given by

W(na.]) - dx2 ’

oT T 1,7)—T(n—1,7
Iy = Hotbd-To-1j)
ox; 2dx

where dx is the grid size.

After the Riemann solver step at half time step, finite volume method
is used to update the conservative quantities, namely, mass, momentum and
energy. Accordingly thermal source terms should also so added, and the terms
should be calculated using the states at half time step to guarantee 2nd order
accuracy in time. The thermal source term is nonzero only for the energy

conservation law in Eq. (4.11) and it is —(£L + a;L). The heat flux and its
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derivative are approximated by

o1
Q(n7j + _) = =K

2 dx ’
9, .+1):q(n+%,j+§)—q(n—%,j+%>:
ox; S dz
3 .+, 1 1,1 1.1 3 .+, 1
2dx? ’

Notice that in order to update on grid cell, four half time step states
are needed compared to the two states in original hyperbolic MUSCL scheme.
Therefore in the vectorized version of MUSCL, the half step need to be carried

out for two more points, one at each end.

Lastly it should be pointed out that because the scheme is forward in
time, the time step is subject to both the hyperbolic (CFL) restriction and

the parabolic restriction. The hyperbolic restriction is

A
At < 9;7

cmax

and the parabolic restriction is

1 Az? Ax?

1
2Vmaa: 2 (E)max

At <

In fact, the time step should satisfy

2 At + A <1
~ 5 Vmaz ~_ Cmaz .
Ax? Az
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5.3 Validation

5.3.1 Comparison with Analytical Solutions

First we verified the convergence of the numerical solution to the an-
alytical solution in Section 4.3.2. The temperature field is decoupled from
the hyperbolic fields. The initial conditions and parameters are given in Egs.
(4.31) and (4.32) respectively. The numerical scheme was linearized accord-
ingly. Figure 5.3 shows the comparison of the numerical solutions of grid size

0.1 and 0.01 with the analytical solutions. The convergence is clearly verified.

We also verified the convergence of numerical solution to the analytical
solution in Section 4.4, where the hyperbolic fields are decoupled from the
temperature field. Initial conditions and parameters are the same as in Figure
4.7 except that x; = 0.01 and k, = 0.02. Figure 5.4 compares the tempera-
ture field from linearized numerical scheme with grid size 0.1 and 0.01 to the

analytical solution. The convergence is verified again.

5.3.2 Thin Thermal Layer Method

In this section we demonstrate the effect of the thin thermal layer method
in a coarse grid. To understand whether a grid is regarded as fine or coarse,
we rewrite Eq. (5.8) using the thin layer method and the linearized Clausius-
Clapeyron equation,

AH_,%«T 1 + An Tl + ﬁLdpsatTat(pv)

TS - Ldp.sat

(5.10)

T + \/27rRT
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Figure 5.3: Convergence of the pressure and velocity fields obtained numeri-
cally to the analytical solutions for decoupled temperature field. Initial condi-
tions and parameters are given in Eqs. (4.31) and (4.32). (a) is p(z) at t = 1,
(b) is u(x) at ¢ = 1. In both figures, dotted line is for grid size dx = 0.1,
dashed line is for dz = 0.01, solid line is the analytical solution.
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Figure 5.4: Convergence of the T field obtained numerically to the analyt-
ical solutions for decoupled hyperbolic fields. (67T, pc,,c,m); = (1,1,1,1),
(BT, pcy,c,m), = (1,0.5,0.5,1), k; = 0.01, k, = 0.02. Initial conditions are
(P10, w0, Tr0) = (0,0,1), (pro, uro, Tro) = (1,0,0). Plotted is the T" at ¢ = 1.
Dotted line is for grid size dr = 0.1, dashed line is for dx = 0.01, solid line is
the analytical solution.
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The criterion for the fineness of the grid is that the An* in the equation
above can be replaced by An without making much difference. We focus on
the gas(vapor)-liquid interface. Since the thermal diffusivity of gas(vapor) is
usually much larger than that of liquid, the thermal layer in the gas(vapor) is

wider than a grid cell for most of the time.

First we consider gas-liquid interface without phase transition. To ob-
tain an accurate temperature field at earlier time such that /vt < An, the
grid is coarse and thin layer method is needed, while for later time such that
Vit > An, the grid is fine enough so that the thin layer method doesn’t make
much difference. On the other hand, the pressure field can be calculated with
reasonable precision without thin layer method even for earlier time. The rea-
son is that the heat flux on the vapor side can be calculated quite accurately
due to the thickness of the vapor thermal layer relative to the grid size, and the
heat flux is continuous across the contact, so that the pressure filed, mainly
dependent on the interface heat flux rather than interface temperature, can

be obtained accurately without an accurate temperature field.

Next we turn to the more complicated problem with phase transition.

Here we have an extra length scale from the interfacial dynamics. If

Riig « dpsat

> L ,
An = orRT dT

Eq. (5.10), which clearly is an interpolation, wouldn’t change much if An is

replaced by a smaller A*. In other word, the criterion for the fineness of the
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grid is

V2rRT dT,,; . TV,
VAL Sosal - Vor RT—2.
alL dp al?

An < Kijq
For water at 20°C', using the thermodynamic coefficients listed in Appendix
A, the right hand side of the formula above is 4um. If the criterion is not
satisfied, the grid is coarse for the calculation of both the temperature and

pressure fields at earlier time. The thin layer method improves the accuracy

of the simulation by a lot, as illustrated by the example below.

We consider the realistic phase transition between water and water vapor
at room temperature 20°C'. The vapor is on the left side, and the EOS pa-
rameters are set as in Appendix A. Assume initially both phases are at rest,
and have the same temperature(20°C') and pressure. Initially, the vapor is

superheated by 1°C', which means
Tv - Tsat(pv) =1°C.

The metastable liquid evaporates, which induces a couple of thermal and pres-
sure waves — the interface cools down and vapor heats up, the vapor pressure
increases, and there is a mass flux into the vapor, etc. The numerical solutions
at 5us are plotted in Figure 5.5 and Figure 5.6. The solution from three simula-
tions are shown, namely, An = 10um, An = 1um and An = 0.2um. Recalling
the grid fineness criterion from interfacial dynamics, the case An = 10um can
be regarded as coarse grid, An = 0.2um the fine grid, while An = 1um is

intermediate. The phase boundary has moved negligible distance in Hus.
Figure 5.5 is the numerical solution obtained without using the thin layer
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Figure 5.5: Numerical solution to the problem with Riemann data with phase
transition between water and water vapor. Initially conditions are Ty = 20°C),
Tsat(po) = 19°C and up = 0, where both phases have the same 7', p and wu.
Plotted is the solution at 5us from direct simulation without using thin layer
method. (a)is T'(x), (b) is p(z), and (c) is u(z). In all figures, the dotted curve
is from the simulation with An = 10um, the dashed curve with An = 1um,
and the solid curve with An = 0.2um.
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Figure 5.6: Numerical solution to the problem with Riemann data with phase
transition between water and water vapor. Initial conditions are the same as
in Figure 5.5. Plotted is the solution at 5us from direct simulation with thin
layer method. (a) is T'(z), (b) is p(x), and (c) is u(x). In all figures, the
dotted curve is from the simulation with An = 10um, the dashed curve with
An = 1pm, and the solid curve with An = 0.2um.
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method, while Figure 5.6 is obtained with thin layer method. The solid curves
(An = 0.2pm) have been compared with the simulation of An = 0.4um and
the convergence was verified, so we can approximately take the solid curves
to be the exact solutions to which other numerical solutions should converge.
We notice the solid curves of the corresponding temperature, pressure and
velocity fields in both figures are almost the same, which is natural since the
liquid thermal layer is thin relative to the grid only for a period much short
than 5us. It is easy to see that the fields obtained on coarser grids in Figure
5.5 deviate severely from the exact solution, though the convergence by mesh

refinement is also clear.

As a contrast, the solutions on coarser grid shown in Figure 5.6 is almost
the same as the exact solution. The only exception to the observation above is
the liquid pressure at intermediate grid size An = 1um. It maybe argued that
the liquid pressure of the dashed line in Figure 5.5(b) is closer to the exact
solution than that in Figure 5.6(b). However, it is more like a coincidence
since the convergence of the vapor pressure is just the opposite. Increasing
the € in Eq. (5.9) could make the liquid pressure closer to the exact solution,
but meanwhile deviate the vapor pressure from the exact value. More delicate
numerical scheme might help to resolve the issue. As a summary, the thin
thermal layer method, in spite of its crudeness, boost the accuracy of the

numerical solution at coarse grid significantly.
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5.4 Application to One Dimensional Condensation

We used the numerical method to simulate the one dimensional conden-
sation problem. The early-stage build-up of the temperature field has been
demonstrated. The late-stage condensing flow was compared to the exact
steady states and the convergence was confirmed. The one-dimensional prob-
lem consists of a vertical tube containing a shallow layer of water with height
0.05mm. The bottom of the tube is in contact with colder material to sustain
a constant outgoing heat flux. The remaining space is filled with water vapor.
Initially the water and water vapor are at rest and in equilibrium at room
temperature — Ty = 20°C', pg = 23.4mbar. The outgoing heat flux from water
gradually builds up a temperature gradient in the water and causes conden-
sation. For the boundary conditions at the opening of the tube, the vapor
pressure is assumed to be constant and the temperature gradient is assumed
to be zero. Mathematically, the equations for the liquid and vapor states
are the Euler equation with thermal conduction, and interface conditions is
the Rankine-Hugoniot conditions plus interfacial dynamics of phase transition

with evaporation coefficient set to 0.4. The boundary conditions are

@) -
or ) ,_,

p(r=0) = po,

(a_T) = Tx(h
O =D

u(x=D) = 0,
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Figure 5.7: The position of phase boundary in the first 6ms. T, = 20°C,
po = 23.4mbar, T,p = —2.5°C//um. x,, first increases due to the thermal
contraction and later decreases due to condensation. The solid line is from
the simulation with grid size 1um, the dashed line is with grid size 2um, the
dotted line is with grid size 4um.

where D is the total length of the liquid and vapor in the calculation. Since
the vapor state is virtually uniform, the length of vapor layer doesn’t affect
the results. In the calculation D is chosen to be 0.1mm so that initially the
computational domain is half filled with water. x = D is the bottom of the
tube and x = 0 is vapor end. In the following example, T,o = —2.5°C'/um.
The EOS parameters and the thermal conductivities are set as in Appendix A

for room temperature.

5.4.1 Early Stage

The simulation was carried out using the numerical methods developed

in the previous sections. The grid resolution was 1um. The position of the
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phase boundary z,, calculated from the simulation was plotted against the
time 0 < t < 6ms in Figure 5.7. It shows that the phase boundary first
moves to the the right, then back to the left. In other words, before the liquid
volume increases due to the condensation, it first decreases for about 2.7ms.
The reason is that the liquid shrinks with the lowering temperature when the
heat flux required for the phase transition has not been built up. It is not
until about ¢ = 4.8ms that the phase boundary moves back to the original
position. After that the phase transition dominates over thermal contraction

of the liquid and the phase boundary moves steadily to the left.

5.4.2 Late Stage

The liquid height increases during the condensation, while the thermal and
pressure waves in the tube gradually approaches the ”steady state” dictated
by the boundary conditions and liquid height. The "steady state” is quoted
because it is not a single state, but rather a series of states depending on
the liquid height that is changing with time. The steady states can be found
as following. Since T,(z = 0) = 0, the steady state of vapor is uniform.
Combined with the fact that the mach number of the phase transition in the
example is less than 0.1 for the vapor and even smaller for the liquid, the
steady temperature field in liquid is given by Eq. (4.49) except that the z
there should be replaced by = — x,5, where z,, is the location of the phase

boundary.

T(z) =T, + £(1 _ eXp(M
Cp K

)). (5.11)
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At the bottom of the tube (x = D) the exponent Mc,(D — z,,)/k is about
0.2, which is small but not negligible. So g—z is not uniform, and the transition

rate M of the steady state should be obtained by solving

orT LM Mec,(D — xph)) _T
. < — L20-

o), o

From M the interface temperature can be found from kinetic relation with
the known vapor pressure pg. The variation of the pressure in the liquid is
negligible compared to the pressure jump at the phase boundary. The steady

state liquid pressure is given by
pi = po+ MPAV = py + MV,

The liquid velocity is 0 at x = D as dictated by the boundary condition, hence

the velocity of the phase boundary is
Upy, = —MVi|p = =MVy(1+ B(T|p — Tp)),

where the effect of pressure variation on density has been neglected. The vapor
velocity is

UUZM%—FUphiM%.

Since the phase boundary is moving, all the quantities above vary with time.

Table 5.1 is the comparison between the steady state quantities and the
corresponding ones in the evolving wave obtained from numerical simulation.

It can be seen from the table that the evolving state is closer to the steady
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t(ms) 10 20 30
Tpp(mm) 0.04874 0.04464 0.03991
state actual | steady | actual | steady | actual | steady
M(107°g/em? - ms) | 3.61 5.10 4.74 5.04 4.958 4.968
Ts(°C) 14.09 | 11.65 | 12.24 | 11.75 | 11.880 | 11.865
pi(mbar) 23.48 | 23.56 | 23.535 | 23.552 | 23.5475 | 23.5481
upn(10~°cm/ms) -3.31 | -497 | 458 | -4.90 | -4.818 | -4.822
U, (cm/ms) 2.16 3.06 2.84 3.02 2.975 2.981

Table 5.1: Comparison of the actual states from simulation with the corre-
sponding steady states at various times. The steady state depends on the
interface position at time ¢. The grid resolution of the simulation is 1um.

state at later time. Figure 5.8 visualizes the evolution. From the figure we
see the pressure and velocity jumps at the phase boundary increase steadily

toward the values of steady states.

The temperature field plotted in Figure 5.8(a) is particularly interesting.
The temperature gradient is approximately constant in the steady state, so
the solid curve (¢t = 30ms) in Figure 5.8(a) should be roughly a straight line
as it is. However, if looked at carefully, one might notice it is not exactly
a straight line. In fact we can show the curvature of the temperature field
matches excellently with the nonlinearity revealed in Eq. (5.11). In order to
see the nonlinearity of the temperature distribution, define

y=1In(1+ %’(TS —7)).

From Eq. (5.11), for steady state

Mec
Yot = — (& = pn)- (5.12)
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Figure 5.8: Late-stage condensing flow. T, = 20°C, py = 23.4mbar,
Too = —2.5°C/um. (a) is T'(z), (b) is p(x), and (c) is u(x). In all figures,
the dotted curve is for T" = 10ms, the dashed curve for ¢ = 20ms, and the
solid curve for t = 30ms. The grid size of the simulation was 1um.
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Figure 5.9: Match of the nonlinearity between the temperature from simulation
at t = 30ms and the steady state temperature distribution. The solid line
is plot of ys in Eq. (5.12). The dots are the discretized values of y from
simulation. The dotted line line the plot of y if the temperature gradient were
constant. Obviously the actual 7" at t = 30 is much closer to Eq. (5.11) than
a linear distribution.

In the above two equations, thermodynamical parameters ¢, and  are both for
the liquid. Using the T at t = 30, the discretized value of y from simulation
can be calculated. yg and the y from simulation are compared in Figure 5.9.
The match is almost perfect. It indicates the state at ¢ = 30 is close to the
steady state not only in general profile but also in fine details.

Finally the mesh refinement check for the late-stage solutions is shown
in Figure 5.10. All the curves are very close to each other, the temperature
field obtained at the three grid resolutions are particularly indistinguishable

in Figure 5.10(a).
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Figure 5.10: Mesh refinement check for t = 20ms. (a) is T'(z), (b) is p(x),
and (c) is u(z). In all figures, the dotted curve is from the simulation of grid
resolution 4um, the dashed curve is of grid resolution 2um, and the solid curve

is of grid resolution 1um.
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Chapter 6

Conclusion

6.1 DNS of Bubbly Flows and Application

Through the comparison of numerical simulations with experiments and
theoretical predictions on the propagation of acoustic and shock waves in bub-
bly fluids, the direct approach to the simulation of bubbly flows using the
method of front tracking and the FronTier code has been validated. This
method is potentially very accurate in treating many physical effects in bubbly
flows, such as drag, surface tension, viscosity, and the phase transition induced
mass transfer. It has a variety of current and prospective applications, such
as Rayleigh-Taylor instability [18, 28] and cavitating flows.

The pressure wave relaxation in bubbly mercury in the SNS target has
been investigated numerically using the FronTier hydro code. The estimation
of cavitation bubble collapse pressure under periodic ambient pressure has
been carried out systematically. The efficiency of the mitigation of overall
cavitation damage by the injection of bubbles has been calculated. The overall

cavitation damage has been found to be reduced by more than an order of
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magnitude through the injection of gas bubbles with volume fraction of order
1%. Therefore the use of layers of non-dissolvable gas bubbles as a pressure

mitigation technique to reduce the cavitation erosion has been confirmed.

6.2 Interfacial Dynamics of Phase Transitions

The interfacial dynamics of phase transitions has been investigated along
with the case without mass flux. The rate of the non-equilibrium phase tran-
sitions is proportional to the deviation of vapor pressure from the Clausius-
Clapeyron equation. Analytical solutions to the linearized equations have been
explored. Physical spikes have been observed on the wavefronts, whose height
and width were calculated exactly for linearized equations. The spikes persist
for linearized equations but appear to vanish for nonlinear equations as time
increases. The 3-wave structure coupled to the thermal layers in the adiabatic
and isothermal limits has been clarified. The reason for the lack of a clear
wave structure in the intermediate time has also been discussed. The analyti-
cal travelling wave solutions have been found and shown to exist only on finite
domain dictated by the stability condition.

A numerical scheme for solving the Euler equations with thermal conduc-
tion and phase transitions has been implemented in the frame of front tracking.
Heat conduction has been added to the interior state update with second order
accuracy. Phase boundary propagation has been handled according to the in-
terfacial dynamics. A numerical technique has been introduced to account for
the thermal layer thinner than a grid cell. The algorithm and the thin layer

method have been validated by showing their convergence to the analytical
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solution (or fine grid solution if analytical solution is unknown) through mesh
refinement. The scheme has also been extended to multi-dimension, adapted
to cylindrical and spherical symmetry, and applied to sample physical prob-

lems such as the simulation of boiling and cavitating processes.
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Appendix A

Parameters for Stiffened Polytropic EOS

A.1 Thermodynamic Identities

Following is the definition of a few thermodynamic quantities.

oS
Cp = T (a_T)p7

where ¢, and ¢, are the specific heat with fixed pressure and fixed volume
respectively. Kp and Kg are the isothermal and isentropic compressibility.

[ is the coefficient of thermal expansion and ¢ is the adiabatic sound speed.
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There are several thermodynamic identities for them that will be used for the

setting of the EOS parameters.

C = —ﬁv
P TKY
1%
Cv = TH-
TKr
1%
¢ —Cy = f(—TﬁT. (A1)

Number of free parameters

Take Gibbs energy G as example. The second law of thermodynamics
gives

dG = Vdp — SdT.

We are concerned about the specific Gibbs energy in the vicinity of a point
(po, Tp) in the p — T plane. Expand G in p and T up to second order,
. 1 /oV 5
Gp.T) = Glpo,To) +V(p—po) = ST’ =T0) + 5 W (p — p0)
T

+ (%)p(T —To)(p — po) — % (g_g)p(T _T0)2,

where V| S and all partial derivatives are evaluated at (po,Tp). The three
partial derivatives are related to Kr, # and ¢, respectively. The value of G in
the vicinity of (pg, Tp) is determined up to the second order by six quantities
—~ Krp, 8, ¢y, V, S and G at (pg, Tp). The first four are well defined physically,

while the last two can be shifted by arbitrary constants. If the EOS’s of the

two phases are required to be consistent at the phase coexistence curve, then

161



the specific Gibbs energy in both phases must be equal at the curve.

0=AG = AE +pAV — TAS = AE = TAS — pAV = L — pAV, (A.2)

where L = T'AS is the latent heat of phase transitions. Therefore, in order
for the EOS to be accurate up to the second order expansion near (pg, 7p) and
consistent with phase transitions, four parameters associated with Kr, 3, ¢,
V' and one auxiliary parameter associated with L are needed. The Stiffened
Polytropic EOS introduced below has exactly five parameters to accommodate
the requirement.

As for the y-law gas or the so-called POLY EOS implemented in FronTier,
Kp =p™t, =T and the specific internal energy E has definite physical
meaning. So the five parameters reduce to two parameters, as there are in the

POLY EOS, namely, R and ~.

A.2 Liquid and Vapor EOS’s

Throughout the thesis the liquid is described by the stiffened polytropic
(SPOLY) EOS, while the vapor is considered as vy-law gas, or equivalently, the
polytropic (POLY) EOS. SPOLY EOS is a simple, analytical approximation
to an arbitrary EOS, obtained by local fitting pressure, density, temperature

and the first derivatives [36]. It has two defining equations,

P+ o = (v = 1)p(E + Ex),
RT = (p+poo)V + (v — 1) Eyp7 L.
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Other thermodynamic quantities such as entropy can be derived from them.
There are five parameters in the equations, namely, v, R, ps, Foo and FEj.
Since FE; is usually negative, for convenience we will denote —FE; by (). And it

is easy to derive that

R= CU(/}/ - 1)

In the implementation, the five parameters are 7, ¢,, Poo, Foo and ). Us-
ing Eq. (A.1), it is straightforward to derive the following formulas for the

thermodynamic quantities Kr, 3, ¢, in terms of these parameters,

1
= = PHpet (- 1QVT,
Kr

1

= T—i—lQVl_V,

g Cy

¢, = ¢, + PBRT,

or inversely, the formulas for the EOS parameters in terms of the thermody-

namic quantities Kr, 3, ¢, and V at (p,T),

BVT
Coy = Cp— ,
P KT
BV
-1
v + Krc,
0 - yo1Co 1= BT
vy B
1 _
Po = T (v=1’QV"7 —p. (A.3)

If phase transitions are not involved, the auxiliary parameter E., can be
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set arbitrarily, for example,

(A4)

to make F vanish at (p,T"). Otherwise E should satisfy Eq. (A.2), so to be

consistent with the vapor EOS,

(p+ 7p)V

E. = EPh =

+ L — (B, +p(V, = V). (A.5)

The POLY EOS has two parameters v, and R,, and the equations are

- 2V
’Vv_l
R T = pV.

The parameters are determined by the molecular mass (R,) and structure (7,).

A.3 Numerical Examples

A.3.1 Single liquid phase

The thermodynamic quantities and SPOLY parameters for water at 20°C
and 100°C' under 1 bar pressure are listed in the following table. The units
are cm, ms, g, bar, °C' and their combinations. The thermodynamic quantities

are
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p(bar) | T(°C) || V(cm?/g) cp((cm/ms)Q/K) k’;l(lO?’bar) B7H103K)
1 20 1.002 41.8 21.8 4.79
1 100 1.043 42.2 20.1 1.32

the sound speeds in the two cases are 148 and 153 (¢m/ms) respectively. All

quantities can be found in standard physical and chemical handbooks. Using

Egs. (A.3) and (A.4), the appropriate SPOLY parameters for water are

v len((em/ms)? ) K) | peo(103bar) |Q(103bar (cm?/g)7)|| E° (103(cm/ms)?)
1.11 41.5 19.8 168 200
1.42 37.7 15.8 25.6 55.7

A.3.2 Both phases near equilibrium

For water and water vapor near equilibrium at 20°C" and 100°C', the ther-
modynamic quantities and EOS parameters are listed below. The saturation
pressure at those temperatures are 0.0234 and 1.013 bar respectively. The
thermodynamic quantities for water are virtually the same as those in the pre-
vious examples. So the only different parameter in the SPOLY EOS for water
is the F,,, which should be set to EP" as in Eq. (A.5). So we will only list
the two parameters of the POLY EOS for water vapor and the EP" for water.

The thermodynamic quantities are

T(°C) | Psat(bar) || L(103(em/ms)?) | V,(103cm?/g)
20 0.0234 24.5 57.8
100 1.013 22.6 1.67

The EOS parameters are
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R,((em/ms)?/K) | ~, || EPM(10%(cm/ms)?)

4.61 1.33 219

4.54 1.33 71.5

The 7, in the table is defined to be ¢,/¢, of water vapor (for vapor at higher
temperature ¢, > R/(y — 1)).
As a reference, the thermal conductivity throughout the thesis is 5.98 x

1075gem? /(ms3K) for water and 1.82 x 10 5gem? /(ms3K) for water vapor.
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