;') Available online at www.sciencedirect.com
JOURNAL OF

e tor ScienceDirect Approximation
oSl Theory
ELSEVIER Journal of Approximation Theory 306 (2025) 106120 _
www.elsevier.com/locate/jat
Full Length Article

Strictly positive definite functions on spheres
Tianshi Lu

Department of Mathematics and Statistics, Wichita State University, Wichita, KS 67260-0033, USA

Received 2 May 2024; received in revised form 18 October 2024; accepted 11 November 2024
Available online 15 November 2024

Communicated by Y. Xu

Abstract

In this paper, we proved that a positive definite radial function on RY with support in [0, 7] is strictly
positive definite on the sphere S? and real projective space RPY for odd d > 3. We also proved that
the truncated power function (# — -)(frH_l)/ 2 strictly positive definite on S? and RPY for d > 2 and
t €(0,m].
© 2024 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and similar
technologies.
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1. Introduction

Positive definite (PD) functions and strictly positive definite (SPD) functions play important
roles in the approximation theory. A continuous (radial) function f : [0, c0) — R is PD on
R? if for all distinct point sets {Xj,...,X,} in R4, the matrix [f(p(x;, XJ-))]:?J:I is positive
semidefinite, where p(x,y) denotes the Euclidean distance. The function f is SPD if such
matrices are all positive definite. PD and SPD functions on the sphere S¢ = {x € R*!, ||x|| =
1} or the real projective space RP? (formed by identifying antipodal points of S?) are defined
accordingly for point sets in S¢ or RP? with p(x, y) denoting the geodesic distance.

Bochner’s theorem characterizes PD functions on R by the nonnegativeness of the Fourier
transform of the function f(] - |)), i.e., fRd FIx|De ™ *dx > 0. PD functions on the spheres
have wide applications in geophysics and cosmology [12]. By [18], f is a PD function on S¢
if and only if the spectral coefficients given below are nonnegative for / € Ny,

alf) = /Sd f(p(X, Y)) Pai(X - Y)dX, (1.1)
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where pq () is the normalized Jacobi polynomial (18.3 in [15]), P\**(-)/P**(1), with
o = (d — 2)/2. The normalized Jacobi polynomial p,;(-) is the same as the normalized
Gegenbauer polynomial (18.3 in [15]), C\*(-) = C\*(-)/C*(1), with & = (d — 1)/2.

SPD functions are particularly useful in the approximation theory because they guarantee
the existence and uniqueness of the solution to the interpolation problem for g(-) [2],

> o x)e; = gx), i=1,....n.

j=1
We will study compactly supported SPD functions, for which the matrix in the interpolation
problem is sparse and thus computationally efficient [20]. Compactly supported SPD functions
on R? have been studied for decades [19,20]. By the Paley—Wiener theorem [16], the Fourier
transform of a function on R? with compact support cannot vanish on an open set. As a result,
by Theorem 2.2 in [5], a PD function on R¢ with compact support is SPD on R¢,

SPD functions on spheres and other two-point homogeneous spaces have been characterized
in [1,6,9,13]. A PD function f on S¢ with d > 2 is SPD if and only if its spectral coefficients
¢;(f) > 0 for infinitely many even / and infinitely many odd /. A PD function f on S' is SPD
if and only if any infinite increasing integer arithmetic sequence contains an integer [ such
that ¢;(f) > 0. A PD function f on a non-spherical two-point homogeneous space (e.g. a real
projective space) if and only if its spectral coefficients ¢;(f) > O for infinitely many /. In this
paper, we will prove that certain functions have positive spectral coefficients on S¢ or RP¢,
and therefore are SPD on the corresponding space.

One way to generate SPD functions on S? is to restrict an SPD function on R?*! to the
embedded sphere S¢ with Euclidean distance. If f is SPD on R4*!, g() = f(2sin(-/2))
restricted to [0, 7] is SPD on S¢. Another way to generate SPD functions on S? is to use
a compactly supported PD function on R? directly for S? with spherical distance. It has been
proved that a PD function on R with support in [0, 7] is PD on S¢ and real projective space
RP? for odd d > 3 [10,14]. We will prove that a PD function on R? with support in [0, 7]
has positive spectral coefficients on S¢ and RP? for odd d > 3, thus is SPD on those spaces.
A PD function on R with support in [0, ] is PD, but not necessarily SPD, on St

By our theorem, SPD functions on S¢ for odd d can be generated from the compactly
supported PD functions on R introduced in [19,20]. A natural question to ask is whether the
theorem holds for even d. However, it remains an open problem. Compactly supported SPD
functions on S? and R? for even d can be generated from such functions on R?*!. The literature
on compactly supported PD functions on R? for even d but not on R?*! is scarce. There are a
few ways to generate such functions. One way is to convolve a compactly supported function
with itself on RY. Another way is to apply half-order integration to a compactly supported PD
function ¢(-) on R*t! as in [17],

fo) = / " g1 = 2 Vrar

X

The third way is to use the truncated power function (1 — ')1 with A > (d + 1)/2, a classical
PD function on R? due to [8].

For even d, a PD function on R with support in [0, 7] is not guaranteed to be PD on S¢.
However, we will prove that it is guaranteed for a PD truncated power function. [2] proved that
(t—- (j_”l)/z was SPD on S¢ ford = 3,5,7 and r € (0, ). By our result on odd dimensional
spheres, the conclusion holds for all odd dimensions beyond 1. [7] proved that (¢ — ')1/2 is
PD on S? for sufficiently small . We will prove Conjecture 1.4 in [2], which stated that for
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d>2,te(0,m],and A > (d+1)/2, the truncated power function (t — -)ﬁr has positive spectral
coefficients on S?, and thus is SPD on S¥.

In summary, we proved that a PD function on RY with support in [0, 7] is SPD on S¢ and
RP? for odd d > 3. As a result, the rich literature about compactly supported PD functions
on R can be used to generate compactly supported SPD functions on S?, which has wide
applications in geophysics. Although we did not prove the corresponding theorem for even d,
we showed that it holds for two classes of compactly supported PD functions on R?, one of
which being the truncated power functions. It sheds light on the conjecture that a PD function
on R? with support in [0, 7] is PD on S¢ for all dimensions.

The rest of the paper is organized in the following way. In Section 2, we prove that a PD
function on R¢ with support in [0, 7] is SPD on S¢ and RP? for odd d > 3. In Section 3,
we prove Conjecture 1.4 in [2] about truncated power functions on S¢. In Section 4, we make
some remarks and draw the conclusion.

2. Positive definite functions on odd dimensional spheres

The Fourier transform of a PD function f on R?, fRd fUIx[De~**dx > 0, is nonnegative
and isotropic. We denote the radial part of the Fourier transform by F(k) with k£ = ||k]|. By
the Paley—Wiener theorem, if f is compactly supported, the integral of F on any nonempty
interval is positive. We will show that if d > 3 is odd, for / € Ny, the /’th spectral coefficient
of f on S% ¢;(f) defined by Eq. (1.1), can be written as

I+d—1
a(f)= /l F(k)B(k)dk,

for a continuous function B that is positive on (/,/ +d — 1). As a result, ¢;(f) > 0 for [ € Ny,
hence f is SPD on S? for odd d > 3.
First we prove a lemma relating Gegenbauer polynomials to spherical Bessel functions. For
a € Ny and [ € Ny, let
2 D(er +3) ju(x)
I'() xe

Ju(x) = , @.1)

be the normalized spherical Bessel function (10.47 in [15]) with fa(O) =1,
¢l = ¢/ ),

be the normalized Gegenbauer polynomial, and B;,(x) be the B-spline function of order o
with knots 12, (I +2)%, ..., (I + 2« + 2)%, normalized by [;* B o(x)dx = 1. The explicit form
is

A (U + 267 — x)S

Bio(x)=(@+1) / : 2.2)
g o'(( + 2k)?)

where w(x) = ]_[z:é(x — (I + 2k)*). As shown by [4], for @« > 1, the B-spline function is

continuous, positive between the first and last knots and vanishing elsewhere, and satisfying

Bio—1(x) = Biioa—1(x)  Bia—1(x) = Biyp a—1(x)
(+20+2)2 12 4l +a+1)

Bl ()= (@+1) 2.3)

Lemma 2.1. For a € Ny and | € Ny,

o0
C**V(cos x)(sin x)24+? = / Jo(/PX)XP 2By o (p)dp. (2.4)
0
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Proof. We prove Eq. (2.4) by induction on «. By Egs. (2.1) and (2.2),
sin((l 4+ 1)x) B _ 1
I+ Dsin(x)’ 107 40 ¢ e+

Eq. (2.4) holds for & = 0. From the identity —(2a 4 1)j/_,(x) = x j (x) (10.51.3 in [15]), we
have

sin x

Jo) = —, CPVx)=
X

9 /a A
~20a+ 1y (Jur (WP0) = Jul e+, 2.5)
The normalized Gegenbauer polynomials satisfy (18.9.8 in [15])
Q2a + 1(C (cos x) — €%y (cos x)) = 2 + a + DE* M (cos x)(sin x)?. (2.6)
For o > 1, assume that Eq. (2.4) holds for @ — 1, i.e.,
) (cos x)(sin x)** = / Ja—1(y/PX)X** B1o—1(p)dp. 2.7
0

Using Egs. (2.5), (2.3), (2.7), and (2.6) in that order,

/ Ju(/PX)X 2By (p)dp = =22 + 1)/ Ja 1(J_X)x2“) Bi«(p)dp
0

2 a— - Bl 2 a—l(l’)
202 1 L 2a l, 1(P) +2, d 0
o + )/0 Ja—1(/Px)x tatl) P
20+ 1) a4 . .
=ﬁ (Cl(“)(cosx) - Cl(i)z(cosx)) (sinx)2 = C*D(cos x)(sin x)%+2,

From Lemma 2.1 we can obtain the following theorem.

Theorem 2.2. For odd d > 3, a PD function f on R? with support in [0, ] has positive
spectral coefficients on S? and RP?, and thus is SPD on S¢ and RP?.

Proof. For I € Ny, the I’th spectral coefficient of f(x) on S¢ is
) =t [ FOCHossindx,
0
with @ = (d — 1)/2 € N and wy_; = w(S?") = 279/2/I'(d/2). By Lemma 2.1,
T R b4 (l+20z)2 R
| reociosnineiar = [ [ 0l B ipidpdr. @28)
0 o Ji
Since f(-) is PD on R? with support in [0, 7r], the radial part of its Fourier transform
F = [ f00]mtkondx
0
is nonnegative and not vanishing on an open set. We can rewrite Eq. (2.8) as

(I+2a)?
Cl(f) :,/1; F(«/;)Bl,afl(p)dp-

As B, 1(p) is positive on (12, (I + 2a)?), ¢;(f) > 0. Consequently, f is SPD on S¢. The
spectral coefficients of f on RP? for [ € Ny were given in [10] as

/ i f(x)p,(L’ 2 (cos x)(sin = )d ldx =2 / f(2x)C%(cosx)(smx)d ldx,  (2.9)
0
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where p,(m”3 (x) = Pl(a’ﬁ '(x)/ Pl(a"g )(1) is the normalized Jacobi polynomial. Since g(x) = f(2x)

is PD on R? with support in [0, 77 /2], the spectral coefficients of f on RP are positive. By [11,
f(x) is SPD on RPY. O

3. Truncated power functions

[8] proved that the truncated power function f(-;1) = (f — ~)(f+1)/ % is PD on RY for any
t > 0. By Theorem 2.2, f(-;t)is SPD on S for odd d > 3 if t < 7. To prove that f(-; ¢) is
SPD on all spheres with d > 2, we introduce the concept of positive mixture. For a real-valued
continuous function f(-) on [0, a] with a > 0 and a family of functions g(-; #) supported on
[0,a] with r € D C R, f(-) is a positive mixture of g(-; ¢) with t € D if

fx)= ng(x; Dd ju(t),

where ((t) is a positive measure, i.e., u(U) > 0 for any nonempty open set U C D. If g(-; 1)
is PD (SPD) on a given space for ¢ € D, and f(-) is positive mixture of g(-; ¢) with t € D,
then f(-) is PD (SPD) on the same space, because for any n distinct points {x;}] in the given
space and n real numbers {g;}] that are not all zero,

n n

ZZf(P(Xi, Xj))a;a; = / Zzg(:o(xi,xj); Daia; | du(t) =0

i=1 j=1 i=1 j=1
for a PD function and strict inequality for a SPD function. In other words, PD and SPD

properties are preserved under positive mixtures.
For t > 0, denote by x; the characteristic function on [0, 7]. Let

fax,y; 1) = / xe(Ix = z|Dx: (ly — zlDdz,
R4

be the self convolution of x, on R?, and denote its isotropic part by f;(r; t) with r = ||x —y]||.
For ¢t € (0, 7 /2], let

ga(x,y; 1) = /S ) x:(p(X, 2))x: (o(y, 2))dz,

be the self convolution of x, on S¢, and denote its isotropic part by g,(r; t) with r = p(x,y)
on S¢. For any function on R?, the Fourier transform of its self convolution is the square of its
Fourier transform. For any function on S, the [’th spectral coefficient of its self convolution
is the square of its /’th spectral coefficient (see the proof of Theorem 3.5). Therefore, f;(-; ¢)
is PD on R4, and ga(-; 1) is PD on S¢. We will prove that for ¢ € (0, /2], f4(-; t) is a positive
mixture of g,(-; B) with 8 € [0, 7], hence is also PD on S¢. In addition, we will show that for
t € (0, ], the truncated power function f(-;t) = (t — -)(fﬂ)/z is a positive mixture of fy(-; B)
with B € [0, t/2], hence is PD on both R? and S?.

Our proof uses the concept of completely monotonic (CM) functions introduced in [3]. For
a > 0ora=o0,let f(-) be a real valued C* function on (0, a). The function f(-) is CM on
0, a) if

(=" f"P(x) >0

for all x € (0,a) and n € Ny. By the Hausdorff-Bernstein—Widder theorem [3], a function is
CM on (0, o) if and only if its inverse Laplace transform is nonnegative. As shown in [3], for

5
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a finite a, f is CM on (0, a) if and only if there exist b, > 0 for n € Ny such that
o
fG) =) bula =), 3.

which converges for x € (0, a). We start with a few lemmas about CM functions and positive
mixtures.

Lemma 3.1. Let f be a smooth function on (0, a] with a > 0.

(i) If fis CM on (0,a), (f(-)— f(a))/(a —"-)is CM on (0, a).

(i) If f(O+) >0, f(a) =0, f'(a) <0, and —f" is CM on (0, a), (a —-)/f() is CM on
0, a).

(iii)) If f(04+) >0, f#£0, and " is CM on (0,a), 1/f(-) is CM on (0, a).

(iv) If f(a) > 0 and —(n f) is CM on (0, a), f*(-) is CM on (0, a) for » > 0.

Statements (iii) and (iv) also hold for a = oo.

Proof. (i) By Eq. (3.1), (f(x) — f(a))/(a — x) = Z:O:() byr1(a — x)* with b, > 0 forn € N,
hence (f(-) — f(a))/(a —-) is CM on (0, a).

(ii) By Eq. (3.1) and the given conditions, f(x) = — f'(a)(a —x)(1 — Zn | ¢n(a—x)") with
cn>0forneN,and 0 < > %2 ¢,(a — x)" < 1 for x € (0, a). Then

n=1

a—x ,
feo f (@) ,;; (Z l@ =0 )
which converges on (0, a). Therefore, (a — -)/f(-) is CM on (0, a).

(iii) Since f(a) > 0 and f(a) — f(-) is CM on (0, a), 1/f(-) = 1/(f(a) — (f(a) — () is
CM on (0, a).

(iv) Since In f(-) —In f(a) is CM on (0, a), f*(-) = f*(a)exp[A(In £(-) — In f(a))] is CM
on (0,a). O

Lemma 3.2. (i) The function arctan(/-)//- is CM on (0, 00).
(ii)
arctan /s

F(s) = (%)2 — arctan’(4/s) — N 3.2)
F() is CM on (0, o).
(iii)
G(s) = bid arctan /s 1 (33)

25 s 1+s
G(-) is CM on (0, c0).

Proof. (i) By the identity

00 p—x?=st 22 _ arctan(,/s)
f / ——dxdt = \/_/ f Ydxdy = —«/E ,

ool <arctan ﬁ) B J_Eerfc(ﬁ) 0
N A RN
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where £7! denotes the inverse Laplace transform and erfc(-) is the complementary error
function. Therefore, arctan(,/-)/+/- is CM on (0, 00).
(i1) By the identity

T\2 ) > arctan /x 1
<E) — arctan’*(\/s) = S Tl_l_xdx,
we have
B JTe /’ e* JT erfe(y/1)
LNy =Y fe(y/x)dx — Y2 NV
(F) 2to\/IerC(\/E)x RN
Since

2,32 (%erfe(ﬁ)) = eerfe(y/x)(2x — 1) — % < e*erfe(v/x)2x — % <0,

L7 (F) > 0, so F(-) is CM on (0, 00).
(iii)

—1 _ N7 _
L7(G) = 2 i e 7

Therefore, G(-) is CM on (0, c0). [

(/7 1 [V
VT erf(v/1) —e! / e dx —e™! > 0.
0

Lemma 3.3. Let 8 >0, A >0, and
hix; B) = (,32 — alrctanz(\/)?))Jr .

(i) For v > 0, (a — -)f'" is a positive mixture of (t — -)’}r with t € [0, a].

(ii) If a non-constant f(-) is CM on (0, a), (a — ')lf(-) is a positive mixture of (t — -)i with
t € [0, al.

(iii) For 0 < B < m/2, h*(-; B) is a positive mixture of (t — ')1 with t € [0, tan® 8].

(iv) For B > /2, h*(-; B) and (B — arctan(/~))* are CM on (0, 0o).

Proof. (i) For A > —1 and v > 0, by setting y = (¢t — x)/(1 — x),
1 1
/ t—x)r(d—1"""dt =1 —x)ﬁ“/ Y=y dy =1 —x)S"B(+ 1, v),
0 0

where B(x, y) is the Beta function. For A > —1 and v > 0, BA+1,v) > 0, so (1 — ')T" is
a positive mixture of (¢ — -)% with ¢ € [0, 1]. By scaling, (a — ~)ﬁ+” is a positive mixture of
(t — )% with ¢ € [0, a].

(i) By Eq. (3.1),

(a—x); f(x) = bola —xV; + Y bala — )™,
n=1

with b, > 0 for n € Ny, and {b,}{° is not all zero. By part (i), (a — -)’f” is a positive mixture

of (t — )} with 7 € [0, a]. With a point mass of by at 1 = a, (a — -)’, f(-) is a positive mixture
of (t — - with ¢ € [0, al.
(iii) For 0 < B < /2 and x € [0, tan? B8],

o B’ f—x) \*
W p) = (tanﬁ(l —i—tanzﬁ)) g p).

7
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where
o tanp+ tan? B)(B2 — arctan’ /x)

g(x; B) = B f— 1) .

We have
o 1 arctan /x tan’? B — x

e P = g = [ N 1] ’
where

f@x; B) = (B> —arctan® v/x) (1 + x). (3.4)
By Lemma 3.2(i), (arctan 4/-)/+/~ is CM on (0, tan’> B). We have

oy a2 ) arctanﬁ_ 2 (T2
fxi = B = aretan® Vi = =2 = F ) + (3) -

with F(-) defined in Eq. (3.2). By Lemma 3.2(ii), — f”(-; B) = —F’(:) is CM on (0, tan’ B).
We also have

f0;8)=p% f(an’B; ) =0, f'(tan’B;p)=—p/tanp.

By Lemma 3.1(ii), (tan> B —-)/f(-; B) is CM on (0, tan? B), and so is the function f(-) defined
by
arctan /x tan®> § — x

Vx fx:p)
Applying I’'Hospital’s rule, f(tan?> 8) = 1. By Lemma 3.1(i) with a = tan? 8, —(Ing(-; B)) is
CM on (0, tan? B). Since g(tan® 8; B) = 1, by Lemma 3.1(iv), g*(:; B) is CM on (0, tan’ B).
Since g(; B) is not a constant, by part (i), h*(:; B) is a positive mixture of (t — .)i with
t € [0, tan? Bl.

@iv) For 8 > /2 and x € [0, 00),
arctan /x
VEf(x; B)
with f given by Eq. (3.4). By Lemma 3.2(ii), f'(-; B) is CM on (0, 0c0). By Lemma 3.1(iii),
1/f(; B) is CM on (0, 00). Combined with Lemma 3.2(i), —(In i(-; B)) is CM on (0, c0). By
Lemma 3.1(iv), h*(-; B) is CM on (0, o). For 8 > /2 and x € [0, 00),

1

o(x: YA +x)’
with ¢(x; B) = 2./x(B —arctan 4/x). Since ¢'(x; B) = (B—7/2)/+/x+G(x), with G(-) defined
in Eq. (3.3), by Lemma 3.2(iii) and that 1/./- is CM on (0, 00), ¢'(-; B) is CM on (0, 00).
Since ¢(0; B) = 0, by Lemma 3.1(ii), 1/¢(-; B) is CM on (0, oo). Since 1/(1 4+ -) is also CM
on (0, 00), by Lemma 3.1(iv), (8 — arctan 4/-)* is CM on (0, c0). [

fx) =

—(nh(x; B)) =

—(In(B — arctan 4/x)) =

Lemma 34. For » > 0and 0 < v < 1, (1 — ")} is a positive mixture of (t — -)} with
t €0, 1].

Proof. For x € [0, 1],
(1 —x" =1 —x)g"),
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where g(-) is a continuous function on [0, 1],

1—x”

0<x<l1
— v(l-x)’ -
8(x) { 1. 1

For 0 < v < 1, by the binomial expansion about x = 1, x' "V —x = v(l—x)(l—z,f":l a,(1—x)")
with @, > 0 for n > 1. Subsequently, using the identity (1 — y)~! = Y72 y* for y =
Zzil a,(1 —x)",

1

v oo
—( f = — = b, (1 —x)",
(Ing(0) = ———— = — ;0 (1—x)

with b, > 0 for n € Ny. Therefore, —(In g(-))’ is CM on (0, 1). By Lemma 3.1(iv), g*() is
CM on (0,1) for A > 0. By Lemma 3.3(ii), (1 — ¥ f‘F is a positive mixture of (t — ~)i with
te[0,1]. O

The lemmas lead to the following theorem, which incorporates the conjecture in [2].
Theorem 3.5. For >0, r >0, and A > 0, let

Fi(r; p) = m(ﬁz —xMdx,
r/2

Loy oo N g RAVES
Py(r; B) = r/z('B x)+dx_—k+l(ﬂ 2)+ .

(i) Fo(-; B) and Py(-; B) are SPD on R4 ford>1and » > (d —1)/2.

(ii) F.(-; B) and P,(-; B) are SPD on S and RP¢ ford > 2,0 < B < m/2, and
A>(d-1)/2

(iii) Fy(-; B) and P,(-; B) are SPD on S? for d > 1, B > 7/2, and ) > 0, where

R /2
Fu(r; B) = / , (B*—xN) —(B*—(/2*dx = Fi(r; B)— Fy(m; B)— F(r; B)(r — ),

R /2
Pi(r; B) = //2 (B —x) = (B—m/2)"dx = Pi(r; B) — Pi(w; B) — P,(m; B)(r — 7).

Proof. (i) For 8 > 0, denote the isotropic part of the self convolution of xg on R? by fa(-; B).
Since

2
fa(llzll; Bre’™*dz = (/ Xﬂ(||X||)€lk'de) >0,
R4 Rd
fa(; B) is PD on R?. Since x4 is compactly supported, f;(-; B) is SPD on R?. With ||x—y| = r,
s
furi ) =tz e B Ix =zl < poly -zl <pp=2[ [ e
/2 XT*"'*«‘EqSﬁZ*Xﬁ
=2B4- ‘[/2 (B —x),7 dx,
where

By = (B = n‘%/r(%’ +).
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Therefore, Fg—1y/2(-; B) is SPD on R?. For A > (d — 1)/2, by Lemma 3.3(i), B? — -z)i
is a positive mixture of (1> — '2)(5—1)/2 with t € [0, 8], so F;(-; B) is a positive mixture of
Fa—12(-; 1) with ¢ € [0, B]. Hence F;(-; B) is SPD on R?. For A =0, P,(-; B) = F.(:; B). For
A > 0,by Lemma 3.4 with v = 1/2, (1—-)} is a positive mixture of (t —-?)% with 7 € [0, 1].
By scaling, there is a positive measure w;(-) on [0, 8] such that

B
(B - xY: = / (2 — 2 dpy (1),
0
Then
00 B B
P ) = / / (2 — X (dx = / Fo(rs DA (). 35)
r/2 JO 0

So P, (-; B) is a positive mixture of F,(-;¢) with ¢t € [0, B]. Therefore, P, (-; 8) is SPD on R4
if L >(d—-1)/2.

(ii) For 0 < B < m/2, denote the isotropic part of the self convolution of xg on S by
ga(:; B). Recall the Funk-Hecke formula on S? embedded in R¥*! (Lemma 2 in [11]),

wq
dim H[ ’

/d DPai(X - 2)pa (Y - 2)d2 = Ky pei(X-y), Kg;=
s

where
d+l d+1
wg = WS =2r"2 /T(—),

and Hj is the eigenspace of the Laplacian on S corresponding to A; = [(l +d — 1),

Q@4d-DI(+d—1)
o rarai+1u

dim H, 1
Applying the Funk—Hecke formula to the spectral expansion of g,

2\ fe x50, ¥)) P (X - y)dx
Ka,

xp(p(X,y)) = DPai(X-Y),

=0

we find the I’th spectral coefficient of g4(-; B),

2
ci(gals B) = /S 8up(5, ) Bp(x - y)dx = ( /S P Y Pas(x- y)dx) >0,

Therefore, g,(-; B) is PD on S¢. Notice that ¢;(g4(-; B)) vanishes for finitely many g in (0, 7/2)
because pg (-) is a polynomial which has finitely many zeros. With p(x,y) = r,

ga(r; B) = u(z e S, p(x,z) < B, p(y, z) < B))

d—1

/2
= 2B,_1(cos B)*! / (tan® B — tan® x)+2 dx.
r/2

To derive the formula above, we embed S in R*! as {z = (zo,...,z4), |lz] = 1}. Set
x = (1,0,0,...,0), y = (cos(r),sin(r), 0, ...,0). Write zg = /1 —t2cos¢ and z; =

10
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V1 —12sing with t = /25 + -+ + z3. We have

dz dz dz1d(By_1t47!
gd(r;m:z/ #:2/ dzid(By-1t""h)
p(x.2)<B, r/2<¢=<p 20 z0>cos B, r/2<¢<p 20

B
=2 / / d(By_1t"MHd¢
r/2 JO<t<i/1—(cos B/ cos ¢)?

B
=2B,_(cos B)* ! / (sec’ B — sec? ¢)%d¢.
r/2

By Lemma 3.3(iii), (B? — arctan® \/_)i is a positive mixture of (t — ~)i with ¢ € [0, tan® B].
For d > 2, with A = (d — 1)/2 > 0 and a change of variable, (8> — ~2)(f_l)/2 is a positive
mixture of (tan?¢ — tan? ~)f71)/ % with a positive measure u,(¢) on [0, 8]. As a result,

p
fa(r; B) = / ga(r; t)(cos 1)~ dus(t),
0

and

P 1—d
— | c(ga(;))(cost) " “dus(t) > 0,
2By—1 Jo

because ¢;(gq4(+; 1)) > 0 except for finitely many ¢ € (0, 8). It implies that Fz_1),2(-; B) is SPD
on S?. By Lemma 3.3(i), Fy(-; B) is SPD on S? for A > (d — 1)/2. By Eq. (3.5), Pi(:; B) is
a positive mixture of F;(-; t) with ¢ € [0, B], so P,(-; B) is SPD on S for A > (d — 1)/2. By
Eq. (2.9), F,(-; B) and P, (-; B) are SPD on RP? for A > d-1)/2.

(iii) For 8 > 7/2 and A > 0, by Lemma 3.3(iv),

(8% — arctan® /)" — (8% — (/2)*)* and (B — arctan /) — (B — 1/2)" (3.6)

are CM on (0, 0o), whose inverse Laplace transforms are nonnegative. By the identity

1 oo
V= t—y)ledr,
e T+ 1)/0 (t=y)e

exp(—-) is a positive mixture of (¢ —-) with ¢ € (0, 0o) for any v > 0. A non-constant function
f() that is CM on (0, co) can be expressed as

c(Fa-1p2(; B) =

f(x):/ exp(—sx)du(s),
0

where () is nonnegative and w((0, 00)) > 0. For s > 0 and v > 0, exp(—sx) is a positive
mixture of (¢ — x)} with ¢ € (0, 00), so f(-) is a positive mixture of (r — )} with 7 € (0, c0).
As a result, the two functions in Eq. (3.6) are positive mixtures of (+ — )} with # € (0, 0o) for
any v > 0. With v = (d — 1)/2 and changes of variables,

/2
(B> = x> — (B2 — (x/2)Y) = / (tan” 0 — tan® x)'* 2 dus(0),
0

/2
(B —x) — (B — /) = / (tan 6 — tan? ) j14(6),
0

for some positive measures p3(-) and p4(-). Consequently,

/2 . /2 .
. 273 0) — 47 0)
Fii ) = fo g i ®), B ) = /O S du6).

11
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ﬁ)\(g B) and 13,\(-; B) are positive mixtures of g,(-;¢) with ¢+ € (0, w/2), thus are SPD on
s O

For 8 > n/2,d > 1, and A > 0, since F;(w; ) > 0, F){(n; B) <0, and (w —-) is PD on S9,
Fi(rr; B)+F(mt; B)(-—m) is PD on S. Since F;(r; B) = Fi(r; B)+ Fi(rr; )+ F(n; B)(r—m)
and Fy(-; B) is SPD on S¢, F,(-; B) is SPD on S¢. Similarly, P,(rr; B) > 0, P/(m; B) <0, and
P(-; B) is SPD on S%, so Py (r; B) = P.(r; B) + P.(rw; B) + P)(m; B)(r — m) is SPD on S%. It
leads to the following corollary analogous to Theorem 6 in [9].

Corollary 3.5.1. For d > 2 and x € [0, 00), suppose ¢p(x) = [t — x)TT2du(r) with
nonnegative (and nonzero) measure . Then ¢ is SPD on R and the restriction of ¢ on [0, 7]
is SPD on S°.

4. Remarks and conclusion

Remark 1. Theorem 2.2 does not hold for d = 1. A PD function on R with support in [0, ]
is PD on S'. However, it is not necessarily SPD on S!. For example, by [13], (r7 — ), is SPD
on S! if and only if r is an irrational number between 0 and 1.

Remark 2. Theorem 3.5(iii) does not hold for A = 0. For 8 = 7/2, the function (wx — -);
is PD on S¢ for all d > 1. However, since its spectral coefficients on S for even I’s vanish
except for [ = 0, (r — -), is not SPD on S¢.

In this paper, we revealed a connection between Gegenbauer polynomials and spherical
Bessel functions by B-splines, and used it to prove that a PD function on R? with support in
[0, 7] is SPD on S and RP“ for odd d > 3. Using completely monotonic functions and positive
mixtures, we proved that two families of compactly supported functions, one being F;(-; ¢/2)
in Theorem 3.5, the other being the truncated power function (¢ — -)ﬁ“, have positive spectral
coefficients on S¢ and RP? for d >2,A>(d—1)/2,and 0 < ¢t < . We also showed that

F,(-;¢/2) and (¢t — -)’}_’Ll restricted to [0, ] are SPD on all spheres for A > 0 and t > 7.
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